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Abstract I 
Abstract 
The main focus of the present research work has been the development of a 
multi scale finite element modelling technique for transport phenomena. Initially the 
isothermal steady flow of a Newtonian fluid through highly permeable porous media 
has been modelled and then the method is extended to more complex problems such 
as the convection-diffusion equation. The standard Galerkin method is used to model 
the flow in highly permeable porous media and, considering the disadvantages of this 
method the focus of study is moved to methods which can deal with multi scale 
problems. 
Two dimensional models based on both the continuous penalty method and the 
mixed method using the Taylor-Hood element are applied. The Brinkman model 
together with the continuity equation are used to simulate the flow in highly 
permeable porous media. In addition to the no-slip wall boundary conditions, the 
Navier's slip wall boundary conditions has been used in conjunction with the 
Brinkman equation to make it possible to apply this equation at low permeability. 
The Brinkman equation which is commonly used in the modelling of flow through 
highly permeable porous media, exhibits multiscale behaviour. Therefore to obtain a 
stable solution excessive mesh refinement near the domain wall is required. It is 
shown that the problem can be eliminated if a multiscale finite element technique is 
used. The present multi scale method is based on the application of the bubble 
functions within the frame-work of the continuous penalty method. The residual free 
bubble function approach is used to derive appropriate bubble functions. To check the 
accuracy of the results, numerical simulations are compared with analytical solutions. 
A review of the published literature regarding multi scale finite element modelling 
and, in particular, the bubble function approach show that the application of these 
methods to practical problems is still rare. In the present work, after the derivation of 
the residual free bubble functions the procedure for the development of the 
polynomial bubble functions applicable in the numerical scheme, extension to 
practical two dimensional bubble functions and the elimination of the boundary 
integrals for bubble enriched shape functions are explained. 
To generalise the developed multiscale procedure to deal with a wide range of 
problems, the convection-diffusion equation is considered. The appropriate bubble 
functions are derived for this equation and implemented within the Galerkin finite 
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Abstract II 
element scheme. The results are compared with the streamline upwind Petrov-
Galerkin method. The results show that the bubble function method can be 
successfully applied to this equation to achieve a stable and accurate solution. 
In order to have flexibility to apply the approach to different problems, an in-house 
developed computer code in FORTRAN is used to carry out the finite element 
simulations. 
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List of symbols 
List of symbols 
b bubble function coefficient 
Da the Darcy parameter Da=klh2 
g acceleration due to the gravity 
h characteristic dimension ( assumed to be equal to the gap width in a 
rectangular domain) 
K permeability of the porous medium 
k diffusivity 
I element characteristic length 
Nj shape function in the Galerkin method 
nx, ny x and y components of the unit vector normal to the surface 
m power-law index 
P,Pd pressure and pressure drop respectively 
Pe pecIet number (vhlk) 
T unknown variable 
U,V x and y components of the velocity vector 
Ub, Vb x and y components of the unit vector normal to the boundary 
Uj, Vj the nodal degrees of freedom (i.e. nodal unknowns) 
Wi weight function in the Galerkin method 
x, y cartesian coordinate 
Greek Symbols 
j.l, effective viscosity 
j.l dynamic viscosity 
1]" 1] f effective and fluid viscosities respectively (Kg/m s) 
1]0 Consistency for power law fluids (Kg/m s) 
y shear rate (l/s) 
p fluid density 
j3 slip coefficient 
III 
List of symbols 
A penalty parameter 
Ao a large dimensionless number 
1f/ Lagrangian shape function 
if! bubble function 
T yy' T xx normal stress 
T xy' T yx shear stress 
~,1] local coordinate 
Superscripts 
* dimensionless variables 
cross sectional average 
e elemental average 
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Chapter one Introduction 1 
Chapter one 
Introduction 
In tile present work, flow in highly permeable porous media is used as an initial 
bench-mark to develop a multiscale finite element method based on the bubble 
function approach. The method is then extended to the convection-diffusion equation 
to construct a general frame-work for the multi scale finite element modelling of 
transport phenomena. 
One of the main difficulties in solving flow and transport problems stems from the 
fact that, often, these processes are not diffusion dominated. Classical numerical 
methods for such problems with multiscale behaviour produce a solution that either 
lacks stability, or accuracy. Multiscale processes include a wide range of problems. 
Examples of such problems are turbulent flow, structural analysis of composite 
materials, flow through porous media, weather forecasting, large-scale molecular 
dynamic simulations and general transport processes like the convection-diffusion 
equation or the Helmholtz equation. A common difficulty with these problems is that 
the representation of all physical scales requires considerable computational cost and 
effort and may even be impossible. Furthermore, if the discretisation used remains 
coarse, the fine scale information is ignored and the solution may lose its stability and 
accuracy. The multiscale behaviour emerges in a numerical solution context and 
depends on the discretisation level. Using a successful multi scale approach the 
influence of the fine scale phenomena is incorporated into the solution scheme 
without excessive discretisation of the solution domain. 
From another point of view the multi scale behaviour may be observed in transport 
problems as a combination of two different phenomena. For example, in Stokes' flow 
involving only diffusion, no multi scale behaviour occurs. On the other hand in the 
diffusion-reaction problem or convection-diffusion regimes when they become 
reaction or convection dominant, multiscale behaviour can occur. The convection and 
reaction phenomena generally act over the entire domain whilst diffusion starts from a 
location in the domain developing by a molecular transport mechanism. In a diffusion 
1-_______________________________________ ~ __ . ___ _ 
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dominated regime molecular diffusion will take place in the entire domain. In 
contrast, when the process is convection or reaction dominated the diffusion will only 
take place in a thin boundary layer as a local phenomenon. Therefore it can be said 
that in the transport processes involving localised phenomena, multiscale behaviour 
can potentially appear in a discretised solution domain if the discretisation is coarse 
and local phenomena are ignored. 
Low Reynolds number flow in a highly permeable porous medium, where the 
inertia effects are negligible, can be interpreted as a transition region between free 
flow and porous flow (Darcy flow). In the Darcy flow all of the imposed stress is 
carned out by the solid matrix but in the highly permeable porous media some of the 
imposed stress is borne by the fluid itself. Flow in such a medium is represented by 
the Brinkman equation. As shown later in this thesis in a highly permeable domain in 
a thin layer near the domain wall multi scale behaviour appears .. 
Flow within thermal insulation material where the insulating material has a porous 
structure or the flow in packed beds (see chapter 2) are examples of such regims. 
Another important engineering example is flow within wire mesh filters used to filter 
polymeric solutions ( see figure 1.1). 
Figure (!.1): filter for polymer melt in extruders [EREMA]. 
Chapter one Introduction 3 
As figure 1.1 shows filters used for highly viscous fluids such as polymeric melts or 
solutions have large pore sizes and hence very high permeability. 
In the present work after the application of ordinary finite element schemes, the 
multiscale finite element modelling of the Brinkman equation in two dimensions is 
developed. The proposed multiscale finite element method is then extended to the 
convection-diffusion equation, which is the governing equation in many engineering 
problems including flow, heat and mass transfer processes. The Brinkman equation 
has a symmetric differential operator and implementation of the method to the 
convection-diffusion equation makes it possible to extend the method to non-
symmetric differential operators. Many different methods have been developed in the 
past which yield stable solutions for the convection-diffusion equation .. The results of 
the multiscale approach are compared with the streamline-upwind (SU) and the 
streamline-upwind Petrov-Galerkin (SUPG) methods to show the superiority of this 
technique over the traditionally used methods. 
The present thesis consists of eight chapters and three appendices. Chapter 1 is the 
introduction. In chapter 2, a brief review of the existing models describing the flow in 
porous media is represented. These models range from the Darcy equation to the 
most general equation for porous flow. In chapter 3 the fundamentals of the stabilised 
and multi scale finite element scheme used in this work are presented. After a review 
of the multi scale variational method, the residual free bubble function method is 
explained. The governing equations and boundary conditions for flow problems are 
presented in chapter 4. In addition to the usual no-slip wall boundary conditions for 
the Brinkman equation, the Navier's slip wall boundary conditions is represented. The 
finite element modelling of the governing equations based on both the continuous 
penalty and mixed methods using Taylor-Hood elements are explained. In chapter 5 
the multiscale finite element scheme based on the bubble function method applied to 
the Brinkman equation is presented. To derive appropriate bubble functions, the 
residual free bubble function method is used. Derivation of one and two dimensional 
bubble functions, elimination of the boundary integrals and incorporation of the 
bubble function with the ordinary Lagrangian shape functions are also explained in 
chapter 5. The finite element modelling of the convection-diffusion equation is 
presented in the chapter 6. Streamline upwind (SU) and streamline-upwind Petrov-
Galerkin (SUPG) methods and the bubble function approach are considered. Chapter 
7 represents the simulation results. It consists of five sections and gives the results for 
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both the Brinkman and convection-diffusion equations. Conclusions and suggestions 
for further work are presented in chapter 8. 
Analytical solutions of the convection-diffusion equation and the Brinkman 
equation for both Newtonian and shear thinning fluids are given in appendix A. The 
published papers from the present PhD research are listed in appendix B. The 
computer code is presented in appendix C. 
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Chapter two 
Models describing flow in porous media 
Numerous studies have been conducted on flow and heat transfer through porous 
media. These works cover a broad range of different fields and applications such as 
ground-water hydrology, petroleum reservoirs, geothermal operations, packed bed 
chemical reactors, transpiration cooling, building thermal insulation, nuclear waste 
repository, energy storage units, electronic cooling, heat pipes, drying technology, 
packed bed heat exchangers, catalytic reactors, iron blast furnaces, soil mechanics 
and processing of foods, etc. 
In this work, the study of porous flow has provided a bench-mark for the 
development of the multiscale modelling. The presence of some kind of phenomena, 
known as non-Darcian effects, are the sources of multiscale behaviour in the porous 
flow. In this chapter a review of the evolution of the models for such flow regimes 
and their applications are presented. In addition, the practical importance of the 
Brinkman equation in modelling of flow in highly permeable porous media is 
explained. 
2.1 Review of porous flow models 
With respect to porosity of the porous media and flow Reynolds number, different 
models are used for the flow in porous domains. In this chapter, the existing models 
for flow in porous media are briefly reviewed and related works to non-Darcian 
effects, in particular, those concerning the Brinkman model are considered. 
2.1.1 Darcy model 
A study of flow in porous media is started by the Darcy equation which reveals a 
proportionality between flow rate and the applied pressure difference. In modem 
I 
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vector notation this equation is expressed by [1]: 
where V' P is the pressure gradient in the flow direction and jJ, is the dynamic 
viscosity of the fluid. The coefficient K is independent of the nature of the fluid but 
depends on the geometry and status of the medium. It has dimensions of (length) 2 
and is called specific permeability of the medium [2]. 
It should also be noted that in the original equation proposed by Darcy, viscosity 
was absent. However many years after the publication of the original equation the 
effect of viscosity was observed indirectly by Hazen in 1893 [3] and included in 
Darcy's equation. Kozney [4] seems to be the pioneer in providing a physical 
explanation for the dependency of the Darcy equation on the fluid viscosity. 
2.1.2 Forchheimer model-Inclusion of the inertia term 
Darcy's law breaks down at high velocities. As an alternative to the Darcy equation 
the following Dupruit equation was proposed 
(2.2 ) 
Where a and j3 are parameters which represent the influence of the physical 
properties of fluid and solid matrix on the flow, defined in equation (2.3). This 
equation is also known as the Forchheimer equation [5]. The physical phenomenon 
responsible for the inclusion of a quadratic term in equation (2.2) is the form drag 
imposed on a fluid by a solid surface obstructing the flow path. Using this concept, 
equation (2.2) is rewritten as: 
t'1p jJ, 2 O=---u-Cpu 
!1x K ( 2.3} 
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where fl is the fluid viscosity, p is fluid density and C is a form coefficient related 
to geometry of the solid permeable medium. Equation (2.3) is called the Hazen -
Dupuit - Darcy equation, which includes the effects of the permeability of the 
medium, fluid viscosity, density and the form coefficient [6). 
Joseph et al. [7) presented a different form of this equation as: 
(2.4 ) 
Where C F is a dimensionless form-drag constant. A number of correlations have been 
proposed to calculate CF' 
Determination of the departure from linear flow is important. In several studies the 
permeability based Reynolds number, defined as: 
puK'12 
Re k ===---
fl 
(2.5 ) 
has been used to indicate the departure from the linear equation for full y developed 
steady state flow through a porous medium [8,9,10). The breakdown in linearity is 
due to the fact that the form drag due to solid obstacles becomes comparable with the 
surface drag due to friction. 
Another correlation is used to determine the departure from the linear flow 
regimes. It is the ratio between the fonn drag Dc and the viscous force D p (11,12). 
Dc Cpu 2 pCK 
-=--=--u 
D flu fl 
I' -
(2.6 ) 
K 
2.1.3 Brinkman model-Inclusion of fluid shear stress term 
At high permeability the domain wall effects (no slip boundary condition) become 
important. The Stokes equation for free flow of a Newtonian fluid is written as: 
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Brinkman [13] suggested a modification to equation (2.1) by simply adding a 
Laplacian term similar to the viscous shear term in equation (2.7) to it. By doing so, 
the new equation would hold for flow through high permeability domains [14]. 
Therefore the Brinkman equation provides an alternative to the Darcy equation for 
highly permeable porous flow. This equation is written as: 
VP=-~U+,u,V2U (2.8 ) 
where ,u, is the effective viscosity. Brinkman set these two viscosities (,u and ,u,) to 
be equal to each other. The difference between the pressure terms in equations (2.1) 
and (2.7) is that the pressure in equation (2.1) represents a force per unit of permeable 
area including solid matrix and fluid, whilst the pressure in equation (2.7) is a force 
per unit of fluid area only. This is also true for the fluid velocities appearing in these 
equations. In this context u has been defined by various names by various authors, 
such as, seepage velocity, filtration velocity, and volumetric flux density [15]. 
2.1.4 General model 
Following the reasoning by Brinkman, one could very well replace equation (2.1) 
with the Hazen-Dupuit-Darcy equation in a multidimensional form, to obtain the 
Brinkman-Hazen-Dupuit-Darcyequation 
(2.9 ) 
where et> is the porosity of the porous medium. A fundamental contribution of 
Brinkman is the recognition of the fluid capability to transmit force by viscous shear 
as independent of viscous drag. 
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Vafai and Tien [16], and more recently Hsu and Cheng [17], presented a formal 
derivation of a general equation for fluid flow through an isotropic, rigid and 
homogeneous porous medium. This equation is written as: 
[au ,.] . 2 . f1 . 21 p -+(u'l)u ==-'l( £I>p )+ fl,'l u --£I>u +CpIl> u at K (2.10) 
Which is an extension of equation (2.9). Some new approaches are also proposed 
recently that these are essentially similar to the above listed models [18-21]. 
2.2 Review of models representing non-Darcian effects 
In the study of porous flow the inertia and boundary effects are generally known as 
non-Darcian effects. These effects have been studied under different situations both 
for natural and forced convection. It is well known that in porous media with high 
permeability fluid flow manifests some of the characteristics of the flow in the 
absence of a rigid matrix. Therefore under these conditions the inertia and boundary 
effects may become significant and alter the flow and heat transfer characteristics [22] 
of the regime. Darcy's law is incompatible with the no-slip condition on a solid 
boundary, as well as not being appropriate for fast flows. These effects are expected 
to become more significant near the boundary and in high-porosity media [23]. 
2.2.1 Non-Darcian effects in natural convection 
Vafai and Tien [16] stated that in porous flow three types of flow resistance must be 
considered: a) the bulk damping resistance due to the porous structure, b) the viscous 
resistance due to the boundary and, c) the resistance due to the inertial forces. The 
influence of the boundary on heat transfer can be quite important, particularly if a 
thermal boundary layer with a thickness less than (or of the same order) of the 
momentum boundary layer is present. 
Many investigators have noticed non-Darcian effects in the natural convection. For 
example, Hong et al. [24] presented an analytical study of the non-Darcian effects on 
natural convection around a vertical plate embedded in a high-porosity medium. Their 
results show that the boundary and inertia effects have a significant influence on the 
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velocity profiles and surface heat transfer rate. They concluded that boundary, 
convective and inertia effects become more important as the permeability of the 
porous medium increases. Tong and Subramanian [25] analysed the boundary layer in 
natural convection in vertical porous enclosures using the Brinkman model. Satya Sai 
et a!. [26] work also emphasises the limitations of Darcy's law and used a model that 
contains both inertia and Brinkman terms as well as Darcy's term. They used this 
equation for numerical investigation of Darcy and non-Darcy regimes. Merrikh and 
Mohammad [27] used a non-Darcy model ( including both Brinkman and inertia 
terms) to analyse buoyancy induced flows in layered porous media. They concluded 
that there is a significant difference between the Darcy model and the general model 
predictions and the investigated range of parameters show that in most cases, no-slip 
boundary conditions exist both at the enclosure walls and at the interface between the 
two porous media. Bourchtein et.a!. [28] applied the developed model by Duplesis 
and Masliyah [29] to the description of incompressible viscous laminar flows through 
a rigid isotropic granular porous medium. This model was developed in the form of a 
generalised Navier-Stokes equation to model such flows. Comiti et al.[30] have 
attempted to determine a region of validity for Darcy law. Rees [31] states that in a 
highly porous media boundary effects are important near impermeable surfaces. Chan 
et al [32] in a study of natural convection heat transfer across two dimensional 
enclosures containing porous materials used the Brinkman model and showed that 
when the Darcy parameter (Da) based on the width of the enclosure was less than 10.3 
the results were independent of Da. Similar results was obtained by Cheng [33]. 
Phanikumar and Mahajan [34] presented numerical and experimental results for the 
buoyancy-induced flows in high porosity metal foams heated from below. They used 
Brinkman -Forchheimer-Darcy model. Hsu and Cheng [35] used the Brinkman 
model for the theoretical study of boundary effects in a natural convection. One of 
their conclusions is that, the no-slip boundary condition has a drastic effect on the 
streamwise ( vertical) velocity component with a lesser effect on heat transfer. 
2.2.2 Non-Darcian effects in forced convection 
Vortmeyer and Schuster [36] evaluated steady flow profiles in rectangular and 
circular packed beds by a variational method using the Brinkman equation. They 
showed that true flow profiles are only obtainable from the Brinkman equation. They 
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studied wall effects on the bed by considering an exponential expression for porosity 
[37). Cheng and Hsu [38) performed an analysis for a fully-developed, forced 
convection flow through a packed-sphere bed between concentric cylinders 
maintained at different temperatures. The radial variation of porosity and permeability 
near the walls was approximated by the exponential function which they proposed. 
The Brinkman equation with variable permeability was used as the momentum 
equation. Their results show that the predicted temperature distribution based on the 
Brinkman model with a variable permeability agrees closely with experimental data. 
Polikakos and Renken [39) studied the forced convection in a channel filled with a 
porous medium. In modelling of the flow in the channel, the effects of flow inertia, 
variable porosity and the Brinkman term was taken into account. Their comparative 
results on velocity profile show that velocity profile with the Darcy model is a 
straight line, whilst an overshoot is observed near the wall using the general model. 
A similar pattern is observed using a general model without its inertia term. Cheng 
and Zhu [40) analysed the fluid flow and heat transfer characteristics of a fully-
developed forced convection flow in a cylindrical packed tube with symmetric 
heating. The Darcy-Brinkman-Ergun (i.e. Brinkman-Hazen-Dupruit-Darcy) model 
was used as the governing momentum equation. Cheng et.al. [41) worked on the 
problem of thermal entrance length on forced convection in a packed bed using the 
same governing equation similar to the previous work. Hydrodynamic results are the 
same. The results show that by increasing the Reynolds number the slope of the 
temperature distribution in the flow direction ( along the channel) declines. This is 
because residence time decreases and less heat transfer take place. Hsu and Cheng 
[17) derived a macroscopic equation for the forced convection of an incompressible 
flow in a variable porosity medium based on the volume averaging of the velocity and 
temperature deviations in the pores. The velocity and temperature deviations are 
obtained based on flow over a dilute array of spheres. Their results on Nusselt number 
have good agreement with experimental data in a cylindrical packed tube with 
constant wall temperature and constant heat flux. Bu-Xuan Wang et.a!' [42] 
experimentally investigated forced convection in a vertical annulus filled with a 
porous medium. They proposed a model to consider thermal dispersion. Their results 
showed that the model is in good agreement with experimental data, especially when 
the particle size increases ( i.e. permeability increase ). 
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In the forced convection through the homogeneous porous media the boundary 
effect has been considered by a number of investigators, for example: Kaviany [43] 
studied the laminar flow through a porous channel bounded by isothermal parallel 
plates. He used a steady state general equation without the square velocity term. He 
illustrated that the entrance length decreases rather rapidly as the permeability 
decreases. He also showed the effect of permeability on the fully developed velocity 
profile which contains a flat portion located around the centreline. This flat portion, 
which extends further toward the solid surfaces as the permeability decreases, 
explains the reason for the shorter entrance length by permeability reduction. In other 
words boundary-layer thickness decreases as the permeability decreases. Vafai and 
Thiagaraja [44] used the steady state general equation to model the fluid flow and 
heat transfer for three general and fundamental classes of problem in porous media. 
These are the interface region between two different porous media, the interface 
region between a fluid region and a porous medium, and the interface region between 
an impermeable medium and a porous medium. Their results show that in low 
permeability and high porosity there exist a boundary layer between the two porous 
media as well as porous medium and the impermeable wall. Chikh et. al. [45] 
performed an analytical solution of non-Darcian forced convection in an annular duct 
partially filled with a porous medium using the Brinkman equation. A porous layer is 
attached to the inner cylinder. The effects of permeability, thermal conductivity and 
the thickness of the porous material was investigated using the Brinkman model. 
Their results, when the porous layer occupies 20% of the channel, showed that for 
small Da, i.e. low permeability, the porous material presents a high resistance to the 
flow, hence the velocity profile flattened in that region which basically, as they 
stated, corresponds to a Darcian regime for Da less than 10.4. As the permeability 
increases ( higher Da ), this resistance to the flow decreases and the Brinkman regime 
is obtained for 10.4< Da < 10 ( it should be noted that in their notation Da is based on 
the gap width not based on the porous layer thickness ). Allan and Hamdan [46] 
investigated flow through and over a fluid saturated porous layer. They applied 
Brinkman model in one layer and Brinkman - Forchheimer equation in another layer. 
They resulted that the velocity distribution at the two porous region and at the 
interface is influenced by the Reynolds number, Darcy number and a form factor. 
Non-Darcian effects in porous media have also been considered by other authors [47-
60]. 
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This review proves that the non-Darcian effects have considerable influence on 
porous flow in many practical problems. These effects are included in the models 
describing the flow in a porous media as Darcy, Brinkrnan and convective tenns. The 
flow in highly penneable porous media is simultaneously affected by the fluid shear 
stress resistance, represented by the Brinkrnan tenn, and solid matrix resistance, 
represented by the Darcy tenn. These two phenomena are sources of multi scale 
behaviour in such flow regimes. As the present review shows the Brinkrnan model 
offers the most appropriate approach to model the flow in highly penneable porous 
media for a wide range of engineering applications. 
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Chapter three 
Stabilised and multiscale finite element models 
In this chapter brief reviews of the stabilised finite element methods including 
streamline upwind and streamline upwind Petrov-Galerkin techniques and, multiscale 
methods including multiscale variational formulation, residual free bubble function, 
multi-level and discontinuous enrichment methods are presented. 
3.1 Weighted residual finite element methods 
Numerical solution of differential equations arising In engineering problems are 
usually based on finite difference, finite element, boundary element or finite volume 
techniques. Other numerical methods may also be used to solve specific problems. In 
general, the finite element method has a greater geometrical flexibility than other 
currently available numerical methods. It can also cope very effectively with various 
types of boundary conditions [61). As the general weighted residual method is the 
basic technique used in this type of finite element, here we present an outline of this 
method. 
The weighted residual method provides a flexible mathematical framework for the 
solution of the differential equations. In particular, its application in conjunction with 
the finite element discretisation yields powerful solution algorithms for field 
problems. Consider a boundary value problem represented as: 
{
LU=f 
u=a 
in .Q 
onr 
(3.1) 
where .Q is the domain and r is its boundary, in the absence of an analytical solution 
the approximate representation of u is 
m 
U '" ii = a + I:ailZ'i 
j=l 
(3.2) 
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where (Xi is a set of constant coefficients and rpi represents a set of geometrical 
functions called basis functions. Substituting equation ( 3.2 ) into ( 3.1 ) we have 
(3.3) 
where RQ *- 0 is the residual which will inevitably appear through the insertion of an 
approximation instead of an exact solution for the field variable into the differential 
equation. This equation can also be written as: 
(3.4) 
The weighted residual method is based on the elimination of this residual. To achieve 
this, the residual is weighted by appropriate position dependent functions 
j=1,2,3, ... m (3.5) 
where Wj are linearly independent weight functions. The above equation can be 
rewritten as 
j =1,2,3, ... m (3.6) 
This equation represents the weighted residual statement of the original differential 
equation [61]. 
3.1.1 Weighted residual statement within a finite element 
The field unknown is approximated within a finite element by shape functions. After 
the discretisation of domain Q into a mesh of finite elements, the weighted residual 
statement of the equation (3.1), within the space of a finite element Qe' is written as 
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j = 1,2,3, ... p (3.7) 
where 
E = total number of elements 
If the approximations are not satisfactory, the finite element solution may become 
inaccurate or unstable. In practice h or p version of refinement can be used for 
improving the accuracy of the finite element approximations. 
3.1.2 Mesh refinement: hand p-versions 
The standard technique for improving the accuracy of a finite element approximation 
is to refine the computational grids in order to use a denser mesh consisting of smaller 
size elements. In the h-version, the element selected for the domain discretisation 
remain unchanged whilst the number and size of the elements vary with each level of 
mesh refinement. Alternatively, the accuracy of the finite element discretisations can 
be enhanced using higher order elements whilst the basic mesh design is kept 
constant. This is known as the p-version refinement. The p refinement usually is 
referred to the increasing the order of the element. 
3.2 Stabilised methods 
The concept of the stabilised finite element method was started by considering the 
deficiencies of the Galerkin formulation in the solution of convective dominated 
convection-diffusion problems. This equation can be represented in one dimension as: 
{
Vdu _kd2u =0 
dx dx2 
u=o 
in Q (3.8) 
on r 
where the constants v and k represent convection velocity and diffusivity 
respectively and u is scalar variable, Q represents the domain and r is boundary. If 
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the convective to diffusive transport ratio':::' is increased, the standard Galerkin 
k 
solution becomes unstable [61]. The early solutions to this problem were based on 
two equivalent approaches. The first was based on the addition of an artificial 
diffusion term and the second, an upwind approximation of the convection term 
instead of a centred approximation [ 62]. 
For an upwind approximation in the linear problem in a finite difference frame-
work, if the upwind differencing ( u x (x j) "" u j - U j-I ) is used on the convective term 
I 
instead of central differencing (ux(xj ) 
U '+1 -u j-I 
J ) the result is equivalent to central 
21 
differencing ifthis equation is used 
(3.9) 
where I is the discretisation length. Therefore it is noted that the upwind treatment of 
the convective term increase the diffusion effect. It has also been stated that the 
upwind treatment of the convective term leads to stable but over diffusive results [63-
65]. Most of the early upwind finite element formulations were based on modified 
weighting functions such that the element upstream of a node is weighted more 
heavily than the element downstream of a node [ 66- 69]. 
Upstream of node j Downstream of node j 
• • • j-l Element e J Element e+1 j+l 
Figure 3.1: Node numbering of two consecutive linear elements. 
It is possible to formulate an optimal upwind technique with exact solution at nodes 
with uniform meshes for linear I-D problem. It can be constructed by considering a 
Galerkin approximation of the modified equation (3.9) as [62]. 
• 
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du vi d 2u 
v--(k+fJ-)-=O 
dx 2 dx 2 
(3.10) 
where fJ determines the amplitude of the added numerical diffusion. The weak 
formulation of the above equation can be written as [ 70] 
J[ I dw du dw dUJ (w+fJ--)v-+-k- dx=O Q 2dx dx dx dx , (3.11) 
The method uses a modified weighting function for the convective term only. 
Moreover, the modified function is discontinuous at the inter-element boundaries for 
the case of a linear element ( because of the weight function derivative ). Since it 
gives more weight to the element upstream of a node, the modified function is clearly 
an upwind type weighting function. 
Flow 
Galerkin 
Figure 3.2: Weighting function of the streamline-upwind (SU) method for linear elements 
In order to extend the method to the multidimensional case Hughes and Brooks [ 70-
72] proposed a series of papers to construct an artificial diffusion operator in tensorial 
form to act only in the flow direction and not transversely. This leads to the concept 
of streamline-upwind (SU) scheme which accounts for the directional character of the 
convective term. SU formulation makes use of upwind test functions only for the 
convective term whilst all other terms were weighted in the usual manner. This is also 
called selective or inconsistent upwinding. It is equivalent to the use of an artificial 
diffusion coefficient acting only along the streamline direction. 
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The concept of adding diffusion along the streamlines in a consistent manner has been 
successfully exploited in the streamline upwind Petrov-Galerkin ( SUPG ) method to 
be ensure that the solution of the differential equation is also a solution of the weak 
form. Petrov-Galerkin techniques are a class of Galerkin-weighted residual methods 
in which the weight functions are not identical to the basis functions. Therefore 
streamline upwind Galerkin schemes can be considered as a type of Petrov- Galerkin 
method. However, in contrast to the selective upwinding, in streamline upwind 
Petrov-Galerkin schemes the modified weight function is applied consistently to all 
terms in the weighted residual statement. 
The inconsistent streamline upwind scheme is an ad hoc manner and does not 
correspond to a weighted residual statement in a strict sense. We consider the 
development of weighted residual schemes for the finite element solution of the 
convection-diffusion equation. The multidimensional unsteady convection-diffusion 
equation can be represented as: 
au 
-+V· Vu -V . (kVu) = f 
at inQ (3.12) 
After application of the e time stepping method, a functional representing the sum of 
the squares of the approximation error generated by the finite element discretisation of 
equation (3.12) can be formulated [61] as: 
(3.13) 
where n is the time level and ~, j = l,p are shape functions. Minimization of 
functional (3.13) with respect to nodal values gives 
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This equation can be rewritten as: 
f(N j + (}l':..t,vSlN j -(}M;V'.kV'Njg~,,]=O 
Q, 
Above equation represents a weighted residual statement where the weighting 
function is given as: 
(3.14) 
The following options can now be considered [61]: 
• If the second and third terms in the weight function are neglected the standard 
Galerkin scheme will be obtained. 
• If only the third term in the weight function is neglected a first order Petrov-
Galerkin scheme corresponding to the SUPG method will be obtained. 
Inconsistent upwinding will be a special case in which the second term in the 
weight function is only retained for the weighting of the convection term. In 
the upwind finite element formulations the parameter (}M, is known as 
upwinding parameter 7: • 
• Retaining all of the terms in the weight function a least squares scheme 
corresponding to a second order Petrov-Galerkin formulation will be obtained. 
• In steady state problems (}I':..t, = 1 and the time dependent term in the residual 
is eliminated. 
3.3 Multiscale approach 
The multiscale behaviour depends on the level of discretisation used in the solution 
domain. A coarse discretisation may result in an unstable solution. A stable finite 
element solution of the problems exhibiting multiscale behaviour can generally be 
achieved using a multi scale finite element scheme. Different multiscale methods have 
been proposed. In this section multiscale variational, residual free bubble function, 
multi-level and discontinuous enrichment methods are briefly reviewed. All of the 
presented multi scale methods use same method of separation of scales in the 
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weighted residual finite element scheme whilst the methods for derivation of fine 
scale basis functions are different. 
3.3.1 Variational multiscale method 
The variational multi scale and bubble function methods are new efforts in the 
theoretical foundations of stabilised frameworks. Both approaches have achieved 
particular success [73]. Since the variational multiscale method provides a general 
frame work for understanding stabilised methods, it is presented before the residual 
free bubble function approach. 
The variational multi scale method is a procedure for deriving models and 
numerical methods capable of dealing with multiscale phenomena. It is motivated by 
the simple fact that the straightforward application of Galerkin's method employing 
standard bases ( simple polynomial spaces ), such as Fourier series and finite 
elements, is not a robust approach in the presence of the problems involving fine scale 
features that are numerically unresolvable due to the length scale of elements 
composing the mesh. The variational multi scale method seeks to rectify this situation. 
This method gives a frame-work to derive stabilized methods with firm theoretical 
foundations. The multiscale variational method is basically a theoretical frame-work 
for the separation of scales. The anatomy of the method is based on the sum 
decompositions of the solution into different scales, usually two scales, U=UI+Ub 
where UI is solved numerically and Ub may be solved analytically, eliminating it from 
the problem for UJ [74]. 
In a two-scale method there is different names for these scales, but in general one 
scale is known as numerically resolvable (UI) which can be approximated by the usual 
polynomial approximation functions, it is also known as the coarse scale. The other 
scale is known as numerically unresolvable (Ub) which may be derived analytically. 
The unresolvable scale is also known as the subgrid scale or fine scale [75]. The 
subgrid scales vanish on the element boundaries and in this method are represented in 
terms of element Green's function with homogeneous Dirichlet boundary conditions. 
To have a better understanding of the method we consider a Dirichlet problem as: 
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u=g 
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inQ 
onr 
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(3.15) 
where L is a differential operator. The variational formulation of the above equation 
can be written as: 
a(u,w)=(Lu,w) 
Where a( . , . ) is a biIinear form and ( . , . ) is the usual scalar product. The variational 
equation can be written as: 
A(u, w)=(f,w) 
Since 
where Wb=Ub=Q on r" therefore we have 
It is decomposed into two sub-problems. One involves solving for the fine scale in 
terms of the coarse scale variables ( equation (3.16)). This result is substituted in the 
second sub-problem (equation (3.17» to obtain a modified problem involving only the 
coarse scale. Therefore 
a(Uj. wb)+a(ub, Wb)=(f,wb) 
a(uj, wj)+a(ub,w j)=(f,Wj) 
(3.16) 
(3.17) 
The variational formulation of equation (3.16) represents this differential equation: 
in Q, 
onr, 
(3.18) 
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where -(Lu, - f) is the residual of the resolved scale. The subgrid scale model is 
derived by the solution of the above equation. To define the subgrid scale model, 
Hughes [75] has used the Green's function technique. The relevant Green's function 
problem for the above equation is 
{
L.g =0 
g=O 
where L' is adjoint operator. Thus 
Itb = - J g(Lu, - f)dr, 
r, 
(3.19) 
solves the boundary value problem (3.18) [73,75]. The residual free method provides 
a solution to the equation (3.18) not based on the Green's function technique. The 
upwinding parameter r in the SUPG method can also be related to the element 
Green's function as [73,75]: 
in which I is a representative of the element length. 
Figure 3.3: Bounded domain discretisized into element sub-domains 
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Elimination of subgrid scales from the variational problem for the resolvable scales 
leads to a method which exactly represents the effect of the subgrid scales on the 
resolvable scales, up to the assumption that the subgrid scales are zero on the element 
boundaries [75]. This is first explored in the context of bubble functions which are 
functions defined on the interiors of the finite elements which vanish on the element 
boundaries. 
3.3.2 Residualfree bubblefunction method 
The bubble functions are typically higher order polynomials which vanish on the 
element boundaries [73,76-78]. In the residual free bubble function method the 
essential idea is based on the solution of equation (3.18) such that the residual 
- (Lu - f) becomes zero within each element. This is done by deriving differential 
equations from equation (3.18) in terms of the subgrid scale functions. The residual 
free bubble functions are derived by an analytical solution of these equations. 
Therefore, these functions satisfy strongly the differential equation in each element 
subjected to homogeneous boundary conditions. The bubble function is related to the 
element Green's function by equation (3.19). The concept of residual free bubbles has 
been developed and explored in a series of works [73,76,80, 83-85]. The basic idea is 
to solve the fine-scale equation on individual elements with zero Dirichlet boundary 
conditions. In principle, the computation of the residual free bubble function should 
involve the solution of the differential equation in each element. The derivation of the 
residual free bubble function is explained in the section 5. 
A review of the literature shows that in spite of the theoretical development of the 
residual free bubble function idea, it seems that the practical application of the method 
in 2D for engineering problems is not yet developed. The development is mainly 
based on one dimensional problems. It is shown that the classical techniques of 
upwinding, mass lumping, and selecting reduced integration can be derived by a 
residual free bubble enriched Galerkin method [80]. Mass lumping is derived by a 
residual free bubble enriched Galerkin method for a model equation in one dimension 
[82]. A clear derivation for a residual free method can be found in the work by Brezzi 
et al. [86]. In higher dimensions the computation of the residual free bubble functions 
Chapter three Stabilised and multiscale finite element modelling 25 
becomes a major task as a partial differential equation must be solved within each 
element to derive appropriate bubble function [86, 87]. 
3.3.3 Multi-level method 
The solution of a partial differential equation within an element domain may be as 
complex as the solution of the original problem. To avoid this, approximation of the 
partial differential equation for bubble shape functions is considered using a finite 
element approach again. To do this a mesh is defined in each element which is known 
as a sub-mesh [88-91]. The sub-mesh is defined in the interior of each element, 
where a suitable finite element method is used to approximate the subgrid scales. In 
the multi-level method the same equations as in the residual free method is used to 
derive approximate bubble functions numerically. This procedure is repeated for each 
element and each basis function. The multi-level method does not suffer the 
drawbacks of the analytical solution of a partial differential equation in the element 
interior and is suitable for any irregular element [87]. 
Residual free bubbles ..... -------... ~ Element Green's functions 
Stabilised methods 
Figure 3.4: Stabilised methods can be constructed which are equivalent to methods based on element 
Green's functions, which in turn are equivalent to methods developed from the residual-free bubble 
concept [92]. 
3.3.4 Discontinuous enrichment method 
The above described multi scale methods are based on the standard Galerkin scheme. 
The discontinuous enrichment method can be described as a discontinuous Galerkin 
L... ___________________________________ _ 
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method with a Lagrange multiplier. In this method the enrichment of the standard 
finite element polynomial field is carried out by the free space solution of a 
homogeneous partial differential equation to obtain fine-scales. Furthermore, Dirichlet 
boundary conditions of the original problem ( see equation (3.15» are not required to 
be satisfied at the element level. Using this method, the analytical or numerical 
solutions of the original boundary value problem within each element are replaced by 
the analytical solution of usually an easier to solve equation. Therefore, in this 
method, only the main features of the original equation is included in the 
approximation and the solution is not exact. Discontinuity of the resulting functions 
at the element boundaries is enforced up to a weak continuity level by means of a 
Lagrange multiplier at the element interfaces which introduces additional unknowns. 
It is stated that this method can generate better solutions for the boundary value 
problems with sharp gradients [93-95]. 
In spite of the theoretical developments, corresponding practical methods based on 
multiscale framework which enable an implementation as a computational algorithm 
are still rare [96]. 
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Chapter four 
Finite element modelling of flow in porous media 
As mentioned in the chapter 2, for the fluid flow in highly permeable porous media, in 
which the fluid velocity ( Reynolds number) is small enough to neglect the inertia 
effect, the Brinkman equation can be used to model the flow. In addition, in highly 
permeable porous media it is expected that the no-slip wall condition occurred at the 
impermeable wall. It is another reason for using the Brinkman equation. In general, 
flow through a porous medium can be represented by the following general 
equation A(u)+ 'Vp = 0 in 0., where Q is an open subset of Rd, A is a selfadjoint 
positive definite operator, u denotes the velocity vector and p is the pressure. For 
A{u) = IU+f1e'V 2u ,where I is the identity matrix and fie is defined as an effective 
viscosity, the above equation expresses a form of flow equation containing a viscous 
stress term. This equation is called the Brinkman model for porous media. In the 
range of applicability of the Brinkman model permeability of the porous matrix is 
high and the fluid itself carries some of the imposed stress. 
In this chapter the governing equations of the two dimensional flow together with 
the appropriate boundary conditions are presented. Both penalty and mixed methods 
are used in the finite element modelling of the governing equations. 
4.1 Governing Equations of Isothermal flow 
The governing equations of isothermal flow of a Newtonian fluid in a porous duct 
with impermeable walls (see figure 7.1.1) in a two dimensional Cartesian coordinate 
system are given by: 
Continuity equation: 
(4.1) 
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x-component of the Brinkman equation: 
(4.2) 
y-component of the Brinkman equation: 
(4.3) 
/1 is the fluid viscosity, K is the permeability and /1, is the effective viscosity that 
theoretically takes into account the stress borne by the fluid as it flows through a 
porous medium. However experimental measurement of /1,is not a trivial matter, if 
not impossible [1]. Therefore in the present work in accordance with the published 
literature /1, is set to be equal to the fluid viscosity /1 [1-2,13-60]. The momentum 
equation for the power law fluids can be represented as: 
x-component of the Brinkman equation: 
_ ap _.!LU+.i.(2IJ au )+.i.[IJ(av + aUJ]=o 
ax K ax ax ay ax ay (4.4) 
y-component of the Brinkman equation: 
(4.5) 
It is assumed that the media is homogeneous, isotropic and IJ = IJj = IJ,. Where IJ, is 
the effective viscosity and IJ j is the fluid viscosity. For the viscosity it is supposed 
that the standard definition for power-law fluids remains valid for the continuum. 
(4.6) 
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o 
where y, shear rate, is given by 
(4.7) 
4.1.1 Boundary Conditions 
We use the following boundary conditions (see figure 7.1.1): 
I) Inlet to the domain 
In accordance with majority of engineering flow processes at the inlet a plug flow 
condition is applied. This can be written as follows: 
u = 0, v = Vo for O<x<h and y = 0 (4.8) 
II) At impermeable (solid) walls two types of the boundary conditions are considered. 
a) No-slip 
{
u = O,v = 0 
U = 0, v = 0 
for x = 0 and 0 S y < h 
for x = hand 0 S y < h 
b) Wall-slip, where the Navier's slip condition is used (see figure 7.1.2). 
(4.9) 
Imposition of no~slip velocity conditions at solid walls is based on the assumption that 
the shear stress at these surfaces always remains below a critical value to allow a 
complete wetting of the wall by the fluid. This implies that the fluid is constantly 
sticking to the wall and is moving with a velocity exactly equal to the wall velocity. In 
a porous media at low permeability it is well known that slip takes place at the solid 
boundary [1,2]. Wall-slip phenomena is described by Navier's slip condition, which is 
a relationship between the tangential component of the momentum flux at the wall 
and the local slip velocity [97]. The component form of the Navier's slip condition in 
a two dimensional Cartesian coordinate system are given as [61]: 
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II - lib = -pf3n [2(dll - dV)nxn + (dU + aV)(n2 -n;)l 
Y dxdy Y dyax Y j (4.10) 
for x = 0 , 0 ::; y < h and x = h, 0::; y < h 
V-Vb =-Pf3n,[z(~: - ~}xny +(~ + ~:Jn~ -n;)] (4.11) 
for x = 0 , 0 ::; y < h and x = h, 0::; y < It 
Here, fJ equal to zero corresponds to no-slip and fJ equal to infinity represents perfect 
slip condition, respectively. A value of fJ between these two limits corresponds to 
partial slip at walls. 
Ill) Exit 
At the outlet of sufficiently long domains fully developed flow conditions may be 
imposed. The validity of imposing fully developed exit boundary conditions in a flow 
model depends on factors such as the type of the elements used, number of element 
layers between the inlet and outlet, inlet and wall boundary conditions and generally 
on fluid viscosity [61]. Inappropriate imposition of developed flow conditions at a 
domain outlet reduces the accuracy of the solution and may give rise to spurious 
oscillations [98]. In the flow domains that are not considered to be long enough to 
impose developed flow conditions, stress-free conditions at the domain outlet may be 
used. In this case, both shear and normal components of the surface forces at the exit 
are set to zero. This is satisfied by setting of the boundary integral along the exit line 
to zero [ 61]. In the present work at the outlet a stress free condition is used, therefore 
both shear and normal components of the surface forces are set to zero. 
I av 7: =2p.-=0 YY exit ay for y = hand 0::; x ::; h (4.12) 
I I (au av) 7: =7: =p. -+- =0 yx exit xy exit ay ax for y = hand 0::; x ::; h (4.13) 
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I 
iJu 
T =2 -=0 
:xx exit J.1 dX for y = hand 0:0; x :0; h (4.14) 
4.2 Dimensionless Form of the Governing Equations 
To preserve the consistency of the numerical solutions we use the following 
dimensionless variables as introduced by Parvazinia et al. [99] . 
• _ y '_ x ,_ u170 '_ v170 p' _ P Y --,X --,u ---,V ---, --
h h pgh 2 pgh 2 pgh 
(4.15) 
Substituting the defined dimensionless variables in equations (4.1) to (4.14), the 
following dimensionless governing equations are obtained: 
(4.16) 
The Brinkman equation for the Newtonian fluids: 
_ (Jp' __ I_u' +(iJ2u' + iJ2U'J=O 
iJx' Da iJx'2 ay'2 (4.17) 
_ iJp' __ I_v' + (iJ2v' + iJ2V'J=O 
iJy' Da iJx'2 iJy'2 (4.18) 
The Brinkman equation for power-law fluids: 
(4.19) 
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dP' 17', d ["(dU' dV")] d (2 • dV') 
- dY' - Da v + dX" TJ dY' + dX" + dY' TJ ay' = 0 (4.20) 
where Da is the Darcy parameter (Da=Klh2) and 
o 
17' = (y")m-l (4.21) 
(4.22) 
4.2.1 Dimensionless boundary conditions 
The corresponding dimensionless boundary conditions are expressed as: 
I) Entrance 
u· = 0 • * v = v 0 for y=O and 0< x<l (4.23) 
In this work v~ was selected to be equal to 0.01. This is to assure that the flow regime 
remains laminar (Reynolds number corresponding to this value is less than one [1] ) . 
Il) Impermeable (solid) walls 
a) No-slip 
U*:::::V*=O 
u*=v*=O 
b) Wall-slip 
for x' == 0 and 0:'> y* < 1 
for x" = 1 and 0:'> y" < 1 
U -ub=--n 2---nn + -+- n-n " " pp [(au' dV') (au' av")( 2 2)~ h Y ax" ay" x y ay' dX" Y x 
• • d' • for x = 0, 0:'> Y < 1 an x = 1, 0:'> Y < 1 
(4.24) 
(4.25) 
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• , pp [(au' av') (au' av')( 2 2)J V -v =--n 2 --- n n + --+- n -n 
b h x ax' ay' x y ay' ax' Y x (4.26) 
for x' = 0, o:s; y' < 1 and x' = 1, o:s; y' < 1 
Ill) Exit- stress free conditions expressed in the dimensionless form are imposed. 
for y' = 1 and O:S; x' :s; 1 (4.27) 
• • (au' ay') 1'yx=1'xy= ay'+ax' =0 &' • lor y = 1 and o:s; x :s; 1 (4.28) 
1" =2 au' =0 
xx ax' 
for y' = 1 and O:S; x' :s; 1 (4.29) 
4.3 Finite Element Scheme 
The satisfaction of the incompressibility condition has proved to be complex. In 
practice the finite element solution schemes of incompressible flow are categorized 
according to the means selected to satisfy the incompressibility constraint. 
The set of governing equations can be reformulated in terms of a stream function 
which automatically satisfies the continuity requirement. However, the order of the 
derivatives increases and thus in the context of a finite element scheme, more 
complicated elements with Cl continuity should be used. The extension of the above 
formulation to a stream function-vorticity scheme reduces the order of the derivatives, 
but the variability of the viscosity cannot be taken into account in such a scheme [79]. 
Consequently, the most widely used finite element formulation for incompressible 
flows are based on treating the components of the velocity vector as the primary 
unknowns, either on their own via a penalty method or together with the pressure in a 
pressure-velocity (mixed or UVP) technique. In the pressure-velocity formulation, the 
Galerkin finite element method is directly applied to continuity and momentum 
equations to give a system of simultaneous equations which can be solved to obtain 
nodal velocity components and pressures. 
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All these methods must satisfy a stability condition known as the LBB criteria. The 
mathematical analysis leading to the development of this criteria for the stable solution 
of incompressible flow systems is rather obscure [100]. However, it is simply observed 
that the absence of a pressure term in the incompressible continuity equation can 
potentially lead to problems during any numerical solution of a system of P.D.E s with 
velocity and pressure as the prime unknowns. This is because the approximations for the 
velocity and pressure unknowns which appropriately satisfy the equation of motion are 
not necessarily suitable for the continuity equation which lacks a pressure term. 
4.3.1 Iso parametric mapping and numerical integration 
Since the interpolation functions are easily derivable for a rectangular element and it is 
easier to evaluate integrals over regular geometries, we transform the finite element 
integral statements defined over quadrilaterals to a rectangle. The transformation results 
in complicated expressions for the integrands in terms of the coordinates used for the 
rectangular element. The numerical integration schemes, such as the Gauss-Legendre 
numerical integration scheme, require the integral to be evaluated on a specific domain 
or with respect to a specific coordinate system. Gauss quadrature, for example, requires 
the integral to be expressed over a square region Q m with dimensions 2 by 2 with 
respect to the coordinate system, (,;,r]) to be such that -1::; (,;,r])::; 1. Each element of 
the finite element mesh is transformed to Qm' only for the purpose of numerically 
evaluating the integrals [101]. The element Q m is called a master element. 
It should be noted that the transformation of a quadrilateral element of a mesh to 
the master element is solely for the purpose of numerically evaluating integrals. No 
transformation of the physical domain or elements is involved in the finite element 
analysis. The transformations of a master element should be such that no spurious 
gaps exist between elements, and no element overlaps occur [101]. In addition, a one-
to-one correspondence must be preserved between local and global coordinates. It 
can be established using variety of techniques [102]. The most general method is a 
form of 'parametric mapping' in which the transformation functions are polynomials 
based on the element shape functions. In the isoparametric mapping shape functions 
used in the mapping functions are identical to the shape functions used to obtain finite 
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y 
x 
Figure 4.1: Transformation of arbitrarily shaped quadrilateral elements to the master rectangular element. 
element approximation of functions. Using the chain rule for differentiation of 
functions of multiple variables, the derivatives of nodal functions are expressed in 
terms of local coordinates i.e. 
of/> of/> 
ox 
= J-1 a; 
af/> af/> 
oy all 
where J is the Jacobian matrix 
ax ay 
--
J= 
a; a; 
ax ay 
--a1} 01} 
These equations provide the necessary relations to transform integral expressions on 
any element to an associated master element. 
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4.3.2 Numerical integration -the Gauss formula 
The finite element solution of differential equations requires function integration over 
the element domains. The basic integration schemes based on Newton-Cotes use 
equally spaced sampling points. No additional difficulties arise if the sampling points 
are not equally spaced. Therefore. it seems natural to try to improve the accuracy that 
can be obtained for a given number of function evaluations by also optimising the 
positions of the sampling points. A numerical integration procedure in which both the 
positions of the sampling points and the weights have been optimised is Gauss 
quadrature. The basic assumption in Gauss quadrature is that 
b f F(x)dx = w,F(x,) + wzF(xz) + ... + w.F(xn) + Rn 
n 
where both the weights w,,,··. wn and the sampling points x,"". Xn are variables and F 
is the unknown function. It is shown that to determine the sampling points the integral 
b f P(x)x k dx = 0 k = 0.1.2 .... , n-l 
n 
must be satisfied. In this equation P(x) is represented as [103) 
P(x) = (x-x,)(x -xz) .. · (x-xn ) 
To determine the sampling points and the integration weights. we realize that they 
depend on the interval a to b. However. to make the calculations general, we consider 
a natural interval from -1 to + 1 and deduce the sampling points and weights for any 
interval. The weights can be calculated in analogy with the Newton-cotes formula 
[103) 
w = r'l.(x)dx ) J-l ) j = 1, 2, .. ·• n 
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Now, integrals defined over a rectangular master element can be numerically 
evaluated 
I I 
1= f f(x,y)dxdy = f f F(~,17)detJd~dTJ 
Q e -1-1 
after algebraic manipulation 
I I 
I = f f G(~, 17)d~d17 
-1-1 
and using Gauss quadrature we have 
11 M N 
1= f f G(~,17)d~d17 '" LLG(~I'17J)WIWJ 
-1-1 1=1 J=l 
where ~l and 17J are the quadrature points and w1 and wJ are the corresponding 
weights. M and N are the number of quadrature points in each summation [61). 
The sampling points and weights are shown in table. 
Table 4.1:Sampling points and weights in Gauss·Legendre numerical integration ( interval-l to +1). 
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4.4 Continuous Penalty method 
There are a variety of different finite element schemes that can be used for the solution 
of the governing equations. One of the finite element schemes which is used in the 
present work is based on the continuous penalty technique. Essentially, this technique is 
similar to the 'Lagrange Multiplier Method' used for the solution of equations subject to 
a constraint. Here the continuity equation (i.e. the incompressibility condition) is 
regarded as a constraint for the equation of motion. Therefore instead of solving the 
governing flow equations as a system of three P.D.E. s the pressure in the components of 
the equation of motion is replaced by a multiplier (called the penalty parameter) times 
the continuity equation. This gives a more compact set of working equations with 
components of the velocity as the remaining unknowns. Furthermore, by eliminating the 
pressure from the equation of motion the basic numerical stability condition for the 
simulation of incompressible flows, known as the LBB criteria, is also satisfied [61]. 
In the continuous penalty technique to eliminate the pressure from the governing 
equations, pressure is expressed in terms of the incompressibility condition as: 
p = _A(OU + ov) 
ox ay (4.30) 
It can be shown that by using a sufficiently large penalty parameter (A) the 
incompressibility condition is satisfied [104]. However, insertion of a very large number 
into the system of governing equations upsets the relative magnitude of the terms in the 
equation of motion making the system ill-conditioned. To minimise such effects and to 
maintain the consistency of the terms in the working equations of the scheme it is 
advantageous to make the penalty parameter proportional to the fluid viscosity as: 
(4.31) 
Ao is dimensionless and large enough to generate a sufficiently large A. Substituting 
equation (4.31) into equation (4.30) and using previously defined variables in 
equations (4.15), the dimensionless form of equation (4.30) is given by: 
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'=-,1 (au' +av') 
p 0 ax' ay' (4.32) 
Substituting equation (4.32) in the dimensionless form of the Brinkman equations 
(4.17) and (4.18) we get: 
(4.33) 
a au' av' 1. a 2V • a 2V • 
--[-A (-+-)]--v +(-+-)=0 
ay' 0 ax' ay' Da ax·2 ay·2 (4.34) 
After the discretisation (division) of the solution domain into a computational mesh, 
consisting of finite elements of predetermined geometrical shapes, the prime 
unknowns in the governing equations are replaced by approximate forms defined 
within the selected finite elements. In the weighted residual finite element scheme, 
used in the present work, these unknowns are replaced by trial function 
representations, which in the context of a discretised domain are given by low order 
interpolation polynomials, Nj, [105]: 
(4.35) 
(4.36) 
where n is total number of nodes in an element and, u; and v; are the nodal values of 
unknowns at the nodes (i.e. sampling points) of an element. Therefore, equations 
(4.35) and (4.36) provide approximate values for unknowns within an element via 
interpolation using their nodal values. Substitution of approximate values for the 
velocity components from equations (4.35) and (4.36) into the governing equations of 
(4.33) and (4.34), leads to the appearance of residual statements. These statements 
are then multiplied by appropriate weight functions (w,) and integrated over an 
element domain. In the standard Galerkin method, used herein, the selected weight 
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functions are identical to the interpolation functions (w, = N). Following the 
described step we obtain: 
(4.37) 
(4.38) 
The second order differentials in equations (4.37) and (4.38) are reduced by the 
application of Green's theorem (Le. generalised form of integration by parts). This 
leads to the appearance of boundary integral (flux) terms along the exterior 
boundaries of finite elements. For each interpolation function an identical weight 
function can be used to generate weighted residual equations such as equations (4.37) 
and (4.38). Therefore corresponding to a total of n interpolation functions, n 
equations are generated and a system of n x n equations is constructed. Using matrix 
notation this system is written as: 
(4.39) 
Where 
All = f[(A +1)(aN; aNj )+ aN; aNj +_1 NNl,~'dY' 
'1 n, ° ax' ax' ay' ay' Da ' J J (4.40) 
A12 = fA aN; aNj dx'd ' 
'J 0."." Y 
n, oX oy 
(4.41) 
A21 = fA aN; aNj dx'd ' 
'J 0."." Y 
n, oy ox 
(4.42) 
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A22 = f[(A +1)(aN, aN j )+ aN, aN j +_1 NN.}x'd ' 
'1 0 ':I':l' :l':l' D '1 Y 
Q, uy uy ux ux a 
(4.43) 
And the flux terms resulting from the application of Green's theorem are 
(4.44) 
(4.45) 
A system of weighted residual equations should be derived for each element in the 
domain. This is obviously not convenient. However, by using an elemental coordinate 
system rather than the global coordinates the uniformity of the matrix equation (4.39) 
can be preserved. This is achieved via using isoparametric mapping of elements of the 
global mesh into a master element where all the calculations are carried out [105]. In 
addition, a natural coordinate system such as -1::; ;,1] ::; + 1 can be used within the 
master element to enable the evaluation of all integrals within its domain by the Gauss 
quadrature method [106]. 
Repeated application of the above procedure to each element in the computational 
mesh leads to the construction of elemental weighted residual equations written in 
matrix notation. Subsequent assembly of these equations over the common nodes 
between elements provides a system of global algebraic equations. The flux terms 
along all interior element boundaries cancel out each other leaving only the boundary 
integrals along the exterior boundaries of the solution domain. These terms should 
then be treated via the imposition of boundary conditions to obtain a determinate set 
of equations. 
4.4.1 Imposition of the boundary conditions 
At the inlet the velocity components are known and hence equations corresponding to 
the nodes along this line are dropped from the global set. As equations (4.44) and 
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(4.45) show through the imposition of stress free conditions at the exit, the line 
integrals along this line give a uniform value of zero. At the solid walls if no slip 
conditions are used again known velocity components replace the boundary integral 
terms. However in cases where slip-wall conditions are used an appropriate technique 
for the imposition of Navier's conditions should be used. Here, we have used a direct 
method to incorporate equations (4.25) and (4.26) with the elemental equations thus 
eliminating the boundary integral terms [107]. This method is based on the 
substitution of the original residual equation corresponding to a node where slip 
occurs with a variational statement as: 
modified functional = original functional + G{ slip B.C. (4.25) or (4.26)/ 
where G is a Lagrange multiplier. In this technique, a value of G equal to unity is 
used. After its construction the modified functional is minimised. This results in 
obtaining the following working equations for the slip nodes. 
where subscript k is the number of the node at which the slip boundary condition must 
be imposed (see figure 7.1.2), u; and v; are slip velocity components of the fluid 
and, (U')k and (V')k are the velocity components of the solid boundary. Replacement 
of the equations corresponding to the wall nodes with relations (4.46) and (4.47) in 
the elemental stiffness equations results in the imposition of the Navier's slip 
condition at required locations in the solution domain. 
Imposition of all boundary conditions into the assembled set of working equations 
renders the global system determinate which is then solved using a solution technique 
such as the Gaussian elimination method. A computationally efficient version of this 
method which relies on bit by bit reducuction of the global system to upper triangular 
form according to an advancing front is used in the present work [108]. 
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4.4.2 Variational recovery method 
The inaccuracy of numerical differentiation precludes the direct calculation of 
pressure by the insertion of the computed velocity field into equation (4.30). This 
problem can be solved using a variational recovery method. The discretised form of 
the equation (4.30) is written as: 
fw pdQ, =- fWA'I7.~dQ, (4.48) 
Q e Q e 
where W is a weight function and the over bar means that the unknowns are 
approximated using finite element shape functions. Equation (4.48) represents a 
variational statement corresponding to the penalty relation and its utilization in 
conjunction with the Galerkin finite element dicretisation yields a scheme for the 
calculation of nodal pressures. This is shown as: 
JW'LNjpjdQ, = -Ao JW,1]'I7.~dQ, (4.49) 
Q e Q e 
The integrals on the right hand sides of the equations arising from equation (4.49) 
should be found at the reduced integration points. The coefficient matrix on the left 
hand side of equation (4.49) is the mass matrix given as: 
M'j = SW,NjdQ, (4.50) 
n, 
This matrix is usually diagonalised using a simple mass lumping technique [61]. 
4.5 Mixed method, Taylor-Hood element 
Mixed (UVP) schemes belong to the general category of mixed finite element techniques 
[105). In these techniques both velocity and pressure in the governing equations of 
incompressible flow are regarded as primitive variables and are discretised as 
unknowns. The most immediate requirement in the application of the UVP scheme to 
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the modelling of incompressible flow regimes is the satisfaction of the LBB stability 
criterion. In the application of the finite element technique to incompressible flow it was 
found that the UVP method in conjunction with elements generating identical 
interpolations for velocity and pressure yields inaccurate and oscillatory results [61]. A 
variety of strategies is presented for obtaining stable results [104, 109, llO, lll]. One 
method is based on the non-standard elements belonging to the Taylor-Hood or 
Crouzier-Raviart groups that satisfy the LBB condition [104]. In this work the 
rectangular Taylor-Hood element is used in which the interpolation function for the 
velocity is bi-quadratic and for the pressure is bi-linear. 
As mentioned in the weighted residual finite element scheme, used in the present 
work, the prime unknowns in the governing equations are replaced by trial function 
representations, which in the context of a discretised domain are given by low order 
interpolation polynomials. 
(4.51) 
(4.52) 
v 
Y,P 
v vo v 
Y,p-----( Y,p 
y 
v 
Figure 4.2: Nine node (bi·quadratic) Taylor-Hood element. 
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where n is node number in each element. At this step the residual statements of the 
governing equations, (4.16), (4.19) and (4.20), are obtained by substituting equations 
(4.51) and (4.52) into equations (4.16), (4.19) and (4.20). The resulting equations are 
then multiplied by appropriate weight functions (Ni for velocity and M/ for pressure) 
and integrated over an element domain. In the standard Galerkin method used herein 
the weight and the interpolation functions are identical. Therefore, following these 
steps the resulting equations are derived as: 
!ctx'dy' =0 
Iax'dy' =0 
L 
" " ii'f.Np; dLNjv; 
I-M/ j=1 + j=l ~x'dy' =0 ax' iJy' a, 
I 
(4.53) 
In the equation (4.53) the discretisation of the velocity and pressure is based on 
different shape functions. The weight function used in the continuity equation is 
selected as M/ to retain the symmetry of discretised equations. As a usual procedure, 
Green's theorem is applied to the second order velocity derivatives to reduce them 
into first order. Since there is a set of u' - v' - p' on each node, therefore a matrix 
representation of equation (4.53) is obtained as in [61]: 
, 
[A' Al2 A"] Uj rl 'J " " , = :~ A2l A22 J3 . Vj (4. 54) " 'J A3l A32 A!3 , 
" 
'J 
" 
~ 
where 
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A'l = f(2 ,aNi aN} + ,aNi aN} +_l-NiN·)dx'd ' 
'J "a'a' "a'a' D J Y Q
e 
X X Y Y a 
A'2 = J( ,aNi ON})dx'd • 
'J "a'a' Y Q
e 
Y X 
A '3 =-f(M aNi)dx'd' 
'1 1 a • Y 
Q X 
e 
A21 = f( ,aNi aN})dx'd ' 
'J 17 a •a • Y Q
e 
X Y 
A~2 = f( . aNi oNj +2 • aNi aNj +_I-NiNl)dx'd ' 
'1 "a'a' "a'a' D Y Q
e 
X X Y Y a 
A 23 = -f(M aNi)dx'd • 
,lld' Y 
Q e Y 
A 31 =-f(M dNi)dx'd' IJ I.,. Y 
Q uX 
e 
A32 = _ f(M aNi)dx'dy' 
'J 1 a ' Qe Y 
A33 =0 
" 
BJ =0 
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(4.55) 
(4.56) 
(4.57) 
(4.58) 
(4.59) 
(4.60) 
(4.61) 
(4.62) 
(4.63) 
(4.64) 
(4.65) 
(4.66) 
Using isoparametric mapping [61J, the working equations of the present scheme are 
cast into a local natural coordinate system. Although the geometry of the domain 
considered in this study is simple, the described mapping enables the use of a 
quadrature to evaluate integrals in the working equations and thus less computational 
effor!. The integrals according to the above equations are computed by the Gauss 
quadrature method. The resulting set of algebraic equations are assembled into a 
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global matrix together with all boundary conditions. The resulting matrix can be 
solved by a frontal solution algorithm that is a modification of the basic Gaussian 
elimination method to piecemeal reduction of the global matrix [105]. 
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Chapter five 
Multiscale finite element modelling of flow in porous media 
In this chapter the procedure for multiscale finite element modelling using the residual 
free bubble function method is explained and applied to the Brinkman equation. In 
this work to avoid the solution of a PDE in 2D, the bubble function equation is 
transformed into a local coordinate system (-1,+1). Using this transformation, all 
quadrilateral elements with any shape convert to a perfect rectangle and instead of 
solving a PDE, a one dimensional equation is solved. The two dimensional solution 
can then be derived using a tensor product of the one dimensional result. 
In sec. 5.1 the residual free method and its implementation to the Brinkman 
equation is explained. Since in this method condensation takes place automatically 
nodal bubble functions are directly derived. In sec. 5.5.1 the derivation of the bubble 
functions using the static condensation method are presented. An example in one 
dimension is presented in each section to show the bubble function implementation in 
the finite element scheme to construct the elemental stiffness matrix. 
5. 1 Residual free bubble functions 
The procedure for deriving residual free bubble functions is based on solving the 
differential equation analytically within each element, subjected to the homogeneous 
boundary conditions. To derive the appropriate bubble functions for the Brinkman 
equation we follow the mentioned mathematical procedure in [81,86]. Let us consider 
a boundary value problem defined in .QcR2 given by: 
{ 
Lu=f 
u=O 
in Q 
on r 
(5.1) 
where L is a linear differential operator and f is a given source function defined on 
Q. The standard Galerkin method is formulated in a subspace VhcV, where V is the 
--_._._-
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space of functions for which a solution of the continuous problem is sought. The 
Galerkin method consists of finding UE V h such that 
a(u ,v)=(Lu ,v) = (j,v) (5.2) 
where a( . , . ) is a bilinear form and ( . , . ) is the usual scalar product. As a general 
procedure in a two-scale method, the unknowns are divided into two parts 
(5.3) 
in which Ub is the bubble part that can be derived analytically and is equal to zero on 
the element boundaries. In the static condensation procedure we set v = Vb in the 
equation (5.2) to obtain: 
(5.4) 
The subscript Q, indicates that the formulation is restricted to the element. In the 
residual free method it is assumed that the bubble functions satisfy the differential 
equation in each element, i.e. 
LUb = -(Lu1 - f) in Qe (5.5) 
Hereby, with respect to the variational form of the above equation, which is similar to 
equation (5.4), the static condensation procedure is satisfied automatically [86]. 
The above equation can be solved by considering that ub = u~ + ut . u~ and ut are 
the solution of these equations [86]: 
{LU~ =-Lu, in D, (5.6) 
uZ =0 on r, 
{ Lut = f in Q e (5.7) 
ut =0 on r, 
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If t/J is the bubble shape function and V is the Lagrangian polynomial shape 
function, then equations (5.6) and (5.7) can be rewritten as 
in De 
on re 
(5.8) 
where Vi and t/Ji are associated with node i. De is the element and re is element 
boundary. 
n 
in De 
on re 
U = Ur + ub = LUi (Vi + t/J,) + t/Jf 
;=1 
(5.9) 
(5.10) 
where n is the nodes number in each element. To solve the equations (5.8) it is 
supposed that [82]: 
Ni = lfIi + t/Ji 
For the Brinkman equation, the operator L is defined as 
1 L=t:.--
Da 
(5.11) 
(5.12) 
with constant pressure drop assumptionf= Pd in which Pd is a constant representative 
for constant pressure drop 
ap 
Pd=--ay (5.13) 
Substituting equation (5.11) into equation (5.8), for a linear element on each node we 
have 
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(5.14) 
d'N 1 
--,-' --N2 = 0 for XE [0-1] 
dx Do 
{
N,(O) = 0 
N - =:> 
, -1f/2 N 2 (I) = 1 
(5.15) 
where I is the element length and If/i is the Lagrange linear shape function. The 
solution of the above equation leads to bubble modified shape functions for a linear 
element in local coordinate system as: 
sinh~ 1 (I-x) 
Da 
sinh~ 1 1 
Da 
sinh~ 1 x 
Do 
N
2
= If 
sinh -I 
Da 
(5.16) 
The denominator is the bubble coefficient. If equation (5.9) is solved ifJ[ will be 
derived as: 
(5.17) 
5.1.1 One dimensional bubble function implementation on the Brinkman equation 
Using hyperbolic shape functions in equation (5.16) an elemental stiffness matrix for 
a linear Lagrangian element is derived. Since the standard Galerkin method is used, 
weight functions are selected to be equal to the shape functions (1f/,,1f/2)' For a linear 
element, weight functions are: 
Chapter five 
h-x 
w[=--
h 
X 
wll =-I 
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dWll 1 
--=-dx I 
where I is the element length. After using Green's theorem to second order terms, the 
members of the elemental stiffness matrix are calculated as: 
E _i'(dNll dWI _1 N )dx 12- + llW/ 
, dx dx D 
a 
1 
Da~ 1 sinh~ 1 h 
Da Da 
E _i'(dNI dWll _1 N Jdx 21 - + J Wl/ 
, dx dx D 
a 
1 
Da~ 1 sinh~ 1 I 
Da Da 
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E22 = f Ji COSh) 1 x XSinh) 1 x 1 1 Da 1 D. - - +-I Da [zf IDa [zf sinh -I sinh -I 
Da D. 
1 [zf E22 = Ji coth -I 1 D. D -
• D 
a 
If 1=0.1 and Da=lO-s then elemental stiffness matrix is: 
[
3468.500 0] 
o 316.228 
For ordinary element we have: 
[
- 833.23 1656.67] 
1656.67 3343.33 
54 
Now the effect of the bubble on the elemental stiffness matrix is obvious, with a 
bubble function the matrix is diagonally dominant. The results in chapter 7 show that 
the solution for the ordinary linear element is unstable and for the bubble modified 
one is accurate and stable. 
5.2 Derivation of polynomial bubble functions 
Hyperbolic functions (5.16) can only be directly used if the integrals in the elemental 
equations are evaluated manually. However, this results in loss of flexibility and it is 
desirable to convert them into polynomials to make it possible to use quadrature 
methods in a finite element program. Therefore, using Taylor expansions and 
truncating after a selected term these functions are expressed as polynomials. 
• X3 X5 
smh(x) = x+3i +-s!+ .... (5.18) 
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For example, truncating after the second term third order polynomial bubble functions 
are derived as 
(1- X)((1 + (1- X2») 
__ ~_6_D...!n~ I-x x(l-x)(21-x) 
N j 1(1+_1_h2) =-1-- 1(6Dn +12) 
6Da 
x((1+_1_ x2 ») 
N _ 6Da 
2- 1(1+_1_12) 
6Dn 
x x(l-x)(l+X) 
1 1(6Dn + 12) 
In the above equation the second parts are third order bubble functions. 
ifJj x(l- x)(21- x) 
1(6Da +12) 
x(l- x)(1 + x) 
1(6Dn +/2) 
Using a local coordinate system of ~ (-1,+ 1) the bubble functions are written as: 
1 _ (l- q2)(3-q) 
j - 8(1+ 6~n ) 
(1- q2)(3 + q) 
12 8(1+6~n) 
2x 
where ;=1--. 
1 
5.3 Derivation of two dimensional bubble functions 
(5.19) 
(5.20) 
(5.21) 
Two dimensional bubble functions, required for practical implementations, can be 
derived using tensor products of one dimensional functions. The derived bubble 
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functions are then incorporated into normal interpolation functions of bilinear 
Lagrangian elements to obtain shape functions of a bubble enriched bilinear element 
as: 
N, = ~ (1- ~)(1-1]) - b(1- ~z )(1-1]2 )(3 - ~)(3 -1]) 
N2 = 1.(1 +~)(1-1]) - b(1- ~z)(1-1]z)(3+ ~(3 -1]) 
4 
N3 =1. (1 + ~)(1 + 1]) - b(1- ~z)(1_1]z)(3 + ~)(3 + 1]) 
4 
N4 = 1.(1- ~)(1 + 1]) -b(1- ~2)(1-1]z)(3 - ~)(3 + 1]) 
4 
Where: 
In which I is a characteristic length of the element. 
(5.22) 
(5.23) 
Using a similar procedure fifth order bubble enriched bilinear element can also be 
derived as: 
1 N, = -(1-~)(1-1]) + A[a(1- ~Z)(1_1]2) + b(l- ~2)(1-1]z)(1- ~)(1-1]) + 
4 
c(1- ~2)z(1_1]z)z + d(1- ~2)\1_1]z)z (1- ~)(1-1])1 
1 Nz = -(1 +~)(1-1]) + A[a(1- ~2)(1_1]Z) + b(1- ~2)(1-1]z)(1 + ~)(1-1]) + 
4 
c(l- ~2)2(1_1]z)z + d(1-~z)2(1_1]2)z (1 + ~)(1-1])1 
N 3 =1. (1 + ~)(l + 1]) + A[a(1- ~2 )(1_1]2) + b(1- ~Z )(1-1]z )(1 + ~)(1 + 1]) + 
4 
c(l- ~2)2(1_1]z)z + d(l- ~z)z(1_1]z)z(1 + ~)(1 + 1])1 
N4 = .!.(1-~)(l + 1]) + A[a(1- ~z)(l_1]z) + b(l- ~z)(1-1]z)(1- ~)(1 + 1]) + 
4 
c(1- ~2)z(1_1]2)z + d(1- ~2)z(1_1]z)z (1- ~)(1 + 1])1 
where 
(5.24) 
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1 
A = ( 12 14) 
I 1+-+--=-~ 
6Da 120D; 
13 [5 
a=----
12D 120D 2 ' 
a a 
31 5 C=.........:~-
1920D2 ' 
a 
[3 
b= 
48Da 
d= 
in which I is a characteristic length of the element. 
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(5.25) 
(5.26) 
(5.27) 
When bubble functions are applied, the inter element boundary integrals are not 
automatically eliminated during the assembly of elemental equations. This problem 
does not become apparent in the one dimensional case as the boundary integrals are 
reduced to simple nodal flux terms. The variational formulation for the Brinkman 
equation, after application of Green's theorem is 
1 (-u, v) + (Vu, Vv) = (p, v) 
Da 
Substitution from Eq. (5.3) gives: 
1 (-u, v) + (Vu" Vv)+ (Vub , Vv) = (p, v) Da 
(5.28) 
(5.29) 
If v is a linear test function (weight function) we have from green's theorem [112]: 
(5.30) 
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where ifJ is the bubble function. Therefore by the above variational formulation 
equation (5.29) is reduced to: 
1 (-u h , 1') + (Vu!, VI') = (p, 1') 
Da 
(5.31) 
Thus the bubble function does not affect the Laplacian term in the Brinkrnan equation 
and therefore no boundary integral due to the bubble function exists. In this work we 
use Galerkin method with a bilinear element and hence the weight functions are 
linear (bilinear in two dimension) and the above formulation can be applied. Although 
this analysis is restricted to a linear element but, when we are applying bubble 
functions which in general can be selected to be nth order, there is no need and 
justification to use higher order elements. 
S.S Derivation of polynomial elemental bubble function 
As mentioned, in the residual free bubble function method the condensation is 
satisfied automatically which leads to nodal bubble functions ifJ,. In theory any 
function which is zero at an element boundary is a bubble function which has a 
stabilizing effect on the solution [75]. When the Taylor expansion is used the resulting 
bubble functions are no longer residual free since they are an approximation of the 
original hyperbolic functions. 
In the standard static condensation we may use one bubble on the element and 
nodal bubble functions are derived during the implementation of the static 
condensation method. If equation (5.17) is rewritten we have: 
(5.32) 
In which ifJb is the elemental bubble function [73] that can be written as: 
(5.33) 
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The elemental bubble functions can now be derived. The trend of the derived 
polynomials for the Brinkman equation are as follows: 
The second order bubble function is: 
(S.34) 
The forth order bubble function is: 
(S.3S) 
The sixth order bubble flJnction is: 
(S.36) 
According to the above derived functions it can be concluded that a nth order bubble 
function may be written as: 
n 
9b '" (1_~2) + (1_~2)2 + (1_~2)3 + ... + (1_~2)m '" ~)I_~2)q (S.37) 
q=l 
The bubble coefficient is derived by the standard static condensation method. To 
apply a static condensation method the equation (S.2) is rearranged as explained in 
section 3.3.1 through equations (3.1S) to (3.17) or using equation (S.4). This provides 
us with the bubble part of the solution, u'" at each element as a function of the 
piecewise linear part of the solution, u, . The procedure is explained in the next 
section. 
5.5.1 Application of the static condensation method on the one dimensional 
Brinkman equation 
The Brinkman equation in one dimension can be written as: 
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(5.38) 
with constant pressure drop assumption 
ap 
-=c ay 
The first step in the static condensation is the representation of the Brinkman equation 
in the weighted residual form with the weight function equal to the bubble function 
(see equation (3.16». 
11 1 (-u w --wu-cw)dx=O o x x D 
a 
(5.39) 
where Ux and Wx represent derivatives of u and w respectively. Using a local 
coordinate system f'(-I,+I) we have 
dx=idf' ..E...( )=3..!!....() 
2 ' dx I df' 
1 j: 1 j: 1 j:2 
U =-(I-.,)u1 +-(I-.,)u2 +-(1-., )u3 2 2 2 (5.40) 
1 11 I J+I I 1 8 
- wudx=-- uwdf'=--(u1 +u,)+--u3 D 0 2D -I 3D D 15 
a a a a 
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16 I 81 
::::>-u, +--(u1 +UZ)+--u3 =0 31 3D. 15D. 
where b is the bubble coefficient as 
b lI3D. 16 81 
-+--
31 15D. 
According to equations (5.40) and (5.41) u is represented by 
Therefore the bubble modified shape functions are: 
Now we can calculate the elemental stiffness matrix by linear Lagrangian weight 
functions in the equation (5.39). (see equation (3.17». 
1 
Wz =-(1+~ 2 
(5.41) 
I 
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1 1 lb h El2 =-------
I 3 Do 3Do 
1 1 lb I E =-----+-
12 I 3 D 6D 
o 0 
f.+{2 dNI dwz h ) f: E = ---+--Nw d." Zl -I I dq dq 2D 0 1 2 
1 1 bI I 
E =-----+--
ZI I 3 D 6D 
o 0 
E _f.+{2dNz dwz I N )dq 
22 - -{I dq dq + 2Do zwz 
5.5.2 Derivation of two dimensional elemental bubble functions 
Two dimensional bubble functions can be derived using the tensor product of one 
dimensional functions similar to section 5.3. The derived bubble functions are 
incorporated with nonnal interpolation functions of bilinear Lagrangian elements to 
obtain shape functions of a bubble enriched bilinear element. With a second order 
bubble function the bubble enriched bilinear element is: 
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1): ;:2 2 NI '" 4 (l-s)(l-17)-b(l-s )(1-17 ) 
N, ==.!. (l + ';)(1-17) - b(l-';' )(1-11') 
4 
N3 ==.!.(1 +.;)(1 +11)-b(I-';')(1-112 ) 
4 
1): ):2 2 N4 =="4(l- s )(l+I1)-b(I-." )(1-11 ) 
Where: 
b == 1 
8(0.2+ 21~a) 
(5.42) 
(5.43) 
which is calculated by the static condensation method. I is a characteristic length of 
the element. With a same procedure forth order bubble enriched bilinear element can 
be deri ved as: 
NI == .!.(l- ';)(1-11) -b[(1- ';')(1_112) + (1_';2)' (1-1]2)2] 
4 
N2 ==.!.(1 + .;)(1-11) - b[(I- ';2)(1_1]2) + (1- ';2)2(1_1]2)2] 
4 
N3 ==.!. (1 + ';)(1 + 1]) - b[(l- ';2)(1_1]2) + (1- ';2)' (1-1]2)2] 
4 
N4 == .!.(1- ';)(1 + 17) - b[(I-';2)(1-1]') + (1_';2 )2(1_1]2)2] 
4 
where 
1 
b 
8(0.1768+ 2~a) 
Any higher order bubble enriched bilinear element can be derived similarly. 
(5.44) 
Chapter five Multiscale finite element modelling offlow in porous media 64 
5.6 Implementation of bubble enriched elements in the penalty method 
The bubble enriched biIinear elements are used within the context of the penalty 
method which is explained in chapter 4. The equations (4.37) and (4.38) are written 
as: 
(5.45) 
(5.46) 
where W, is weight function and is equal to the Lagrangian shape function ¥', in the 
standard Galerkin method. Nj is bubble enriched shape function as described in 
equations (5.22, 5.24, 5.42, 5.44). All other procedures are similar to what were 
mentioned in chapter 4 for the penalty method. 
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Chapter six 
Finite element modelling of the convection-diffnsion 
equation 
The convection-diffusion equation is the most widely used transport equation in 
engineering problems. For this equation, much effort has been done to offer stable and 
accurate solutions which were mentioned in chapter 3. In this chapter, multiscale 
finite element modelling of this equation is considered and compared with the 
streamline upwind and the streamline upwind Petrov-Galerkin methods. 
6.1 Governing equation and boundary conditions 
The steady convection-diffusion equation can be described by: 
v.VT - kV.VT = 0 (6.1) 
where T is independent variable v is the velocity vector and k is diffusivity. V denotes 
the spatial gradient operator. Using dimension less parameters which were defined in 
equation (4.15) together with this definition: 
(6.2) 
where To and T, are reference values for independent variable (e.g. temperature), the 
dimensionless equation becomes: 
p, VT' -V.VT' = 0 (6.3) 
in which Pe is Peelet Number: 
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p = vh 
, k (6.4) 
h is a characteristic length_ Equation (6.3) can be written in two dimensions as: 
(6.5) 
where p", and p 'Y correspond to x and y components of the velocity vector. 
Corresponding dimensionless boundary conditions for the rectangular domain are ( 
see figure (7.5.1»: 
T' = 1 for 
, 
= 0, 0:0; x 
, 
< 1 andx 
, 
= 0, 0:0; y' < 1 Y 
T' =0 for 
, 
= 1, O:O;y 
, 
<1 x 
or' or' for 
, 
= 1, O:o;x':O;l -=0 -=0 y ay' , ox' 
A Dirichlet boundary conditions is also considered as (see figure (7.5.15»: 
{
T' =1 
T' =0 
6.2 Galerkin method 
for y' = 0, 0 :0; x' < 1 and x' = 0, 0:0; y' :0; 1 
for x' = 1, 0:0; y' :0; 1 and y' = 1, 0 < x' :0; 1 
(6.6) 
(6.7) 
After the discretisation of the solution domain into a computational mesh, consisting 
of predetermined geometrical shapes, the prime unknowns in the governing equations 
are replaced by approximate forms defined within the selected finite elements. In the 
weighted residual finite element scheme, used in the present work, these unknowns 
are replaced by trial function representations, which in the context of a discretised 
domain are given by low order interpolation polynomials, Nj [105]: 
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, 
T' ~f' =" NT~ L... J J (6.8) 
j=1 
where n is the total number of nodes in an element and, Tj" is the nodal value of 
unknown at the nodes (i.e. sampling points) of an element. Therefore, the above 
equation provides approximate values for unknowns within an element Vla 
interpolation using its nodal values. Substitution of approximate values for the 
unknown from equation (6.8) into the governing equation (6.5), leads to the 
appearance of residual statements. These statements are then multiplied by 
appropriate weight functions (w,) and integrated over an element domain. In the 
standard Galerkin method, used herein, the selected weight functions are identical to 
the interpolation functions(w, = N,). Following the described step we obtain: 
n n n n 
,(J'fpjTj" (fL.NjTj" (FL.NT~ J J (PL.NT~ J J 
f W; , j=l +P;y j=l -w /=4 + j=1 dxdy=O (6.9) p" ~" ay" , ~"2 ay"2 Q, 
The second order differentials in equation (6.9) are reduced by the application of 
Green's theorem (i.e. generalised form of integration by parts). This leads to the 
appearance of boundary integral (flux) terms along the exterior boundaries of finite 
elements. For each interpolation function an identical weight function can be used to 
generate weighted residual equations such as equations (6.9). Therefore 
corresponding to a total of n interpolation functions, n equations are generated and a 
system of n x n equations is constructed. Using matrix notation this system is written 
as: 
(6.10) 
where 
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A system of weighted residual equations should be derived for each element in the 
domain. This is obviously not convenient. However, by using an elemental coordinate 
system rather than the global coordinates the uniformity of the matrix equation (6.10) 
can be preserved. This is achieved via using isoparametric mapping of elements of the 
global mesh into a master element where all the calculations are carried out [105]. In 
addition, a natural coordinate system such as -1 ~ 1;,1/ ~ + 1 can be used within the 
master element to enable the evaluation of all integrals within its domain by the Gauss 
quadrature method [106]. 
Repeated application of the above procedure to each element in the computational 
mesh leads to the construction of elemental weighted residual equations written in 
matrix notation. Subsequent assembly of these equations over the common nodes 
between elements provides a system of global algebraic equations. The flux terms 
along all interior element boundaries cancel out each other leaving only the boundary 
integrals along the exterior boundaries of the solution domain. These terms should 
then be treated via the imposition of boundary conditions to obtain a determinate set 
of equations. 
6.2.1 Imposition of the boundary conditions 
At the boundaries known values of the independent variables replace the boundary 
integral terms. For the stress free conditions (on the boundary y* =1) the line integrals 
along this line give a uniform value of zero. Imposition of all boundary conditions 
into the assembled set of working equations renders the global system determinate 
which is then solved using a solution technique such as the Gaussian elimination 
method. A computation ally efficient version of this method which relies on bit by bit 
reducing of the global system to upper triangular form according to an advancing 
front is used in the present work [108]. 
Chapter six Finite element modelling of the convection-diffusion equation 69 
6.3 Stable methods for the convection-diffusion equation 
Two stable methods are applied to solve the convection-diffusion equation. These are 
inconsistent upwinded method (SU) and consistent method (SUPG). In the SU 
method only the convection term is multiplied by the modified weight function whilst 
in the consistent method (SUPG) the modified weight function is applied to all of the 
terms in the diffusion-convection equation. Based on the finite element Galerkin least 
squares (GLS) variational formulation, the modified weight function for diffusion-
convection equation (6.1) can be expressed as [113]. 
. J dW, dW,) 
w, =W,+'lvx dX +Vy ay (6.11) 
where W; is the ordinary Lagrangian weight function and '( is a multiplier known as 
the upwinding parameter. 
(6.12) 
where Ix and ly are characteristic element lengths in the x and y local coordinate 
system and c is a constant over all elements [113]. After application of Green's 
theorem, the Laplacian of Wj appears in the weak formulation. As a consequence of 
the use of numerical integration, values of the Laplacian are required at the integration 
points. The way to obtain these, in isoparametric elements, is not immediately 
obvious. The proper formulae for a one-to-one transformation from a local to a global 
co-ordinate system is done by Petera el al. [113]. This formulation is used in this 
work for second order derivatives. In the SU method the modified shape function is 
applied only to the convection term: 
n n n n 
d'LNjTj' d'LNjTj' d2 'LNT: J J d2'LNT: J J 
f w· , j=l + P;y j=1 -W j=l + j'::} dxdy=O , p" dX' ay' , dX'2 ay'2 Q, 
~---------------------------------------------------------- --. -- -- --.--
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The superscript e denotes the elemental average. After the application of Green's 
theorem to the second order derivatives of the unknowns, the working equation of the 
scheme is obtained as 
where in Cartesian coordinate system 
(
OT" oT" J B j '" fw, -,-nx +--, ny df', 
r ox oy , 
In the SUPG on both convection and diffusion tenns the modified weight function is 
multiplied: 
n n n n 
oI.NjTj' oINjTj' o2INT~ ) } o2INT~ } } 
f W' p;' j-I +p~ J:=l _Wo f==1 + J=1 dxdy=O (6.13) , ox' Oy' , OX'2 Oy '2 Q, 
where "'1 is the ordinary Lagrangian weight function ( identical to Nj elemental shape 
functions) and W,'is the upwinded weight function [113]. After application of Green's 
theorem to the second order derivatives of temperature the working equation of the 
scheme is obtained as 
where in Cartesian coordinate system 
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The rest of the procedure is the same as mentioned for Galerkin method in section 6.2. 
6.4 Residual free bubble functions for the convection-diffusion equation 
To achieve an accurate and stable solution for the convection-diffusion equation, as 
an alternative solution the existing methods of SU and SUPG, the bubble function 
method is developed in the present work. The dimensionless one dimensional 
equation according to equation (6.3) can be written as: 
(6.14) 
Following the procedure in sec. 5.1 the bubble enriched shape functions for a linear 
element is derived as: 
_ex-,P....:.(p,-",-X.:....) -_ex..!.p-",(pc..!''-'-Z) NI = 
l-exp(-p,Z) 
_l-_ex-,p....:.(p,-,,-x..:..) N2 = l-exp(p,l) 
(6.15) 
To derive the polynomial bubble function the Taylor expansion of the exponential 
function is used. Taylor expansion series of the exponential function is: 
x 2 X3 
eX =l+x+-+-+ ... 
2! 3! 
Using the first three terms in the Taylor series to derive second order bubble function, 
the bubble modified shape functions in the local coordinate system ;(-1,+1) are: 
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NI =.!(1-;)+b(1-;2) 
2 
N2 =.!(1 +;) -b(l-C) 
2 
where 
b lp, 
8(1 + 0.5 p,l) 
(6.16) 
in which I is a characteristic element length. The signs of the bubble coefficients are 
different at each node which implies that the slopes of the bubble function at the inteI'-
element connections are equal. For the symmetric differential operator the sign of 
bubble coefficient is similar. 
(Jz (A 91 
/0& NI e2 N2 
NI e1 N2 NI Nz NI Nz 
(JI 
a b 
Figure (6. I): The bubble functions arrangement for non-symmetric operator (a) and symmetric operator 
(b). 
The two dimensional bubble enriched shape functions, as explained in section 5.3, can 
be written as: 
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(6.17) 
If the first four terms is selected, the third order bubble is derived and the bubble 
modified shape function is written as: 
NI = .!.(1-;) -bl (1_;2) +bz(1 + ;)(1_;2) 2 
N2 =.!.(1 +;) +bl (1_;2) - bz (1 + ;)(1- ;2) 2 
(6.18) 
in which I is a characteristic element length. The two dimensional bubble enriched 
shape functions can be written as: 
NI ==.!.(1-;)(1-,,) +bl (1-;2)(1-,,2) +b2 (1 +;)(1 + 17>(1-;2)(1-,,2) 4 
N2 ==.!.(1 +;)(1-,,) -bl 0-;2)(1_,,2) -bz (1 + ;)(1 + ,,)(1- ;2)(1_,,2) 4 
1 ~.1~ 
N3 = -(1 +;)(1 + ,,) +bl (1- ;2)(1_,,2) + bz (1 + ;)(1 + 17>(1- ;z)(I_"z) 4 
N4 == .!.(1-;)(1 + ,,) -bI (1-;2)(1-,,2) -bz (1 + ;)(1 + ,,)(1-;Z)(1_,,2) 4 
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If the first five terms are selected we have: 
NI = -.! (1 - ~) + bl (1 - ~2 ) + b2 (1 + ~)(1- ~2 ) - b3 (1- ~2 ) 2 2 
N2 =-.!(1 +~ -bl (1_~2) -b2 (1 +~)(1-~2)+b3(1-~2)2 2 
where 
1 2[2 1 3[ 1 4[4 
-p +-p +-p 
b = 2!' 3!' 4! ' 
I ( 2[2 3[3 4[4) 4 p[+~+~+~ 
, 2! 3! 4! 
16 [ p, Pe Pe ( 
2[2 3[3 4[4) 
p +--+--+--
, 2! 3! 4! 
(6.20) 
where [ is a characteristic element length. The two dimensional bubble enriched shape 
functions are written as: 
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NI == i(1-;)(l-17) +bI (1-;2)(1-172) +b2(l +;)(1 +17)(1_;2)(1-172) 4 
+ b3 (1- ;2)2 
N2 ==.l(1 +;)(1-17) -bI (1-;2)(1-172) -b2 (1 +;)(1 + 7])(1-;2)(1-172) 4 
- b3 (1- ;2)2 
N3 == i(1 + ;)(1 + 7]) + bI (1-;2)(1-172 ) +b2 (1 +;)(1 + 17)(1-;2)(1-7]2) 4 
+ b3 (1- ;2)2 
N4 =i(1_;)(1 + 7]) -bI (1-;2)(1-172) -b2 (1 +;)(1 + 7])(1-;2)(1-7]2) 4 
(6.21) 
Elimination of boundary integrals which were explained in section 5.4 are applied 
here. The rest of the procedure is the same as mentioned for the Galerkin method in 
section 6.2, only the Lagrangian shape functions are replaced by the bubble enriched 
shape functions. 
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Chapter Seven 
Results and discussion 
The results of the present investigation are presented in this chapter in five sections. 
The first four sections represent the results for the flow in a porous media using both 
an ordinary and a multiscale finite element scheme. Section 7.5 shows the results for 
the convection-diffusion equation. Section 7.1 presents the results obtained using the 
penalty method with no-slip and Navier's slip wall boundary conditions. In section 
7.2, results of the UVP scheme for shear thinning fluids is presented. Section 7.3 
shows the results for the polynomial 3'd and 5th order bubble functions which are 
directly derived from the residual free method. In section 4, the results related to 
elemental polynomial bubble functions are presented for 2nd and 4th order bubbles 
using the standard static condensation method. In the last section, the results for 
convection-diffusion equation using the developed multi scale method are presented 
and compared with the SU and SUPG methods. To have the flexibility to impose such 
a range of conditions an in-house developed computer code in FORTRAN is used to 
carry out the finite element simulations. 
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7.1 Results of the continuous penalty method for porous flow 
In the numerical experiments presented here the influence of the wall slip on a porous 
flow bounded between two parallel impermeable walls is investigated. A range of 
conditions between no-slip to perfect slip is considered. In all of the presented 
simulati ons 9-noded Lagrangian elements are used. 
The flow domain and boundary conditions used in the present study are shown in 
figure (7.1.1). For the no-slip case, the dimensionless pressure field for values of the 
Darcy parameter equal to 10.2 10.4, 10.7 and 10.9 are shown in figures (7.1.3) to 
(7.1.6), respectively. As expected, a reduction in pressure drop is observed along the 
flow direction whilst at each cross section the pressure across the domain width is 
constant. Reducing the Darcy parameter results in an increase in the pressure drop. In 
addition, due to the entrance effect (boundary layer formation) present at relatively 
high Darcy parameters (Da> 10'\ the pressure field shows some degree of non-
uniformity in this region. It is further shown that using lower values of the Darcy 
parameter the entrance region becomes shorter. 
Velocity profiles at the mid-height cross section (for fully developed flow) 
corresponding to different values of the Darcy parameter (10 to 10.7) are shown in 
figures (7.1.7) to (7.1.10). As is evident from figure (7.1.7), there is no difference 
between velocity profiles at Da equal to 1 and ID, so the region in which Da is higher 
than 1 behaves exactly as a free flow regime. On the other hand, considering figure 
(7.1.10), for Da less than 10-6 the velocity is flat and remains unchanged. Therefore 
using a Da less than 10-6 the flow regime behaves as a Darcy flow regime. In other 
words the velocity profile in both free and Darcy flow is not a function of the Darcy 
parameter (i.e. is not a function of permeability). Figures (7.1.7) to (7.1.9) show that, 
between these two flow regimes, a third region exists in which the velocity profile is a 
function of the Darcy parameter. This region, between Da=1 and Da=1O·6 , is the 
Brinkman regime in which the boundary layer thickness decreases as Da decreases. 
At Da =10.6 the boundary layer practically disappears. In effect, the Brinkman region 
is a transition zone between the free and Darcy flow regimes. The free flow regime 
can hence be regarded as a case in which the boundary layer is spread over the entire 
cross section of the domain. 
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Comparison of figures (7.1.10) and (7.1.11) demonstrates that in the Darcy region, 
due to the absence of a boundary layer, flow profiles for both slip and no-slip 
conditions are the same. 
The simulated pressure fields corresponding to the use of slip boundary conditions 
to Da =10.7 and 10.9, are shown in figures (7.1.12) and (7.1.13), respectively. It is 
found that the computed pressure drop with a slip boundary condition is about 10% 
lower than that of the no-slip case. This is consistent with the theoretically expected 
outcome. 
Figure (7.1.14) shows the dimensionless pressure drop versus Da for both slip and 
no-slip boundary conditions. In the Darcy region, as figure(7.1.14) shows, using the 
slip wall condition the pressure drop represented by a line with a slop equal to unity 
(which is exactly the slope predicted by the Darcy equation. For example, the y 
. (jp' 1 • 
IS --+-v =0 
, (j' D ' y a 
component of the dimensionless Darcy equation and the 
logarithmic form of this equation over the entire domain is, 
/),. • 1 -' 
log-..£, + log-+ logv = 0, that is a line with slope equal to unity). Therefore, 
/)"y Da 
using a slip boundary condition in conjunction with the Brinkman equation at Iow Da 
gives the same results as the Darcy equation. As figure (7.1.14) shows, by increasing 
Da, the slip condition gives a large error in pressure prediction. According to the 
predicted no-slip curve two linear regions exist. These are the Darcy and free flow 
regions which are connected by a non-linear region representing the Brinkman zone. 
In the linear zones only one factor is dominant, which in the free flow region is the 
fluid shear stress term and in the Darcy region is the Darcy term. In the transition 
region both terms are important. The pressure in this region is affected mainly for Da 
between 10.1 and 10.3• 
From a numerical point of view, different mesh refinements are required for 
different thickness of the boundary layer to attain accurate and stable results. Our 
numerical experiments showed that for each two order of magnitude reduction in the 
Darcy parameter the number of elements in the flow domain should be increased at 
least 100 times. For example, for Da =10.4, the total number of elements yielding 
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converged, accurate results is 900 per unit area whilst 90000 elements per unit area 
are required if Da = 1 0-6 is used. Such refinements require large computer resources 
and run-time increases dramatically. However, to avoid this complication, the mesh 
refinement can be performed only on the boundary layer region. Selective mesh 
refinement has also been considered by other investigators who have noted that near 
wall mesh refinement may provide results of acceptable accuracy whilst maintaining 
computing economy. 
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Conclusion 
Using a penalty finite element scheme, the governing equations of the flow in a 
porous media are solved. The flow of a Newtonian fluid in a porous medium between 
two parallel plates is used as a bench mark. 
The results show that using the Brinkman equation three distinct flow regimes are 
distinguishable: a free flow regime (Da>l), a Brinkman regime (1)Da>lO,6) and a 
Darcy regime (Da<10,6 ). The dependency of the velocity profile on the Darcy 
parameter provides the main indication for the establishment of a Brinkman regime 
whilst in free and Darcy flows no such dependency exists. The Brinkman region is a 
transition zone between the free and the Darcy flows where by decreasing Da the 
boundary layer thickness decreases. Navier's slip wall boundary condition can be 
successfully applied in conjunction with the Brinkman equation to model the flow in a 
medium at a low Darcy parameter. 
The predicted pressure fields show that the length of the entrance region in the 
Brinkman zone decreases by reducing the Darcy parameter. The pressure drop is 
influenced in the Brinkman region, mainly between Da=lO'l to 10'3. The number of 
elements required to obtain converged results is reduced significantly in comparison 
with those cases where the no-slip condition is used. 
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7.2. Results of the mixed finite element method for shear thinning flow in porous 
media 
The isothennal flow of shear thinning fluids in an homogeneous porous media with 
the geometry presented in figure (7.2.1) is studied. The results are presented in figures 
(7.2.2) to (7.2.16). In these figures 'FEM' means finite element method and 'ANAL' 
means analytical solution. The Mixed (UVP) scheme finite element method with 
Taylor-Hood (TH) element (9 noded for velocity and 4 noded for pressure) is used, 
besides an analytical solution for the one dimensional case. 
The results of the proposed analytical solution for shear thinning fluids is 
presented in figures (7.2.2) to (7.2.6). Figures (7.2.2) and (7.2.3) show the results for 
the Darcy parameter (Da) from 10,1 to 10-6 at power-law index m=0.9. It is clear that 
by decreasing Da an overshoot takes place in the boundary layer. Since the fluid is 
shear thinning, the viscosity in the boundary layer decreases and therefore the 
resistance against flow decreases and consequently the velocity increases and 
overshoot takes place in the boundary layer. Also, as these figures show by decreasing 
Da the over shoot increases and the thickness of the boundary layer decreases. At 
Da=1O-6 there is a sharp overshoot and a narrow boundary layer that is negligible and 
the flow is plug. It is obvious from figure (7.2.4) reducing the power-law index to 
m=0.8, overshoot in the boundary layer increases and by reducing more, as is shown 
in figure (7.2.5), at m=0.5 and Da=10-6 it is similar to an impulse. Since the boundary 
layer in very thin, it is negligible and the flow is practically plug. Figure (7.2.6) shows 
the results at Da=IO-4 and different power-law indexes. By decreasing n the boundary 
layer thickness slightly decreases, but the overshoot amplifies. 
Figures (7.2.7) to (7.2.9) illustrate the results for the standard Galerkin method in 
two dimension. The method fails to predict correct results and as is obvious, the 
solution is unstable. The computer simulations show that after two iterations 
instability appears. Figure (7.2.7) shows the initiation of instability and after 8 and 12 
iterations (figures (7.2.8) and (7.2.9» the instability increases. By improving mesh 
refinement the instability remains and no improvement happens. Here in this work, 90 
elements in the x direction and 30 in the y direction are used ( meshes in the x 
direction are increased up to three times but no improvement occurred). 
Figure (7.2.10) shows a comparison between the analytical solution and the finite 
element solution (at the mid-height cross section of the domain), in this case to take 
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the result from the finite element, as an simple solution, the error norm (tolerance or 
error percentage between two consecutive iterations) was increased to 0.1 by 
accepting some level of error, the result has a good agreement with the analytical 
solution in a limiting range of Da and n. Figure (7.2.11) represents the result at 
Da=1O·4 and m=.95 here the agreement is acceptable. Figures (7.2.12) give a 
comparison for Da=1O·4 and m=0.5. The finite element procedure with tolerance equal 
to 0.1 can not predict the correct results in this range. Therefore it seems that for the 
range down to Da=1O·4 and m=0.9 in comparison with analytical solution and by 
increasing the tolerance to 0.1 it is possible to get a correct two dimensional solution 
using Taylor-Hood finite element method. Figure (7.2.13) shows the velocity profile 
at different Da and m=0.9. By decreasing Da, the velocity profile is more flattened to 
the wall, the boundary layer thickness decreases and the velocity overshoot increases 
in the boundary layer. 
Figures (7.2.14) and (7.2.15) show the pressure predicted by the applied finite 
element method. 
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Conclusions 
Flow of shear thinning fluids in a highly penneab1e porous media are studied by both 
analytical and finite element methods. The analytical solution is perfonned by a trial 
and error procedure in a wide range of Darcy parameters and power-law indexes. The 
obtained results demonstrate velocity overshoot in the boundary layer for shear 
thinning fluids. Although the finite element method generally fails to generate stable 
and accurate results even with a high degree of mesh refinement, but in a limited 
range of Darcy parameter and power-law index, a stable solution is achieved by 
increasing error nonn. This interval is found to be Da ;:: 10-4 and 1;:: m;:: 0.9. 
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7.3. Results of the multiscale finite element method for flow in porous media 
In the section 7.1 the Galerkin method were used to model the flow in a highly 
permeable porous media. Excessive mesh refinement was used in a region close to the 
impermeable wall including the boundary layer to obtain a stable and accurate 
solution. In this section the developed multi scale approach based on the residual free 
method is used for the same problem. In a series of numerical experiments the effect 
of bubble functions to achieve stable and accurate results is investigated. The study is 
performed for both an ordinary Lagrangian element as well as a bubble enriched 
element. Third and fifth order bubble functions are studied. In all of the presented 
simulations 4-noded Lagrangian elements are used. 900 elements are used in the 
domain (30X30 elements) with no further refinement in a wide range of Darcy 
parameters. 
Figures (7.3.2) to (7.3.7) show the results for dimensionless velocity at the mid-
height cross section of the domain. In these figures the results for the ordinary 
Lagrangian bilinear element (no-bubble), the bubble enriched bilinear element with 
3'd and 5th order bubble functions and the analytical solution are compared. As figure 
(7.3.2) shows all the curves coincides each other for Da=1O·2 . It implies that at this 
Da, with respect to the level of discretisation, the problem is not multiscale. As the 
Darcy parameter is reduced, the use of ordinary element results in the appearance of 
oscillations and loss of stability. Figure (7.3.3) shows the unstable numerical results 
corresponding to Da=1O·4 obtained using ordinary elements. As expected, the loss of 
stability is more apparent in regions nearer to the domain boundaries, which an 
unreasonable velocity overshoot is observed. In contrast using elements enriched by a 
sth order bubble function generates a solution identical to the analytical result. 
However, using a 3'd order bubble element stability is achieved but there is some 
degree of deviation from the analytical solution. Figure (7.3.4) shows that that for 
Da=1O·5 the oscillations in the velocity are enhanced unless a sth order bubble element 
is again used which yields numerical results similar to the analytical solution. This 
trend is repeated for Da=10·6 and 10.7• 
Using a coarser mesh of 100 elements the multiscale method yields a stable 
solution. Figure (7.3.7) shows the results at Da=1O·4. Again, the sth order bubble 
matches the analytical solution better than the 3'd order bubble function. Therefore the 
main trend of the results is not affected by the mesh refinement. Figure (7.3.8) shows 
--
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the solution at different bubble coefficients for Da=1O-4 and a 3'd order bubble. As the 
bubble coefficient increases the solution gets a stable trend which shows that even 
with a non-theoretically derived bubble coefficient the stability can be achieved apart 
from the accuracy. 
For refinements beyond 900 elements the meshes become finer, the characteristic 
element length gets smaller and the bubble coefficient decreases until disappearing 
completely. In general, there is an optimum degree of mesh refinement beyond which 
it is not necessary and is even detrimental to the accuracy of the solution. 
To have a better understanding of the improvement that is achieved by bubble 
functions, a biquadratic 9 noded element is also considered. As figure (7.3.9) shows 
this element are not yield a stable and accurate solution at Da=1O·5 with the same 
refinement (900 elements). In comparison with the bilinear element the velocity 
overshoot reduces from 30% to 10%, but the solution is still unstable. 
Figures (7.3.10) and (7.3.11) demonstrate the pressure field at Da=1O·2 and 
Da=1O-4 respectively. The calculated pressure field is stable and satisfies the 
theoretically expected result. 
To study the effects of deviation from the most simple geometry used to make 
comparison with the analytical solution, possible flow in a non-rectangular domain 
(figure (7.3.12)) is also simulated. The mesh representing this domain also consists of 
30 elemental divisions on its sides. Simulations are based on using the same boundary 
conditions as for the rectangular domain, i.e. plug flow at inlet, no-slip boundary 
conditions at the solid walls and stress free conditions at the outlet of the domain. 
Figure (7.3.13) shows that the bubble enriched elements again generate stable 
solution. The velocity gradually reduces in the direction of the domain expansion with 
a corresponding reduction in velocity overshoot close to the solid wall. Figures 
(7.3.14) and (7.3.15) show the corresponding two dimensional flow and pressure 
fields, respectively, obtained using 3,d order bubble functions. 
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Figure (7.3.9). Velocity profile at mid-height cross section and Da=lO" for biquadratic element. 
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Figure (7.3.10). Dimensionless pressure field for Da=10·2. 
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Figure (7.3.14). Predicted flow field in an expanding domain at Da=1O·4. 
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Conclusions 
In this section the results for 3rd and 5th order nodal bubbles in the simulation of 
multi scale porous flow regimes were presented. The numerical results show that 
bubble functions yield stable and accurate solutions for the Brinkman equation at low 
Darcy parameters within the range of applicability of this equation. It is shown that as 
theoretically expected, through increasing the degree of the bubble functions in a 
simple rectangular domain, numerical results which approach the analytical solution 
can be achieved. This provides some indication that even in truly two dimensional 
domains bubble enriched elements yield more accurate numerical results than those 
generated by ordinary finite element discretisations. 
• 
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7.4 Results of the multiscale finite element method for flow in porous media-
polynomial elemental bubble functions 
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In section 7.3 bubble functions with their coefficients were directly derived by the 
residual free method. In this section the 2nd and 4th order bubble functions are studied. 
These functions are incorporated with the Lagrangian shape functions using the static 
condensation method. In all of the presented simulations 4-noded Lagrangian 
elements are used. Three different domains are used to evaluate the developed 
multi scale method. A rectangular domain with constant mesh density (30X30 
rectangular elements) for numerical model validation (domain 1, figure (7.4.1», a 
contracting and expanding domain with curvilinear boundaries (30X60 mesh density 
and quadrilateral elements) to study the effects of deviation from the most simple 
geometry and element (domain 2, figure.(7.4.3» and a sudden contracting domain ( 
domain 3, figure (704.10» with a constant mesh density similar to domain 1. 
The first experiment is performed in domain 1 to validate the numerical model. 
Figure (7.4.1) shows the domain and its boundaries. Figure (7.4.2) demonstrates a 
comparison between the results obtained using bubble enriched Lagrangian 
biquadratic elements and ordinary Lagrangian elements for Da=lO·s. As figure (7.4.2) 
shows ordinary elements fail to generate a stable and accurate solution whilst bubble 
enriched elements give stable and, in comparison with an analytical solution, accurate 
results. The accuracy increases when a 4th order bubble is used. At other Darcy 
parameters the same trend is observed , however, to avoid repetition they are not 
shown here. 
Figures (7.4.4) to (7.4.8) show the results for a dimensionless velocity at different 
cross sections of the domain 2. In this domain the boundary conditions are similar to 
domain 1, , i.e. plug flow at the inlet, no-slip boundary conditions at the solid walls 
and stress free conditions at the outlet of the domain. Figure (7.4.4) shows the result 
of 2nd order bubble function at y*=0.667 and Da=1O·4• It is obvious that the bubble 
enriched element gives a stable solution. Figure (7.4.5) shows the same result at 
y*=1.33. Therefore, for both contracting and expanding sections with quadrilateral 
elements the bubble enriched elements give stable results. This implies that the 
mapping error between the quadrilateral elements with curved sides into the master 
element has no deteriorating effect on the performance of the developed method. 
Figures (704.6) to (704.8) show the results at y*=l and different Darcy parameters. By 
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decreasing the Darcy parameter, instability increases for ordinary elements, but using 
bubble functions the solution remains stable and accurate. As expected, the 4th order 
bubble function gives more accurate results in comparison with the 2nd order bubble 
function. Figure (7.4.9) shows the pressure field in domain 2 which matches the 
theoretically expected result. 
An abruptly contracting domain, which includes a point of singularity, is also 
considered. Figure (7.4.10) shows the domain and its boundaries discretised using the 
same mesh density as the rectangular domain shown in figure (7.4.1). The ratio of 
contraction is 2fl. Simulations are based on using the same boundary conditions as for 
the rectangular domain. Figure (7.4.11) shows the 2D image of the flow field 
obtained using 2nd order bubble functions. Figure (7.4.12) represents the 
dimensionless velocity at the cross section corresponding to y·=O.5 and Da=lO,4. 
Using Da=10,5 , as figure (7.4.13) shows, some slight instability through the whole 
cross section is observed. These oscillations are eliminated using a 2nd order bubble 
enriched elements. The pressure field corresponding to Da=lO,4 is illustrated in figure 
(7.4.14) which matches the theoretically expected result. 
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Figure (7.4.8): Dimensionless velocity at the cross section y=! (domain 2). Comparison at Da=!O-6 for 
2'" order and 4th order bubble functions. 
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Figure (7.4.11): 2D image of the flow field for domain 3. 
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Figure (7.4.14): 2D image of the dimensionless pressure field at Da=10·4 for domain 3. 
Conclusions 
The numerical results show that the bubble functions, which are incorporated by the 
static condensation method into the Lagrangian shape functions, yield stable and 
accurate solutions for the Brinkman equation at different Darcy parameters within the 
range of applicability of this equation. Discretisations using bubble enriched elements 
are shown to generate stable accurate simulations for domains involving curved 
boundaries and abrupt changes of geometry. 
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7.S Results of the multiscale finite element method for convection-diffusion 
equation 
The main motivation of the present section is to evaluate the bubble function method 
in the multi-scale finite element modelling of the convection-diffusion problem. The 
rectangular domain together with boundary conditions are presented in figures (7.5.1) 
and (7.5.15). In all of the presented simulations 4-noded Lagrangian elements are 
used. The numerical experiments is based on three different mesh refinements. A 
30X30 equal density refinement with rectangular elements, a lOXI0 equal density 
refinements with rectangular elements and a 5X5 non equal density and quadrilateral 
elements (irregular elements) as shown in figure (7.5.2). In all of the numerical 
experiments it is assumed that Pe =: Per Pey. To validate the numerical results, 
analytical solution is presented. Beside the bubble function method, the Streamline 
Upwind (SU) and Streamline Upwind Petrov-Galerkin methods is applied. 
Figures (7.5.3) and (7.5.4) show the analytical solution results. The results in three 
different cross-section is presented and indicate that the solution is same in the range 
of the applied Peelet numbers. As figures (7.5.5) and (7.5.6) show, the results for 
SUPG and SU is similar which is generally over-diffusive and stable. By decreasing 
the parameter c, the solution approaches the accurate result. The same results repeated 
for the coarse irregular meshes of figure (7.5.2) where are shown in figures (7.5.7) 
and (7.5.8). Although for 'the convection-diffusion equation, it is possible to derive an 
optimum multiplier r: for one dimensional problem, but for two dimensional equation 
the solution is somewhat over-diffusive (Petera et al. 1993) and multiplier is not 
optimum in 2D. 
Figures (7.5.9) to (7.5.14) shows the results for the bubble function method. The 
2nd and 4th order bubble functions are applied. Figure (7.5.9) shows the results of 
refined meshes (30X30) at Pe=:IOO. The solution with 2nd order bubble is slightly 
unstable but 4th order bubble matches the analytical solution at sampling points very 
well. Figure (7.5.10) shows the results for the same case at Pe=:50. In this case the 
Galerkin method is also stable and has acceptable agreement with the analytical 
solution which implies that for this level of refinement and peelet number there is no 
multi-scale behaviour. 
The figures (7.5.11) and (7.5.12) show the results of bubble function for the coarse 
meshes (IOXlO). As figure (7.5.11) shows, the Galerkin method is quite unstable over 
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the domain cross section. The 2nd order bubble function shows some degree of 
instability before matches the correct result but the solution of 4th order bubble 
function is accurate and stable at the sampling points. Figure (7.5.12) shows the 
results for same case at Pe=50. Again the solution of 4th order bubble is stable and 
accurate according to the analytical solution. 
To check the performance of the developed multi-scale method, the irregular 
coarse meshes in figure (7.5.2) is considered. Figure (7.5.13) shows the results for at 
Pe=lOO. As it is seen the solution of Galerkin method is strongly unstable. The 2nd 
order bubble gives a more stable solution and with 4th order bubble the solution is 
accurate and stable according to the analytical solution. For Pe=50 the same trend is 
repeated (figure (7.5.14)). This results proves that error of the isoparametric mapping 
of elements of the global mesh into a master element has not deteriorating effect on 
the developed method. 
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Figure (7.5.1): Domain and its boundaries for convection-diffusion equation. 
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Figure (7.5.2): Coarse irregular mesh with quadrilateral elements. 
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Figure (7.5.3): analytical solution at cross sections y=O.5, 0.7 and 0.9 for Pe=50. 
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Figure (7.5.4): analytical solution at cross sections y=O.5, 0.7 and 0.9 for Pe=IOO. 
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123 
Chapter seven Results and discussion 124 
1.8 
1.6 
-c=o --c~0.02 
1.4 --c~0.1 ---c~0.3 
1.2 •.••• ·c~0.5 -'-'c~1 
• 
1 
I- 0.8 
0.6 
0.4 
0.2 
0 
0 0.2 0.4 0.6 0.8 1 
X' 
Figure (7.5.7): results for SUPG method for different parameter c at Pe=lOO using coarse irregular 
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Figure (7.5.8): results for SU method for different parameter c at Pe=lOO using coarse irregular 
meshes. 
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Figure (7.5.9): Results of bubble function method for Pe=IOO using refined meshes (30X30) at level 
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Figure (7.5.10): results of bubble function method for Pe=50 using refined meshes (30X30) at level 
/=0.5. 
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Figure (75, 11): results of bubble function method for Pe=IOO using coarse meshes (10XIO) at level 
y'=0.5. 
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Figure (7.5.13): results of bubble function method for Pe~IOO using coarse irregular meshes (5X5) at 
line 1. 
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Figure (7.5.14): results for 2'd and 4th order bubble functions Pe~50 using coarse irregular meshes 
(5X5) at line 1. 
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Another boundary condition which is used to evaluate the developed method on the 
convection-diffusion equation is shown in the figure (7.5.15). For this domain only 
the coarse meshes which magnify the multi-scale behaviour are considered. Here the 
focus of the study is on the last layer of nodes close to the upper boundary where the 
zero value of independent variable is imposed. Figure (7.5.16) shows the results at the 
mid-height cross section of the domain. As it is seen the 4th order bubble functions 
matches with the analytical solution whilst 2nd order bubble after an overshoot 
stabilizes the response for the correct solution. At the last layer of nodes as figure 
(7.5.l7) indicates the GaJerkin is unstable and over estimated and 2nd order bubble 
performs nearly stable and over estimated response. Again the 4th order bubble 
function yields accurate and stable results and matches the analytical solution well. 
The last result shows a comparison between 4th order bubble function and the SUPG 
method for the coarse irregular meshes (5X5) at the level 1. The SUPG method fails to 
predict accurate results at different c parameter. Even with c=O.04 where the solution 
is over diffusive the instability is observed. For the 4th order bubble function the 
solution is not as perfect as analytical solution but in comparison with the SUPG 
results it is in an acceptable agreement with analytical solution with slightly unstable 
behaviour. 
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Figure (7.5.16): results for 2'd and 4th order bubble functions Pe=IOO using coarse meshes (10XIO) at 
mid-height cross section. 
Chapter seven Results and discussion 130 
3 
- _. - - ·Pe=100, analytical 
2.5 --Pe=100, Galerkin 
--Pe=l 00, 2nd order bubble 
2 - - - Pe=100, 4th order bubble 
t- 1.5 
1 
0.5 
0 
0 0.2 0.4 0.6 0.8 1 
X' 
Figure (7.5.17): results for 2" and 4'h order bubble functions Pe=IOO using coarse meshes (IOXIO) at 
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Figure (7.5.18): results for 2" and 4th order bubble functions Pe=IOO using coarse irregular meshes 
(5X5) al line I. 
Chapter seven Results and discussion 131 
Conclusion 
The results indicate that the developed method can yield stable and accurate solution 
for convection-diffusion equation in all sections of domain. It seems that the method 
is not only an alternative but also has some advantages over the SUPG method. In this 
method the 4th order bubble can yield the perfect solution with theoretically derived 
coefficients at sampling points according to the analytical solution whilst it is not 
achieved for SUPG, even with different multiplier coefficients. This method has not 
the difficulty of transformation of Laplacian terms from global to local system as 
mentioned in chapter 6. The method shows better stability properties than SUPG. 
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Chapter eight 
Conclusions and suggestions 
In this chapter conclusions of this research work and suggestions for its continuation 
are presented. 
8.1 Conclusions 
In this PhD work a multi scale finite element method was developed. This method is 
based on the residual free bubble function approach. The method was successfully 
applied to both symmetric and non-symmetric differential operators which are widely 
encountered in the engineering problems. It is shown that the developed method is 
effective and easy to apply as it can be incorporated into Galerkin finite element 
schemes. 
The initial objective of this research was the finite element modelling of flow in 
highly permeable porous media for both Newtonian and non- Newtonian fluids. 
However, during the finite element solution of the stated problem it was found that by 
decreasing permeability of the porous media the solution becomes unstable. This 
instability is manifested for the region of boundary layer for Newtonian fluids and 
over the entire domain for shear thinning fluids. To eliminate this difficulty the mixed 
method using Taylor-Hood elements which has stronger stability than the penalty 
method were used. This, however, did not improve the numerical results. For the 
Newtonian fluids the instability can be achieved by mesh refinement around the 
region of boundary layer but for shear thinning fluids, where the Brinkman equation is 
non-linear, mesh refinement does not remove the instability. In addition, the 
refinement in this region can be done for simple geometry domains. In complex 
domains the near wall refinement may be problematic and in three dimensions it 
may be almost impossible. Therefore, it is desirable to obtain stable and accurate 
solution without reliance on mesh refinement. 
Using the near wall mesh refinement the Brinkman equation was solved by the 
penalty scheme for Newtonian fluids. It was shown that using Navier's slip wall 
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conditions it is possible to apply the Brinkman equation for a wide range of 
permeability from almost free flow to Darcy flow regimes. A unique behaviour of 
shear thinning fluids flow in porous domain is manifested in the form of velocity over 
shoot in the boundary layer. To stabilise the solution without using multiscale 
approach the error norm (i.e. tolerance) between two consecutive iterations was 
increased to find out if a solution can be obtained. This was found to be the case for a 
limited range of permeability and power law index. 
The main focus of this research, therefore, became the investigation of the sources 
of instability in the finite element solution of the Brinkman equation. The use of 
bubble function enriched elements was found to stabilise such solutions. This method 
was initially applied to solve one dimensional equations and then extended to two 
dimensional problems. Since the method was successful for the solution of 
Brinkman equation, its extension to the solution of the convection-diffusion equation 
was attempted. 
The fundamental theory of the residual free bubble method has been previously 
developed by Brezzi, Franca and some other researchers. However, it is mostly 
applied to one dimensional examples or some limited two dimensional applications. 
In these works the residual free bubble function is directly derived for two 
dimensional equations by solving a partial differential equation within each element. 
Since the analytical solution of the partial differential equations is not applicable in 
most practical problems, the residual free bubble function method has not been 
accepted as an applied procedure for engineering problems. 
In the present work, the residual free bubble functions have been applied for the 
solution of engineering problems. The derivation of the bubble functions is based on 
the solution of the one dimensional differential equation within each element and then 
using Taylor series expansion, polynomial bubble functions are derived. The one 
dimensional shape functions are transformed into a local coordinate system for two 
dimensional master element used in isoparametric mapping. Using tensor products of 
the one dimensional polynomial bubble functions, the two dimensional functions are 
derived. Therefore it is shown that there is no need for the solution of a partial 
differential equation within each element. Furthermore in the present method 
elimination of the inter-element boundary integrals are proposed. This makes it 
possible to apply the method under realistic conditions. 
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The method is extended to study non-symmetric operators using the convection-
diffusion equation as a bench-mark. Since in the residual free method the bubble 
enriched shape functions are directly derived, Taylor series expansion separates the 
polynomial bubble function from the polynomial shape function (i.e. linear 
Lagrangian shape functions) automatically. The signs of bubble coefficients at each 
node for the convection-diffusion equation are shown to be opposite to one another. 
This is because of the equality of the derivative of bubble functions at the inter-
element boundaries. It is shown that this is a key point in the application of bubble 
functions for non-symmetric operators in the multi-dimensional applications. 
The results of the convection-diffusion equation shows that the developed 
multiscale method is a superior alternative to the supa method, as exact solutions 
can be obtained by the theoretically derived bubble coefficients. Another important 
advantage of this method is that there is no need for the transformation of the 2nd 
order derivatives during mapping of distorted elements. As the results of this research 
show, the reliable and accurate solution for irregular domains with curved boundaries 
can be generated. This indicates that the mapping error does not have any 
deteriorating effects on the stability and accuracy of the solution. 
The method is general and can be applied to all types of transport problems with 
multiscale behaviour including Brinkman flow, Helmholtz equation, convection-
diffusion and convection-diffusion-reaction equations. In comparison with multi-level 
method, the present method is much more simple as it does not involve additional 
efforts to capture the effects of the fine scale phenomena. From a programming point 
of view, the implementation of the developed method can be simply performed using 
a computer code which is basically developed for the ordinary finite element methods. 
Finally the most important aspect of the present work is the introduction of 
residual free bubble function method to applied engineering problems. To avoid the 
solution of a partial differential equation, the analytically derived exact one 
dimensional bubble functions were approximated by applying the Taylor series 
expansion. Two dimensional bubble functions can easily derived by tensor product of 
one dimensional bubbles defined for a master element. The polynomials derived by 
the Taylor series expansion have definite orders and the numerical integration is 
applicable. Since the analytically derived bubble functions are approximated by the 
Taylor series expansion, therefore these functions are no longer residual free. In spite 
of this, it is always possible to obtain accurate results for practical problems by 
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polynomial bubble functions after choosing a limited number of terms in the 
expansion. 
8.2 Suggestions for the future works 
In continuation of the present work, the following suggestions can be considered for 
further extension of this research: 
Application of the method to turbulent flow regimes as another example of 
multi scale processes. 
Application of the method to convection-diffusion-reaction equation. This 
equation brings together all types of transport phenomena and its study can 
potentially lead to more possible developments of this method. 
Incorporation of triangular elements with bubble functions. The advantages of 
the triangular elements over rectangular elements is their compatibility with 
more complicated geometries and hence the proposed extension can be 
valuable in practical modelling. 
:.....-----------------------------. ----- ---
References 136 
References 
1. Nield, D.A. and Bejan, A.Convection in Porous Media. Springer - VerJag New 
York Inc. 1992. 
2. Ingham, D.B. and Pop, I. Transport Phenomena in Porous Media. Pergamon 
1998. 
3. Hazen, A. Some physical properties of sand and gravels with special reference 
to their use in filtration. Massachusetts State Board of Health. Twenty-fourth 
Annual Report.P.541; 1893. 
4. Kozeny, J. Ueber Grundwasserbewegung. Wasserkraft und wasserwirstschaft 
1927;22; P. 67. 
5. Forchheimer, P. Wasserbevengung durch Boden. Zeitschrift des Vereines 
Deutscher Ingenieure 1901; 45; 1736- 1741 & 1781-1788. 
6. Dupuit, A.J.E.J. Etudes Theoriques et Pratiques Sur le Mouvement des aux 
dans les Canaux Decouverts les Terrains Permeables. Victor Dalmount, Paris 
1863. 
7. Joseph, D.D. ,Nield, D.A. and Papanicolaou, G. Nonlinear equation governing 
flow in a saturated porous medium. Water Resources Res. 1982; 18; 1049-
1052. 
8. Ward, J.C. Turbulent flow in porous media' ASCE J. Hydraulics Division 
1964; 90, HY 5; 1-12. 
9. Wyckoff, R.D., Botset, H.G. Muskat, M. and Reed, D.W. Measurement of 
permeability of porous media. Bulletin of the American Association of 
Petroleum Geologies 1934;18;161-190. 
10. Fand, R.M., Kim, B.Y.K., Lam, A.C.C. and Phan, R.T. Resistance to the flow 
of fluids through simple and complex porous media whose matrices are 
composed of randomly packed spheres. ASME J. Fluids Eng. 1987; 109; 268-
274. 
11. Davis, P.A., OIague, N.E. and Goodrich, M.T. Application of a validation 
strategy to Darcy's experiment. Advances in Water Resources 1992; 15; 175-
180. 
12. Antohe, B.V., Lage, J.L., Price, D.C. and Weber, R.M. Experimental 
determination of permeability and inertia coefficients of mechanically 
compressed aluminium porous matrices. ASME J. Fluids Eng. 1997;119; 404-
412. 
13. Brinkman, H.C. A calculation of viscous force exerted by a flowing fluid on a 
dense swarm ofparticJes. AppJ. Sci. Res. 1947; al; 27-34. 
14. DurIofsky, L. and Brady, J.F. Analysis of the Brinkman equation as a model for 
flow in porous media. Phys. Fluids 1987; 30; 3329-3341. 
15. Rubinstein,J. Effective equation for flow in random porous media with a large 
number of scales. J. Fluid Mech. 1986; 170; 379-383. 
16. Vafai, K. and Tien, C.L. Boundary and inertia effects on flow and heat transfer 
in porous media. Int. J. Heat Mass Transfer 1981; 24; 195-203. 
17. Hsu, C.T. and Cheng, P. Thermal dispersion in a porous medium. Int. J. Heat 
Mass Transfer 1990; 33; 1587-1597. 
18. Liu, S. and Masliyah, J.H. Non-Linear flows in porous media. J. Non-
Newtonian Fluid Mach. 1999; 86; 229-252. 
19. Teng, H. and Zhao, T.S. An extension of Darcy's law to non-Stocks flow in 
porous madia. Chem.Eng.Sci. 2000; 55; 2727-2735. 
References 137 
20. Tsakiroglou, C.D. A methodology for the derivation of non-Darcian models for 
the flow of generalized Newtonian fluids in porous media. J. Non-Newtonian 
Fluid Mech. 2002; 105; 79-110. 
21. Pearson, J.R.A. and Tardy, P.MJ. Models for flow of non-Newtonian and 
complex fluids through porous media. J. Non-Newtonian Fluid Mech. 2002; 
102; 447-473. 
22. Kaviany, M. Non-Darcian effects on natural convection in porous media 
confined between horizontal cylinders. Int. J. Heat Mass Transfer 1986; 29; 
1513-1519. 
23. Vafai, K. and Kim, S.J. On the limitation of the Brinkrnan - Forchheimer -
extended Darcy equation. Int. J. Heat Fluid Flow 1995; 16; 11-15. 
24. Hong, J. T., Tien, C.L. and Kaviany, M. Non-Darcian effects on vertical -plate 
natural convection in porous media with high porosities. Int. J. Heat Mass 
Transfer 1985; 28; 2149 - 2157. 
25. Tong, T.W. and Subramanian, E.A boundary -layer analysis for natural 
convection in vertical porous enclosures - use of Brinkrnan-extended Darcy 
model. Int. J. Heat Mass Transfer 1985; 28; 563-571. 
26. Satya Sai, B.V.K., Sitaramu, K.N. and Aswathanarayana, P.A. Finite element 
anal ysis of heat transfer by natural convection in porous media in vertical 
enclosures. Int.1. Numer. Meths. Heat Fluid Flow 1997; 7; 367-400. 
27. Merikh, A.A. and Mohmmad, A.A. Non Darcy effects in boundary driven 
flows in an enclosure filled with vertically layered porous media. Int. J. Heat 
Fluid Flow. 2002; 45; 4305-4313. 
28. Bourtchtein, A., Bourchtein, L. and Lukaszczyk, J.P. Numerical simulation of 
incompressible flows through granular porous media. Appl. Numer. Maths. 
2002; 40; 291-306. 
29. DuPlessis, P.J. and Masliyah, J.H. Flow through isotropic granular porous 
media. Transport in Porous Media 1991; 6; 207-221. 
30. Commiti, J., Sabiri, N.E. and Montillet, A. Experimental characterization of 
flow regims in various porous media -Ill: limit of Darcy's or creeping flow 
regime for Newtonian and purely viscous non-Newtonian fluids. 
Chem.Eng.Sci. 2000; 55; 3057-3061. 
31. Rees, D.A.S. The onset of Darcy-Brinkrnan convection in a porous layer: an 
asymptotic analysis. Int. J. Heat Mass Transfer 2002; 45; 22l3-2220. 
32. Chan, B.K.C., Ivey, G.M. and Barry, J.M. Natural convection in enclosed 
porous media with rectangular boundaries. ASME J. Heat Transfer 1970; 21-
27. 
33. Cheng, P. Heat transfer from geothermal system. Adv. Heat Transfer 1987; 
105; 797-802. 
34. Phanikumar, M.S. and Mahajan, R.L. Non-Darcy natural convection in high 
porosity metal foams. Int. J. Heat Mass Transfer 2002; 45; 3781-3793. 
35. Hsu, C.T. and Cheng, P. The Brinkrnan model for natural convection about a 
semi-infinite vertical flat plate in a porous medium. Int. J. Heat Mass Transfer 
1985; 28; 683-697. 
36. Vortmeyer, D. and Schuster, J. Evaluation of steady state flow profiles in 
rectanguand circular packed beds by a variational method. Chem. Eng. Sci. 
1983; 38; 1691-1699. 
37. Hong, J.T., Yamada, Y. and Tien, C.L. Effects ofnon-Darcian and non-uniform 
porosity on vertical plate natural convection in porous media. ASME J. Heat 
Transfer 1987; 109; 356-362. 
References 138 
38. Cheng, P. and Hsu, C.T. Fully-developed forced convective flow through an 
annular packed-sphere bed with wall effects. Int. J. Heat mass Transfer 1986; 
29; 1843-1853. 
39. PouIikakos, D. and Renken, K. Analysis of forced convection in a duct filled 
porous media. ASME J.Heat Transfer 1987; 109; 880-888. 
40. Cheng, P. and Zhu, H. Effects of radial thermal dispersion on fully-developed 
forced convection in cylindrical packed tubes. Int. J. Heat Mass Transfer 1987; 
30; 2373-2383. 
41. Cheng ,P., Hsu, C.T. and Chadhury, A. Forced convection in the entrance 
region of a packed chennel with asymmetric heating. ASME J. Heat Transfer 
1988; 1l0; 946-954. 
42. Wang, BX. and Du, J.H. Forced convective heat transfer in a vertical annulus 
filled with porous media. Int. J. Heat Mass Transfer 1993; 36; 4207-4213. 
43. Kaviany, M. Laminar flow through a porous channel bounded by isothermal 
parallel plates. Int. J. Heat Mass Transfer 1985; 28; 851-858. 
44. Vafai, K. and Thiagaraja, R. Analysis of flow and heat transfer at the interface 
region of a porous medium. Int. J. Heat Mass Transfer 1987; 30; 1391-1405. 
45. Chikh, S., Boumedien, A., Bouhadef, K. and Lauriat, G. Analytical solution of 
non-Darcian forced convection in an annular duct partially filled with a porous 
medium. Int. J. Heat Mass Transfer 1995; 38; 1543-1551. 
46. AIlen, F.M. and Hamdan, M.H. Fluid mechanics of the interface region 
between two porous layers. Appl. Maths. and Comput. 2002; 128; 37-43. 
47. Ibrahim, F.S. and Abdel Gaid, S.M. Non-Darcy mixed convection flow along a 
vertical plate embedded in a non-Newtonian fluid saturated porous medium 
with surface mass transfer. Int.J. Numer Meths Heat Fluid Flow 2000; 10; 397-
408. 
48. Ingham, D.B.' An exact solution for non-Darcy free convection from a 
horizontal line source of heat. Thermal Fluid Dynamics 1988; 22, 125-127. 
49. Pascal, H. and Pascal, J.P. Non linear effects of non-Newtonian fluids on 
natural convection in a porous medium. Physica D 1989; 40; 393-402. 
50. Shenoy, A.V. Darcy-Forchheimer natural, forced and mixed convection heat 
transfer in non-Newtonian fluid-saturated porous media. Transport in Porous 
Media 1993; 7; 219-241. 
51. Tashtoush, B. Analytical solution for the effect of viscous dissipation on mixed 
convection in saturated porous media. Transport in porous media 2000; 41; 
197-209. 
52. Hyung, J.S., Sea, Y.K. and Jae, M.H. Forced convection from an isolated heat 
source in a channel with porus media. Int. J. Heat Fluid Flow 1995; 16; 527-
535. 
53. Chen, G. and Hadim, H.A. Numerical study of three-dimensional non-Darcy 
forced convection in a square porous duct. Int J. Numer. Meths. Heat Fluid 
Flow 1999; 9; 151-169. 
54. Nithiarasu, P. Seetharamu, K.N. and Sundararajan, T. Effect of porosity on 
natural convection heat transfer in a fluid saturated porous medium. Int. J. Heat 
Fluid Flow 1998; 19; 56-58. 
55.0uld-Amer,Y., Chikh, S., Bouhadef, K. and Lauriat, G. Forced convection 
cooling enhancement by use of porous materials. Int. J. Heat Fluid Flow 1998; 
19; 251-258. 
References 139 
56. Izadpanah, M.R., Muller-Steinhagen, H. and Iamialahmadi, M. Experimental 
and theoretical studies of convective heat transfer in a cylinrical porous 
medium. InU. Heat Fluid Flow 1998; 19; 629-635. 
57. Kimura, S. and Pop, 1. Non-Darcian effects on conjucated natural convection 
between horizontal concentric cylinders filled with a porous medium. Fluid 
Dynamic reserch 1991; 7; 241-253. 
58. Vovos, A. and Poulikakos, D. Natural convection on one side of a vertical wall 
embedded in a Brinkman-porous medium coupled with film condensation on 
the other side. Int. I. Heat Fluid Flow 1987; 8; 93-101. 
59. Vasseur, P. and Robillard, L. The Brinkman model for boundary layer regime 
in a rectangular cavity with uniform heat flux from the side. Int. J. Heat Mass 
Transfer 1987; 30, 717-727. 
60. Walker, K. and Homsy, G.M. A note on convective instability in Boussinesq 
fluids and porous media. J. Heat Transfer 1977; 99; 338-339. 
61. Nassehi, V. Practical aspects of finite element modelling of polymer 
processing. John Wiely & Sons, Chichester 2002. 
62. Donea, J. and Huerta, A. Finite element methods for flow problems. John 
Wiely & Sons, Chichester 2003. 
63. Davis, G.D.V. and Mallinson, G. An evaluation of upwind and central 
difference approximations by a study of recirculation flow. Comput. Fluids 
1976; 4; 29-43. 
64. Gresho, P.M. and Lee, R.L. Don't suppress the wiggles-they are telling you 
something!, in T.J.R.Hughes, ed., finite element methods for convection 
dominated flows. AMD-Vol.34, Presented at the winter annual meeting of the 
ASME, Amer. Soc. Mech. Engrs. New York 1979; 37-61. 
65. Leonard, B.P. A survey of finite differences of opinion on numerical muddling 
of the incomprehensible defective confusion equation. in T.J.R. Hughes, ed., 
finite element methods for convection dominated flows. AMD-VoJ.34, 
Presented at the winter annual meeting of the AS ME, Amer. Soc. Mech. Engrs. 
New York 1979; 1-17. 
66. Christie, 1., Griffiths, D.F., Mitchell, A.R. and Zienkiewicz, O.C. Finite 
element methods for second order differential equations with significant first 
derivatives. Int. J. Numer. Meths Eng. 1976; 10; 1389-1396. 
67. Heinrich, J.C. and Zienkiewicz, O.C. The finite element method and up-
winding techniques in the numerical solution of convection dominated flow 
problems, in T.J.R.Hughes, ed., finite element methods for convection 
dominated flows. AMD-VoJ.34, Presented at the winter annual meeting of the 
ASME, Amer. Soc. Mech. Engrs. New York 1979; 105-136. 
68. Heinrich, lC., Huyakom, P. S., Zienkiewicz, O.C. and Mitchell, A. R. An 
upwind finite element scheme for two-dimensional convective transport 
equation. Int. J. Numer. Meths. Eng. 1977; 11; 131-143. 
69. Griffiths, D.F. Mitchell, A.R. On generating upwind finite element methods, in 
TJ.R.Hughes, ed., finite element methods for convection dominated flows. 
AMD-VoI.34, Presented at the winter annual meeting of the ASME, Amer. 
Soc. Mech. Engrs. New York 1979; 91-104. 
70. Hughes, TJ.R. and Brooks, AN. A multidimensional upwind scheme with no 
crosswind diffusion, in T.J.R.Hughes, ed., finite element methods for 
convection dominated flows. AMD-VoI.34, Presented at the winter annual 
meeting of the ASME, Amer. Soc. Mech. Engrs. New York 1979; 19-35. 
References 140 
71. Brooks, A.N. and Hughes, TJ.R. Streamline upwindlPetrov-Galerkin 
formulation for convection dominated flows with particular emphasis on the 
incompressible Navier-Stokes equations. Comput. Meths. Appl. Mech. Eng. 
1982; 32; 199-259. 
72. Hughes, T.J.R. and Brooks, A.N. A theoretical frame work for Petrov-Galerkin 
methods with discontinuous weighting functions: application to the streanline-
upwind procedure, in R.H. GalIagher, D.H. Norrie, J.T. Oden and O.C. 
Zienkewicz, eds., Finite Elements in Fluids, Vol.4, Selected papers from the 
third international conference on finite elements in flow problems, Banff, 
Alberta, Canada, June 10-13, 1980, John WieIy & Sons, New York 1982; 47-
65. 
73. Brezzi F, Franca LP, Hughes TJR and Russo A. b =g. Comput. Meths. Appl. 
Mech. Eng. 1997; 145; 329-339. 
74. Hughes, T.J.R. and Stewart, J. A space time formulation for muItiscale 
phenomena Comput. Meths. Appl. Mech. Eng. 1996;74;217-229. 
75. Hughes, TJ.R. Multi scale phenomena, Green's functions, the Dirichlet - to-
Neumann formulation, subgrid scale models, bubbles and the origins of 
stabilized methods. Comput. Meths. Appl. Mech. Eng. 1995;127; 381-401. 
76. Baiocchi C, Brezzi F and Franca LP. Virtual bubbles and the Galerkin/least 
squares method. Comput. Meths. Appl. Mech. Eng. 1993; 105;125-142. 
77. Brezzi F, Bristeau MO, Franca LP, Mallet M and Roge G. A relationship 
between stabilized finite element methods and the Galerkin method with bubble 
functions. Computer Methods in Applied Mechanics and Engineering 1992; 
96;117-129. 
78. Franca, L.P., Hughes, T.J.R. and Stenberg, R. Stabilized finite element 
methods for the Stokes problem. In: Nicolaides, R.A. and Gunzberger, M.D. 
eEds.), Incompressible Fluid Dynamics-Trends and Advances, Cambridge 
University Press, Cambridge 1993. 
79. Franca, L.P. Farhat, C., Macedo, A.P. and Lesoinne, M., 1997. Residual free 
bubbles for Helemholtz equation. Computer methods in applied mechanics and 
engineering 1997; 40; 4003-4009. 
80. Franca, L.P. and Russo, A. Deriving upwinding, mass lumping and selective 
reduced integration by residual free bubbles, Appl. Math. Lett. 1996; 9; 83-88. 
81. Franca, L.P. and Russo, A. Mass lumping emanating from residual free 
bubbles. Computer methods in applied mechanics and engineering 1997; 142; 
353-360. 
82. Franca, L.P. and Russo, A. Unlocking with residual-free bubbles. Computer 
methods in applied mechanics and engineering 1997; 142; 361-364. 
83. Brezzi F and Russo A. Choosing bubbles for advection-diffusion problems. 
Math. Models and Meths. Appl. Sci. 1994; 4; 571-587. 
84. Russo A. Bubble stabilization of finite element methods for the linearized 
incompressible Navier-Stokes equations. Comput. Meths. Appl. Mech. Eng. 
1996; 132; 335-343. 
85. Russo A. A posteriori error estimators via bubble functions. Math. Models and 
Meths. Appl. Sci. 1996; 6; 33-41. 
86. Brezzi, F., Franca, L.P. and Russo, A. Further considerations on residual-free 
bubbles for advective-diffusive equations. Comput. Meths. Appl. Mech. Eng. 
1998;166; 25-33. 
References 141 
87. Franca, L.P. and Macedo, A.P. A two-level finite element method and its 
application to the helmholtz equation. Int. l. Numer. Meths. Eng. 1998; 43; 23-
32. 
88. Brezzi F, Marini LD, and Russo A. On the choice of a stabilizing subgrid for 
convection-diffusion problems. Comput. Meths. AppJ. Mech. Eng. 2004, In 
Press. 
89. Franca, L.P. Nesliturk, A. and Stynes, M. On the stability of residual-free 
bubbles for convections-diffusion problems and their approximation by a two-
level finite element method. Comput. Meths. AppJ. Mech. Eng. 1998; 166; 35-
49. 
90. Brezzi F and Marini LD. Augmented spaces, two-level methods, and stabilizing 
subgrids. Int. I. Numer. Meths. Fluids 2002; 40; 31-46. 
91. Brezzi F, Hauke G, Marini LD, and Sangalli G. Link-cutting bubbles for 
convection-diffusion-reaction problems. Math. Models and Meths. Appl. Sci. 
2003; 13; 445-461. 
92. Hughes, T.l.R., Feijoo, G.R, Mazzei, L. and Quincy, I.B. The variational 
multi scale method- a paradigm for computational mechanics. Comput. Meths. 
Appl. Mech. Eng. 1998;166; 3-24. 
93. Farhat C, Harari I and Franca L. The discontinuous enrichment method. 
Comput. Meths. Appl. Mech. Eng. 2001; 190; 6455-6479. 
94. Farhat C, Harari I and Retmaniuk U. A discontinuous Galerkin method with 
Lagrange multipliers for the solution of Helmholtz problems in the mid-
frequency regime. Comput. Meths. Appl. Mech. Eng. 2003; 192;1389-1419. 
95. Farhat C, Rarari I and Hetmaniuk U. The discontinuous enrichment method for 
multi scale analysis. Comput. Meths. Appl. Mech. Eng. 2003; 192; 3195-3210. 
96. Gravimier, V., Wall, W.A. and Ramm, E. A three-level finite element method 
for the instationary incompressible Navier-Stokes equations. Comput. Meths. 
Appl. Mech. Eng. 2004;193; 1323-1366. 
97. Silliman, W.l. and Scriven, L.E. Separating flow near a static contact line: slip 
at a wall and shape of a free syrface. I. Comput. Phys. 1980; 34; 287-313. 
98. Gresho, P.M., Lee, RL. and Sani, RL. On the time-dependent solution of the 
incompressible Navier-Stokes equations in two and three dimensions. In: recent 
advances in numerical methods in fluids, Ch.2, Pineridge Press, Swansea 1980; 
27-75. 
99. Parvazinia, M., Nassehi, V., Wakeman, R.I. and Ghoreishy, M.H.R. Finite 
element modelling of flow through a porous medium between two parallel 
plates using the Brinkman equation, Transport in porous media 2006, In press. 
100. Reddy, J.N. Applied functional analysis and variational methods in 
engineering, McGraw-HiIl, New York, 1986. 
101. Reddy, J.N. and Gartling, D.K. The finite element method in heat transfer and 
fluid dynamics. Second edition, CRC Press LLC, Florida 2001. 
102. Zienkiewicz, O.C. and Morgan, K., 1983. Finite elements and approximation, 
Wiley, New York. 
103. Bathe, K.l. Finite Element Procedures, Prentice Hall, Englewood Cliffs, N.l. 
1996. 
104. Pittman, I.F.T. Finite elements for field problems. In: Tucker Ill, C.L., 
Computer modelling for polymer processing, Hanser Publishers, Munich 1989. 
105. Zienkiewicz, O.C. and Taylor, RL. The finite element method, McGraw-HiU, 
London 1994. 
References 142 
106. Gerald, c.F. and Wheatley, P.O. Applied numerical analysis. Addison-Wesley 
1984 
107. Ghoreishy, M.H.R. and Nassehi, V. Modelling the transient flow of rubber 
compounds in the dispersive section of an internal mixer with slip-stick 
boundary conditions. Advances Polymer Tech. 1997; 16; 45-68. 
108. Irons, B.M., 1970. A frontal solution for finite element analysis. Int. J. Numer. 
Meths. Eng. 1970; 2; 5-32. 
109. Lee, R.L., Gresho, P.M. and Sani, R.L. Smoothing techniques for certain 
primitive variable solutions of the Navier-Stokes equations. Int. J. Numer. 
Meths. Eng. 1997; 14; 1785-1804. 
110. Hughes, T.J.R., Mallet, M. and Mizukami, A. A new finite element formulation 
for computational fluid dynamics. 5. Circumventing the Babuska-Brezzi 
condition-a stable Petrov-Galerkin formulation of the stokes problem 
accommodating equal order interpolations. Comput. Mthods. AppJ. Mech. Eng. 
1986; 59; 85-99. 
111. Zienkewicz, O.C. and Wu, J. Incompressibility without tears - how to avoid 
restrictions on mixed formulation. Int. J. Numer. Meths. Eng. 1991; 32; 1189-
1203. 
112. Franca, L.P. and Farhat, C. Bubble functions prompt unusual stabilized finite 
element methods. Comput. Meths. Appl. Mech. Eng. 1995;123; 299-308. 
113. Petera, J., Nassehi, V., and Pittman, J.F.T. Petrov-Galerkin methods on 
isoparametric bilinear and biquadratic elements tested for a scalar convection-
diffusion problem. Int. J. Numer. Heat Fluid Flow 1993; 3; 205-221. 
114. Ghoreishy, M.H.R. Finite element modelling of rubber mixing process, in 
internal mixers. PhD thesis, Loughborough university, 1997. 
Appendix A Analytical solution 143 
Appendix A 
Analytical Solution 
To evaluate the accuracy of the finite element method, analytical solutions are 
considered. The analytical solution of the Brinkman equation for Newtonian fluids is 
straight forward. For power-law fluids, there is no any standard analytical solution. 
In this work a trial and error procedure is presented for the study of a power-law fluid 
flow in highly permeable porous media. For the convection-diffusion equation the 
partial differential equation in two dimension is solved using separation of variables 
technique. 
A.1 The analytical solution of the Brinkman equation for Newtonian fluids 
The dimensionless Brinkman equation in one dimension and constant pressure drop 
assumption can be written as: 
v' =0 
v' = 0 
where 
* dp* 
Pd =- dy* 
• at x =0 
• at x = 1 
Solution of the above equation gives 
* p;Da(e-a -1)( ax' ax' * ",,' 
V = e -e- )+PdDa(1-e- ) (ea _e-a ) 
where: 
a= IT vD. 
(A.l) 
(A.2) 
(A.3) 
(AA) 
Appendix A Analytical solution 144 
To calculate the pressure so that the consistency of the solution with numerical 
results preserves, the average velocity put equal to the input plug flow velocity. In the 
present domain it is written as: 
I 
J.. . v dx =vo CA.S) 
o 
the solution of the above equation gives: 
• 1 '(1 l{-a 1)(I+DaCea-e-a-2)J)-1 Pd =-vo +-\e -D a ea_e-a 
a 
(A.6) 
The excess pressure loss due to the entrance region can be neglected [22]. 
A.2 Analytical solution of the Brinkman equation for non-Newtonian fluids 
The unidirectional and one dimensional Brinkman equation is 
dP 17 d dv 
----u+-(1]-)=O 
dyk dxdx 
(A.7) 
o 
17 = 170 (y)m-l (A.S) 
where y with unidirectional and one dimensional assumption is: 
(A.9) 
Using dimensionless parameters in the above equations, the dimensionless version are 
obtained: 
The dimensionless shear rate 
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(A.10) 
The dimensionless Brinkman equation 
'" '" 2 '" '" 
_a dp __ I_v ,(dV )m-' +n~(dv )"'-' =0 dy' Da dx' dx'2 dx' (A. 11) 
where ./2pgh a 
17. 
is constant. With the constant pressure drop assumption: 
d ' 
-aL = p=constant (A.12) 
dy' 
Now the Brinkman equation with these assumptions: Constant pressure drop, 
unidirectional, one dimension, steady state fully developed flow in Cartesian 
coordinate, is. 
(A.13) 
If the third term in the above equation was constant then it would be a constant 
coefficient second order differential equation with standard solution. To solve the 
above equation it is supposed that the third term is constant, therefore the solution is 
, -~ D' : ~ D': D (dV')m-1 
V =c,e m a +c2e m a +p a -dx-' (A.14) 
B.C. 
, 
, 0 ' 0 D (dv )"'-' 0 x = ,v = => Cl + C2 + P a --, = dx (A. IS) 
(A. 16) 
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where Cl and c, are derived as 
(A.17) 
c =_PDa(dv')m-l_ c 
1 dx' 2 
To solve equation (A.14) the domain is brokendown to small sections (sub-domains) 
and it is assumed that (dv:) is constant over a small section. Therefore equation 
dx 
(A.14) is solved in any sub-domain of the total domain with constant ( dv: ). To this 
dx 
d ( ddxv,' ) en , a constant is assumed. With a trial and error procedure based on 
comparison of assumed (:: ) and resulting one, via below mentioned integral 
(A.lS) 
where Q, is a sub-domain, (dV: ) can be obtained. After solving (A.14) in any sub-
dx 
domain the solution is constructed over the entire domain. To maintain consistency 
1 
with the finite element two dimensional solution for mass balance, f v'dx = 0.01 
o 
must be satisfied (see equation (4.23». This integral is satisfied by manipulating the 
parameter p in a trial and error procedure. 
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A.3 Analytical solution of the convection-diffusion equation 
In this case the below mentioned boundary value problem is solved. This equation is 
the dimensionless convection-diffusion equation which is derived in sec. 6.1 equation 
(6.5). Depending on the boundary condition the solution is calculated. 
T' =1 for 
, 
=0, O~x 
, 
< 1 andx 
, 
= 0, 0 ~ y' <1 y 
T' =0 for 
, 
= I, O~y • <I x 
aT' aT' 
for 
, 
= I, O~x' ~I -=0,-=0 y 
ay' ax' 
Using the method of separation of variables the solution can be written as: 
T' (x' ,y') = exp(p,(' + y' »i:.8n ( 1 2a Sin(nny,)(sinha(l-x'» + 
2 n=l I-e smha 
(A.20) 
where 
~2e + 4n',,' 
a 
.8n 
2 
8n,,{I-(-I)n exp( p')} 
2 
1 (2a + p,)e
2a 
(t) = + (2a- p,) 
1 • ( , ) ( "J' .::.2 s::.:i n.:::h..=Q)',-' )} 
-sm n7lX e + 
(t) (t) 
(A. 19) 
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The convection-diffusion equation with Dirichlet boundary conditions: 
T'(l,y') = ° 
aT' (x'l)=O 
ay' , 
, ( , T(O, y ) = T x ,0) = 1 
Using the method of separation of variables the solution can be written as: 
. , 
T'(x',y')=exp(p,(X +y »~ f3 1 {sin(nm')Vay _e-a(2-Y » + 
2 ~ n 1_e-2a n=l 
where 
.J2k 2 +4n2n- 2 
a=-'-----
f3n 
2 
8nn-{1-(-1)n exp( p')} 
2 
• • sin(n1Z)l')(e-ay _e-a (2-x »} 
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(A.21) 
(A.22) 
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Appendix B 
Published Papers 
During this work a number of papers have been published as mentioned below. In 
addition the referee's comments on the refereed journal papers are presented. 
B.1 Journal Papers 
1. M.Parvazinia, V.Nassehi, RJ.Wakeman,M.H.R Ghoreshy, Finite element 
modeling of flow in a porous medium between two parallel plates using the 
Brinkman equation, Transpon in porous media, 2006, In press. 
2. M.Parvazinia, V.Nassehi, RJ.Wakeman Multiscale Finite Element 
Modelling of flow through highly permeable porous media. Chemical 
Engineering Science, 2006,61,586-596. 
3. M.Parvazinia, V.Nassehi, Study of shear thinning fluids flow through highly 
permeable porous media, International Communications in Heat and Mass 
Transfer, Accepted. 
4. N.Keshavarzi-Roozini, M.Parvazinia and RGhorashi, A computer aided tool 
for the simulation of underground flow, WSEAS Transaction on computers, 
Issue4, VolA, April 2005. 
5. V. Nassehi and M. Parvazinia Multi-scale finite element modelling of flow 
through porous media using different types of bubble functions, International 
Journalfor Numerical Method in Fluids, Submitted. 
6. M.Parvazinia, V.Nassehi and RJ. Wakeman Multi-scale finite element 
modelling using bubble function method for a convection-diffusion problem, 
Chemical Engineering Science,Accepted. 
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B.2 Conference Papers 
7. M.Parvazinia, M.H.R Ghoreishy and V.Nassehi, Flow modeling in porous 
media using Brinkman equation, 6th Iranian Seminar on Polymer Science 
and Technology (ISPST Z003), lZ-15 May, Z003, Tehran, Iran 
8. M.Parvazinia, A.N.Waghode, N.S.Haspal, W.R.Ruziwa, V.Nassehi, 
RJ.Wakeman, M.H.R.Ghoreishy, Comparison of Darcy and the Brinkman 
models in the simulations of flow through porous media, ICFD conference on 
numerical methods for fluid dynamics, Z9th March_1st April, Oxford, UK, 
Z004. 
9. M.Parvazinia, V.Nassehi, RJ.Wakeman, Finite element modeling of the flow 
through a highly permeable porous medium using bubble function approach, 
FEF05, 13th conference on finite element for flow problems, University of 
Wales, Swansea, April, 4-6, ZOOS. 
1O.M.Parvazinia, V.Nassehi, RJ.Wakeman, Bubble function application in the 
finite element modeling of flow through a highly permeable porous medium, 
4th International conference on computational heat and mass transfer, Paris-
Cachan, France, May 17-Z0, ZOOS. 
11.M.Parvazinia, V.Nassehi, RJ.Wakeman, M.H.RGhoreishy, Finite element 
modeling of the flow through a highly permeable porous medium using 
bubble function method, 2dh Canadian congress of applied mechanics, 
CANCAM 2005, MC GILL University, May 30th to June Znd . 
lZ.M.Parvazinia, V.Nassehi, RJ.Wakeman and M.H.RGhoreishy, Flow of 
shear thinning fluids through a highly permeable porous media with 
impermeable walls, 16th International symposium on transport phenomena, 
ISTP-16, August Z9-September 1, ZOOS, Prague, Czech Republic. 
13.M.Parvazinia, V.Nassehi , RJ.Wakeman, Multiscale finite element modelling 
of the flow through a highly permeable porous medium ,8th US national 
congress on computational mechanics, University of Texas at Austin, 24-28 
July, 2005. 
14.M.Parvazinia, V.Nassehi, M.H.R. Ghoreishy and R.J.Wakeman, Channelling 
phenomena in non-isothermal flow in a highly permeable porous medium. 
International seminar on polymer science and technology, ISPST 2005, 
Tehran, Iran, 27-Z9 September 2005. 
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B.3 Referee's comments 
For three in press journal papers the referee's comments and authors answers are 
presented in this section. 
a· M.Parvazinia, V.Nassehi, RJ.Wakeman,M.H.R. Ghoreishy, Finite element 
modeling of flow in a porous medium between two parallel plates using the Brinkman 
equation, Transport in porous media, 2006, In press. 
Abstract 
Despite the widespread use of the Darcy equation to model porous flow, it is well 
known that this equation is inconsistent with commonly prescribed no slip conditions 
at flow domain walls or interfaces between different sections. Therefore, in cases 
where the wall effects on the flow regime are expected to be significant, the Darcy 
equation which is only consistent with perfect slip at solid boundaries, cannot predict 
velocity and pressure profiles properly and alternative models such as the Brinkman 
equation need to be considered. This paper is devoted to the study of the flow of a 
Newtonian fluid in a porous medium between two impermeable parallel walls at 
different Darcy parameters (Da). The flow regime is considered to be isothermal and 
steady. Three different flow regimes can be considered using the Brinkman equation: 
free flow (Da>I), porous flow (high permeability, l>Da>1O·6 ) and porous flow (Iow 
permeability Da<10-6 ). In the present work the described bench mark problem is used 
to study the effects of solid walls for a range of low to high Darcy parameters. Both 
no-slip and slip conditions are considered and the results of these two cases are 
compared. The range of the applicability of the Brinkman equation and simulated 
results for different cases are shown. 
Referee 1 
All comments has been reflected in the hardcopy of the paper. He has confirmed the 
originality of the work. 
Referee 2 
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The manuscript describes a finite element numerical solution of a two-dimensional 
steady state flow problem using a Brinkman form of the equations. 
The problem solved in this manuscript is a straightforward problem that can be solved 
by commercial, ready to use, codes. A few years ago such papers would have been 
appreciated and their numerical effort would have been recognized. I believe that 
these days are over and we should carefully examine such papers before a publication 
can be recommended. Unfortunately, my conclusion is that this particular paper 
should not be published. 
While reading the paper I found a few additional problems. 
1- The velocity profile at an interface between a porous media and a well will form a 
boundary layer. However, the velocity profile at an interface between two types of 
porous media, or between a porous media and a free fluid will form a mixing layer 
rather than a boundary layer. This differences has many consequences, among 
which I will mention the Kelvin Helmholtz instability that is observed in mixing 
layer flows but absent in boundary layers. 
2- Many of the conclusions that the paper draw, either in light of the literature review 
or as a result of the current numerical solution are so basic that should not appear 
in the manuscript. For example the conclusion that ' ... as the permeability 
increases the resistance to the flow decreases .. .'(p.3, line 16-17), or • ... the 
velocity distribution in the two porous regions and at the interfaces is influenced 
by the Darcy parameters of the two layers' (P.3, line 20-22). 
3- The authors have an incorrect understanding of the fluid viscosity versus the 
effective viscosity in the brinkman equation. although it is common to mark the 
viscosity attached to the velocity second derivative as 'effective viscosity' this is 
not the viscosity that' take into account the presence of the porous medium' (pA 
first line following Eq. 3). It is the second term in Eq. 2 and 3 that represents the 
shear interactions between the fluid and the solid matrix. 
4- The paper states in page 4 that it is difficult ('if not possible') to measure the value 
of the effective viscosity and that the published literature supports the decision to 
make it equal to the fluid viscosity. There are a large number of publications that 
address this problem. Indeed the literature exhibits a disagreement with respect to 
the fluid-viscosity/effective-viscosity ratio. Howells (1974) and Happel Brenner 
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(1973) gave justification for using a value of 1 as a first approximation, while 
others proposed a wide verity of ratios. The viscosity ratio in Koplik et al. (1983) 
and Nield and Bejan ( 1992) is >1, and in Adler and Mills (1979) and Kim and 
Russell (1985) is <1. Durlofsky and Brady (1987) found that the viscosity ratio 
behaves in a non-monotonic fashion with respect to porosity. 
5- The pressure deflection at the inlet corners is simply a result of the author choice 
to apply a uniform velocity profile as a boundary condition. Even though it is the 
easiest boundary condition to model it is not the most appropriate one. In this 
respect, the authors could assume a zero pressure gradieny in the span wise 
direction, once they would have chosen a more appropriate inlet boundary 
condition. 
6- The non-dimensional form of V is not defined (p.5). It is mention that Vo is 0.01. 
If Vo is non-dimensional then it should have a 'star' symbol, V* o. If it is 
dimensional then the units of the 0.01 value should be added. No axes titles exist 
in Figs 2-5, 12-13,. Fig.14 is actually interesting as a measure for the linearity 
assumed in the flux/pressure gradient in the Darcy equation. It is not clear that the 
Brinkman equation is a good choice when the permeability and the velocity are 
high. However, since the flux is constant ( due to the inlet boundary condition) 
there is no way to plot q versus dp/dx. 
Answers 
Referee 1. 
These modifications are based on the annotations made by the referee (see the 
enclosed copy) . 
1- All of the typographical mistakes have been corrected and requested editorial 
alterations have been implemented. 
2- Figure 1 is redrawn and refereed to whist stating the governing equations. 
3- New references regarding the use of an effective viscosity equal to the fluid 
viscosity are given in the text (page 4 section under equation 3) 
4- All of the boundary conditions used in the simulations are explicitly given in 
the text with reference to the flow domain as shown in figure 1 (Bottom of 
page 4 and page 5). 
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5- A new figure (figure 2) is included to provide a schematic diagram of the 
locations where slip wall conditions are imposed. Please note that the old 
figure 10 is now removed from the text. 
6- The reason for choosing a value for dimensionless inlet flow velocity equal to 
0.01 is explained and a reference is given (page 7 lines under equation 23). 
7- Section describing the used finite element scheme is expanded and a brief 
explanation of the LBB condition is included in the text and a reference 
(Reddy, 1986) is cited (page 8 first paragraph). 
8- A reference (Pittman, 1989) where details of the selection of appropriate value 
of penalty parameter can be found is included in the text (page 8 lines under 
equation 30). Explanations regarding the relation between the penalty 
parameter and fluid viscosity are added to the text (page 8 bottom line and top 
lines on page 9). 
9- The section following the dimensionless form of the Brinkman equation (old 
text equations 22 and 23, modified text equations 33 and 34) is expanded and 
more detailed explanations regarding the development of the working 
equations of the scheme are given (page 9 last paragraph and pages 10, 11 and 
12). 
10- All of the figures showing the computational results are redrawn and their 
quality are enhanced (in particular, see figures 7, 8,9 10, 11 and 14). 
11- Section describing the computational results is expanded to include 
discussions which lead to the stated conclusions of the present study. 
Referee 2 
The referee makes a general comment to the effect that work reported in our 
manuscript is routine and can be done using commercial software. We do not agree 
with this remark. The theme of our paper is to develop a robust modelling tool for the 
quantitative prediction of non-Darcian effects in a porous flow field. For example our 
model can very conveniently generate quantitative predictions about the effects of 
solid walls on a porous flow for a range of no-slip, partial-slip to perfect slip 
conditions, whilst modelling of this phenomenon by commonly available commercial 
packages such as FEMLAB is not straightforward. 
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Additional points 
1- There is no disagreement between the referee remark and our model 
predictions regarding the formation of a velocity profile corresponding to a 
boundary layer between a porous medium and the solid walls. Our study is 
obviously not about modelling of the systems consisting of two types of 
porous media or an interface between a free fluid and a porous medium 
therefore the relevance of the point raised regarding these situations to our 
results is not clear. 
2- The statement that many of our conclusions can be obtained by theoretical 
analysis or from the literature, ignores the importance of quantitative 
simulations that support our conclusions. In contrast theoretical considerations 
merely provide qualitative analyses of the phenomena being modelled. 
However, the fact that most of our conclusions are in agreement with such 
analysis provides further validation for our results. 
3- The original statement about the physical interpretation of the concept behind 
'effective viscosity' was too terse. We have replaced this statement with a 
clearer description (page 3 lines 4 to 7) . 
4- The point raised by the referee supports our assertion that experimental 
measurement of effective viscosity is practically impossible. As he mentions 
there has been a significant amount of investigation focussed on this issue. 
However, apart from qualitative analyses that relate this parameter to other 
physical factors such as porosity etc. there is no way that for a given porous 
regime a value based on the physical characteristics of the porous 
domain/fluid system can be calculated or measured. One of the references 
cited by the referee i.e. Nield and Bejan, 1992 explicitly states this fact (See 
Convection in porous media, 1992, Springer-Verlag, page 12 paragraphs 5 
and 6). We have used an effective viscosity which is equal to fluid viscosity in 
our simulations. This is the most commonly adopted approach for the solution 
of the Brinkman equation (see Hsu and Cheng, 1985, Tong and Subramanian, 
1985, Kaviany, 1985, Cheng and Hsu, 1986, Vafai and Tiagraga, 1987, 
Poulikakos and Renken, 1987, Cheng and Zhu, 1987, Hong et ai, 1987, Cheng 
et aI, 1988, Lauriat, 1995, Krishna et aI, 1999, Marafie and Vafai, 2001, 
Allan and Hamdan, 2002 , Phanikumar and Mahajan, 2002). 
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5- We are somewhat puzzled by this remark. Surely the inlet flow condition in 
any modelling exercise should be used as is given and cannot be changed to 
comply with a situation which may be considered as 'most appropriate' . 
Whatever a model generates after a particular condition at the inlet is set 
should then be considered for theoretical consistency etc. As the referee has 
mentioned earlier our results are in agreement with qualitative analysis and we 
do not see any contradiction. Obviously different types of inlet conditions 
such as a developed velocity profile at the inlet can be prescribed and 
consequences studied. 
6- All of the editorial points raised by the referee concerning the presentation of 
the equations in the manuscript have been implemented. We have clearly 
stated in our manuscript that Brinkman equation offers the best choice for 
modelling high permeability porous flow regimes (See abstract and 
introduction ). In addition in the section dealing with the conclusions of our 
study we have provided quantitative range of the Darcy parameter over which 
the Brinkman equation should be used. The referee's point regarding 'high 
velocity porous flow' is again not relevant to our text which does not deal 
with the suitability of the Brinkman equation for such a flow system. 
b.M.Parvazinia, V.Nassehi, Study of shear thinning fluids flow through highly 
permeable porous media, International Communications in Heat and Mass Transfer, 
Accepted. 
Abstract 
The Brinkman equation is used to model the flow of power-law fluids in a highly 
permeable porous medium. Isothermal flow of shear thinning fluids in a porous 
medium between two impermeable parallel walls at different Darcy parameters (Da) 
and power-law index is studied. Both finite element method and analytical solutions 
are applied to solve the Brinkman equation. The analytical solution is based on a trial 
and error procedure. This solution reveals a channelling in the flow regime within the 
thin near walls boundary layer. Finite element solution is, in general, unstable but can 
be stabilised for a limited rang of Darcy parameter and power-law index. 
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Dear Prof N assehi 
Regarding the above paper, I have received reviews and the judge the content to be 
acceptable for publication, subject to the final decision of the Coordinating Editor. 
However, the paper must be formatted to the guidelines available in the back of the 
Journal, and in particular, these guidelines stipulate that the paper should not exceed 
10 pages in it's final format. I realize that it will be difficult to cut the paper down by 
such a degree. If this is possible, however, please let me have a revised version at 
your convenience. 
Best regards 
Adrian 
C-M.Parvazinia, V.Nassehi and R.J. Wakeman. Multiscale Finite Element 
Modelling of flow through highly permeable porous media. Chemical Engineering 
Science, 61, 586-596, 2006 
Abstract 
The Brinkman equation is used to model the isothermal flow of Newtonian fluids in a 
highly permeable porous medium between two parallel plates. Due to the multi-scale 
nature of flow regimes represented by the Brinkman equation, the standard Galerkin 
method requires excessi ve mesh refinement to achieve stable and accurate results. To 
avoid this, a residual free method is used to derive appropriate bubble functions for 
inclusion in the finite element discretisations. It is shown that by using bubble 
enriched shape functions the standard Galerkin method can yield accurate and stable 
solutions for multi-scale problems. In this paper the performances of the third and 
fifth order bubble functions used in conjunction with bilinear Lagrangian elements to 
solve the Brinkman equation via a penalty finite element scheme, are reported. 
Referee 1 
1) Words "steady" and "laminar" must be included in the title; 
2) Author's institution is 'Advanced .. .' and not 'Advance .. .'; 
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3) Word "multi-scale" is used in the title and through the text, but it is not very 
clear for me. Once assumed the physical model, it can be reated as a continuous 
model and, in that sense, there is no multi-scale phenomena. Bubles are used in 
order to stabilize the finite element method, what is another thing. 
4) Permeability must be denoted by K (uppercase); 
5) Pressure is denoted by p and by P, what is confusing. Also the pressure drop is 
denoted by p [Eq. (29)], which increases the reading and understanding problems. 
This is critical when dealing with the penalty method; 
6) In Eq. (36) expressions aer for Phil and Phi2, and not twice for Phil; 
7) In page 18, it is Kaviany, 1986; 
8) Section 8 needs to be carefully readed: there are some typos; 
9) Reference Pittman (1989) is not invoked in the text. 
Referee 2 
A numerical solution of the Brinkman equation is presented in this paper which looks 
at the isothermal flow of a Newtonian fluid in a highly porous medium between two 
parallel plates. The obvious approach using the standard Galerkin method requires 
considerable mesh refinement to achieve stable and accurate results. Hence 
the authors overcome this shortcoming by the use of bubble functions as part of the 
finite element discretisation. The result is accurate and stable solutions to this multi-
scale problem. The bubble functions are high order polynomials which vanish on the 
element boundary. The paper is divided into nine parts. The first four deal with the 
background work pertinent to this problem. Hence the underlying continuity and 
Brinkman equations together with the relevant boundary conditions are set up and the 
non-dimensional Darcy parameter derived. 
The main discussion on the bubble functions occurs in section five, initially as 
hyperbolic functions and then as expansions of these as polynomials which allows 
the quadrature rules of the finite element code to be used directly. Bubble enriched 
two dimensional shape functions are also derived. Finally in this section the problem 
of the elimination of inter-element boundary integrals is addressed. In section 6 
the finite element scheme is set up and attention is correctly given to maintaining the 
stability of the approach. The novel approach of replacing the pressure terms in the 
equations of motion with penalty parameter based on the continuity equation. 
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The result of this device is that the nonnal mis-match of approximations is avoided 
and stability is assured. 
The results use a range of the Darcy parameter values and third and fifth order 
bubble functions. The results are validated using an analytic solution, which confinns 
the applicability of this approach to multi-scale problems. 
Overall this is a well-presented paper which develops the finite element approach to 
the current case involving porous media. 
I note a few typographical errors 
P4 12 Where should be where. 
P7 112 There seems to be a word missing: "boundaries make it possible to . 
finite element equations. 
P12 16 A missing the: in the one dimensional case. 
P171-3 Gaussian : a missing a. 
P211-2 technique not techniques. 
P211-1 whit becomes with 
Answers 
Referee 1 
1- Words "steady" and "laminar" are included in the title. 
2- "Advance" is changed to "Advanced". Line 4 from the top page 1. 
3- Explanations regarding the use of 'Multi-scale' to describe the Brinkman flow is 
included in the paper. Fluid mechanical phenomenon which gives rise to a multi-scale 
behaviour is dealt with in the 'Introduction' . Page 2 line 15 to the bottom of the page. 
4- instead of ok' the uppercase 'K' is used to denote penneability coefficient. 
5- 'P' is changed to 'p' in equations (9) and (10). 
6-In equation (36) the second 91 is changed to 92 , 
7-In page 19, Kaviany, 1985 is changed to Kaviany, 1986. 
8- All typographical errors in section 8 are corrected. 
9- The cited reference (Pittman, 1989) is added to the text. 
Referee 2 
P4, 'Where' is changed to 'where'. 
------------------------------ --- -- -- --
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P7, 'boundaries make it possible to' is changed to 'boundaries makes it possible to 
remove the equations ... ' 
P12 'in one dimensional case' is changed to 'in the one dimensional case'. 
P17 the word 'Gaussian' is corrected. 
P2l 'techniques' is changed to 'technique'. 
P2l 'whit' is changed to 'with' 
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Appendix C 
Computer code 
The program flow chart and computer code in FORTRAN are presented at this 
appendix. The presented code includes all the subroutines used in this work. The 
overall structure of the code is as follow: 
The list of symbols and subroutines. 
The main structure of the code. 
The subroutines. 
The computer code has been initially developed by Ghoreishy [114] in his PhD work 
to simulate a rubber mixing process using penalty finite element scheme. In this work, 
the code has been developed to simulate the porous flow regime and also to carry out 
the simulations using the multi scale finite element method. 
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start 
Read the input data 
and conditions 
Convection-diffusion 
equation 
Yes 
Calculate the velocity 
field Using 
enriched elements 
Flow equation 
Select the finite 
element method 
UVP or Penalty 
Penalty 
No 
Calculate the velocity field 
Using ordinary elements 
Calculate the pressure 
field using variational 
recovery method 
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UVP 
Calculate the velocity and pressure 
fields with UVP method using 
Taylor-Hood elements 
Is the error 
norm less 
than 0.001 
Yes 
Write the results in 
the output file 
Figure: Flow diagram of the developed program 
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Calculate the unknown 
field using Galerkin Yes 
method With 
enriched elements 
norm less 
than 0.001 
Yes 
Write the results in 
the output file 
B 
No 
Stabilized 
methods 
No 
Calculate the unknown 
field using Galerkin 
method 
Calculate the unknown 
field using SU and 
SUPG methods 
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c--------------- ----------------------------------
C COMPUTER CODE (FORTRAN) 
c.................... . .................. . 
C USI OF SYMBOLS 
c .............................................................. . 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
AINIT ... INITIAL CONDITION IN OLD CONFIGURATION 
(MODELLING OF MOVING MESH FLOW PROBLEMS [MMFPJ ) 
AK. .... TIIERMAL CONDUCTIVITY 
BC ..... PRIMARY B.C. ARRAY 
BCT .... PRIMARY RC. ARRAY (TEMPERATIJRE) 
Bev ..• , PRIMARY B.C. ARRAY (VELOCITY ) 
eINIT ... INITIAL CONCENTRATION 
CORP .... NODAL COORDINATE VAUES ( OLD CONFIGURATION) 
CP ..... HEAT CAPACITY 
CRP .... CONCENTRATION 
CRa .... CONCENTRATION ( INITIAL OR PREVIOUS TIME STEP VALUES ) 
CPHI .... EFFECTIVE FILLER VOLUME FRACTION (EFVF) 
CPHlQ .. _ INITIAL VALUE OF EFYF 
cpmA ... !NmAL ESTIMATE FOR EFVF 
DMASS ... MASS MATRIX 
Dr ..... TIME STEP 
ELF .... ELEMENTAL LOAD VECTOR 
ELFl .... ELEMENTAL LOAD VECTOR VECTOR (PREVIOUS TIME STEP) 
ElSTIF ... ELEMENTAL STIFFNESS MATRIX 
ElSTID ... ELEMENTAL STIFFNESS MATRIX (PREVIOUS TIME STEP ) 
ELVIS, .. ELONGATIONAL VISCOSITY 
EQ ..... A VARIABLE USED IN FRONTAL ROUTINE (GLOBAL MATRIX) 
GAUSS ... GAUSS POINTS ARRAY 
GF. .... VELOCITY - CURRENT SOLUTION VECTOR 
GFA .... VELOCITY - INITIAL VECTOR 
GF1 .... VELOCITY - INITIAL VECTOR (2) 
GFM .... MESH VELOCITY (MMFP) 
GFS .... FREE SURFACE LOCATION FUNCTION 
GFSI .... FREE SURFACE LOCA nON FUNCTION (INITIAL) 
GFSO .... FREE SURFACE LOCATION FUNCTION (PREVIOUS TIME STEP) 
SRF .... STREAM FUNCTION (STEADY STATE PROBLEMS) 
IF ..... RJLL INTEGRATION INDEX 
IR ..... REDUCED INTEGRATION INDEX 
IVIS .... VISCOSITY EQUATION: 
I : POWER-LAW; 
2:CARREAU 
JMOD .... A VARIABLE USED IN FRONTAL ROUTINE 
WEST ... A VARIABLE USED IN FRONTAL ROUTINE 
LHED .... A VARIABLE USED IN FRONTAL ROUTINE 
LPIV .... A VARIABLE USED IN FRONTAL ROUTINE 
MAXFR ... SIZE OF ARRA YS IN FRONTAL ROUTINE 
MDF .... NO. OF D.O.F. AT EACH NODE 
MDFf .... NO. OF D.O.F. AT EACH NODE (TEMPERAT) , ARRAY 
MDFV .... NO. OF D.O.F. AT EACH NODE ( VELOCITY) , ARRAY 
MDFS .... NO. OF D.O.F. AT EACH NODE ( STREAM FUNCTION) , ARRAY 
MDFF .... NO. OFD.O.F. AT EACH NODE (FREE SURFACE) , ARRAY 
MDFC .... NO. OF D.O.F. AT EACH NODE (CONCENTRATIONIEFVF#) • ARRAY 
MRCL .... RECORDED FILE LENGTH (DEFAULl) FOR FRONTAL ROUTINE 
NBDl .... NO. OF FlRST TYPE RC. NODES 
NBF .... NO. OF THIRD TYPE B.C. ELEMENTS 
NCARB ... =1 DO NOT NO CALCULATE CONCENTRATION =2 CALCULATE CONCENTRATION 
NCOD .... CODE FOR PRIMARY RC. 
NCODT ... CODE FOR PRIMARY RC. (TEMPERAT ), ARRAY 
NCODV ... CODE FOR PRIMARY RC. (VELOCITY), ARRAY 
NCODS ... CODE FOR PRIMARY RC. (STREAM FUNCTION) ,ARRAY 
NCODF ... CODE FOR PRIMARY RC. ( FREE SURFACE ) ,ARRAY 
NCODC ... CODE FOR PRIMARY B.C. (CONCENTRATION) ,ARRAY 
NCYL ... RHEOLOGICALEQUATION AND COORDINATE SYSTEM TYPE: 
1 : GENERALIZED NEWTONIAN (X,Y) 
2: CEF (R,THETA) 
3 : GENERALIZED NEWTONIAN (R,Z), AXISYMMETRIC 
NDFf ... , NO. OF D.O.F. AT EACH NODE (TEMPERAT) (COMPARE WITH MDFT) 
NDFV .•.. NO. OFD.O.F. AT EACH NODE (VELOCITY) (COMPARE WITH MDFV) 
NDFS .... NO. OF D.O.F. AT EACH NODE ( STRM PC. ) (COMPARE WITH MDPS) 
NDFF .... NO. OF D.O.F. AT EACH NODE (FREE SURFACE) (COMPARE WITH MDFF) 
NDFC .... NO. OF D.O.F. AT EACH NODE (CONCENTRATION (COMPARE WITH MDFF) 
NDNT, .. , TOTAL NO. OFD,O,F. AT EACH ELEMENT (TEMPERAT ) 
NDNV .... TOTAL NO. OF D.O.F. AT EACH ELEMENT (VELOCITY ) 
NELM .... MAX. NO. OF ELEMENTS 
NEM .... NO. OF ELEMENTS 
NEQ ..•. NO. OF VELOCITY FIELD EQUATIONS 
NET. , .. NO. OF TEMPERATURE FIELD EQUATIONS 
NITER ... MAX. NO. OF PERMITIED ITERATIONS 
NITNS ... INITIAL DATA OPTIONS 
= 1 INITIAL VARIABLES INPUTED VIA AN NIPUT FILE 
= 2 INITIAL VARIABLES ARE FOUND VIA A PREVIOUSLY 
EXECUTED MODEL (FIXED MESH) 
NK. ... , A VARIABLE FOR FRONTAL ROUTINE 
C NNEE .... NUMBERS OF ELEMENTS A TT ACHED TO EACH NODE. ARRAY 
C NNISO ... =1 ISOTHERMAL. =2 NONISOTHERMAL 
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c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
NNM .... NO. OF NODES 
NNOD .... MAXIMUM NO. OF NODES 
NOD .... ELEMENT CONNECTIVITY MATRIX 
NOP .... ELEMENT CONNECTIVITY MATRIX (FOR PRE-FRONl) 
NODPV ... ELEMENT CONNECTIVITY (OLD CONFIGURATION) 
NQPP .... CODED VALUE OF THE FIRST D.O.F. AT EACH NODE 
NOPPT ... CODED VALUE OF THE FlRST D.D.F. AT EACH NODE (TEMPERAT) 
NOPPV ... CODED VALUE OF THE FIRST D.O.F. AT EACH NODE ( VELOCITY ) 
Norps ... CODED VALUE OF TIlE FIRST D.D.F. AT EACH NODE ( STREAM FUNC.) 
NOPPF ... CODED VALUE OF THE FIRST D.D.P. AT EACH NODE ( FREE SURFACE) 
NOPPC ... CODED VALUE OF THE FIRST D.O.F. AT EACH NODE (CQNC.IEFYF ) 
NPE .... NUMBER OF NODES PER ELEMENTS 
NSDOF ... A 4 COLUMN ARRAY. COLUMNS 1·3 INDICATE THE SLlP SIDE AND 
COLUMN 4 INDICATES THE NO. OF SLIP ELEMENT 
NSIZ .... SIZE OF THE GLOBAL VECTOR OF UNKNOWNS 
NSTF .... SIZE OF ELEMENT STIFFNESS MA TIX AND LOAD VECTOR 
NSUPG ... TYPE OF uPWINDlNG USED IN HEAT EQUATION 
_1 STANDARD GALERKlN METHOD (NO UPWlNDlNG) 
=2 STREAMLINE UPWINDING 
=3 STREAMLINE UPWINDlNGIPETROV-GALERKm 
NTIME ... NO. OF TIME STEPS 
NTRAN ... =0 STEADY STATE. NE.O TRANSIENT 
NWR .... NO. OF SAMPLE NODES FOR RECORDING TRANSIENT SOLUTIONS IN 
ALE TRANS.OUT· 
PBU .... BOUNDARY PRESSURE (2ND DOF) 
PMG .... GWBAL LUMPED MASS MATRIX USED IN V ARIA TlONAL RECOVERY 
FORMULATION 
PPV!.. ... CHARACTERISTIC LENGTH OF SLIP EQUA nON 
PRHS .... RIGHT HAND SIDE OF THE GLOBAL VECTOR USED IN V ARIA TIONAL 
RECOVERY METHOD 
PSE9 .... PRESSURE AT EACH NODE FOUND USING VARIATIONAL RECOVERY METHOD 
PSEE .... PRESSURE AT EACH NODE FOUND USING LOCAL AVERAGING TECHNIQUE 
PSIC . .•• A PARAMETER IN CEF EQUATION 
PSLIM . , . PRESSURE LIMIT WHICH ABOVE THAT AIR COMPRESS. SHOULD BE APPLIED 
PSOUT ... ARRAY OF PRESSURE VALUES AT EACH NODE 
PVKOL ... A VARIABLE FOR FRONTAL ROUTINE 
QQ ..•.. A VARIABLE FOR FRONTAL ROUTINE 
REL V1S • •. RELATlVE VISCOSITY (DEFINED AS THE RATIO OF THE COMPOUND 
VISCOSITY TO THE GUM RUBBER VISCOSITY) 
RI ..... A VARIABLERJR fRONTAL ROUTlNE 
SO ..... VELOCITY - PREVIOUS TIME STEP VECTOR 
STIME ... STARTING TIME 
TF ..... TEMPERATURE - CURRENT SOLUTION VECTOR 
TFA .... TEMPERATURE- INITIAL VECTOR 
m .... TEMPERATURE· INITIAL VECTOR (2) 
THETA ... VALUE OF THETA IN IMPUCIT-THETA TIME STEPPING METHOD 
TTh1E .... m:tE 
TINIT ... INITIAL TEMPERATURE 
TN ..... ERROR NORM FOR TEMPERATURE 
TO ..... TEMPERATURE - PREVIOUS TIME STEP VECTOR 
TOLEt ... TOLERANCE VALUE FOR NONLINEAR SOLUTION SCHEME 1 
TOLE2 ... TOLERANCE VALUE FOR NONLINEAR SOLUTION SCHEME 2 
TOLE3 ... TOLERANCE VALUE FOR NONLINEAR SOLUTION SCHEME 3 
TIXX .... NORMAL STRESS (XX) 
TIXY .... SHEAR STRESS (Xy) 
TIYY .... NORMAL STRESS (YY) 
VHS .... VELOCITY GRADIENT COMPONENTS 
VINIT ... INmAL VEWCITY 
VN ..... ERROR NORM FOR VELOCITY 
VPROP ... PHYSICAL AND RHEOLOGICAL DATA (ARRAY) 
1 ... POWER LAW CONSTANT (CONSISTENCY) 
2 ... POWER LAW INDEX 
3 ... TEMPERATITRESENSITIVITY 
4 ... REFERENCE TEMPERATURE 
6 ." SLIP COEffiCIENT 
8 .. ' PROPERTIES OF VOID REGIONS ( VISCOSITY ) 
9 ... PROPERTIES OF VOID REGIONS (DENSITY) 
10 ... PROPERTIES OF VOID REGIONS ( CONDUCTIVITY) 
12 ... CIlARACTER1STIC CONSTANT FOR THE DEANlTlON OFPSIC 
13 ... CHARACTERISTIC CONSTANT FOR THE DEFINITION OF PSIC 
14 ... MATERIAL DENSITY 
15 ... PENALTY PARAMETER 
21 ... CONSTANT USED TO RELATE EFVF AND VISCOSITY 
22 ... CONSTANT USED TO RELATE EFVF AND VISCOSITY 
VRES .... VELOCITY (MAGNITUDE OF THE VELOCITY VECTOR) 
WT ..... WEIGHTS ARRA YS FOR GAUSSIAN QUADRATVRE 
X '" .. X-COORDINATE (CARTESIAN) 
Y ..... Y -COORDINA TB ( CARTESIAN ) 
C NOTE: ANY SYMBOL NOT DEFINED IN THE ABOVE UST IS LOCALLY 
C DEFINED 
c ........................................................ .. 
C LIST OF SU8ROUTINES 
c ......................................................... . 
C ADDELF .. ADD ELEMENT LOAD VECTOR FOR TRANSIENT ANALYSIS 
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C ADDSF .. ADD STIFFNESS MATRICES FOR TRANSIENT ANALYSIS 
C ANODAE .. FIND THE CONNECTIVITY QFEACH NODE TO ADJACENT ELEMENTS 
C ARR2ZF. . INITIAUZE TWO DIMENSIONAL ARRA VS 
C ARRZRF. . INITIALIZE ONE DIMENSIONAL ARRA YS 
C ARRZRI. . INITIALIZE ONE DIMENSIONAL ARRA VS (INTEGER) 
C BACSUB .. BACK SUBSTITUTION FOR FRONTAL ALGORITHM 
C BOUNOl.. RESTRICTS A VARIABLE BETWEEN 0 AND I 
C BUINTG .. BOUNDARY INTEGRAL FOR FLOW EQUATIONS 
C CARBON .. SOLUTION OF CONCENTRA nON EQUATION 
C COBET .. CALCULATION OF BET A IN UPWlNDING FORMULA TrON 
C COEFF .. CALCULA nON OF ALPHA IN UPWINDING FORMULATION 
C COORD .. FIND THE GWBAL COORDINATE 
C DAKE ... DETERMINATION OF weAL COORDINATES OF A NODE 
C ELFT ... CALCULATION OF urn TRANSIENT ELEMENTAL LOAD VECTOR FOR HEAT EQUATION 
C FLOWCN .. SOLUTION OF THE FLOW EQUATION (CONTINIOUS PENALTY METIlOD) 
C FPSL .. INTERPOLATION OF F VALUE IN AN ELEMENT 
C FRONT •. FRONTAL SOLVER 
C GJE ... GAUSS-JORDAN ELIMINA nON 
C HGSTVL. . FIND THE MAXIMUM AND MINIMUM VALUES OF CALCULATED PRESSURE 
C AND TEMPERATURE 
C JACOB2 .. CALCULATION OF THE JACOBIAN MATRIX AND ITS DETERMINANT 
C LAGSHl. . ID SHAPE FUNCTIONS 
CLUMP ... LUMPINFG OF THE MASS MATRIX 
C MASS ... MASS MATRIX CALCULATION 
C MASST .. MASS MATRIX CALCULATION 
C MASSW .. MASS MATRIX CALCULATION 
C MULTI .. MATRIX MULTIPLICATION 
C MULT3 .. MATRIX MULTIPLICATION 
C OUTPUT .. WRITE OUTPUT 
C PREFNT .. PRE-FRONT ROUIIE 
C PRESD .. CALCULATION OF PRESSURE IN DISCRETE PENALTY METHOD 
C PRESS .. CALCULATION OF THE PRESSURE BASED ON THE V ARIA TIONAL RECOV. METHOD 
C PUTBCV .. IMPOsmON OF THE BOUNDARY CONDITION FOR FLOW EQUATION 
C PVRGMX .. GLOBAL LUMPED MASS MATRIX FOR PRESSURE CALCULA nON 
C RENWAL. . RENEWING OF THE SOLUTION VECTOR USING OVER·RELAXA TION METHOD 
C RSA VE .. LEFT HAND SIDE EQUAL TO THE RIGHT HAND SIDE 
C RSA VI .. LEFT HAND SIDE EQUAL TO THE RIGHT HAND SIDE (INTEGER) 
C SH9DD .. CALCULATION OF TIlE HIGHER ORDER DERN ATIVES OF TIIE SHAPE FUNCTIONS 
C INLOCALCOORDINATES 
C SHAPE .. SHAPE FUNCTIONS AND THEIR DERIVATIVES 
C STIFF .. STIFFNESS MATRIX CALCULATION (CONTINUOUS) 
C STIFFS .. STIFFNESS MATRIX CALCULATION (FLOW) 
C STIFFT .. STIFFNESS MATRIX CALCULATION (HEAT) 
C TMPRUR .. TEMPERATURE CALCULATION 
C TRAP ... TRANSPOSE A MATRIX 
C UNITVC .. CALCULATION OF THE UNIT VECTORS 
C UPWIND .. CALCULATION OF THE UPWIND MULTIPLIER 
C UlNML .. CALCULATION OF THE COMPONENTS OF UNIT VECTOR NORMAL TO THE BOUNDARY 
C UVN ... CALCULATION OF THE VELOCITY AT ANY ELEMENT INTERIOR POINT 
C UVNID .. CALCULA TrON OF THE VELOCITY AT ANY ELEMENT BOUNDARY POINT 
C VWPARA .. CALCULATION OF THE "OONEA" PARAMETERS FOR UPWINDING 
C VIS COS .. CALCULATION OF THE SHEAR RATE AND VISCOITY 
C VISEQU .. VISCOSITY CALCULATION 
C vrSRHD .. CALCULATION OF THE VELOCITY GRADIENTS USING VARIATIONAL RECOVERY 
C VNORM .. CALCULATION OF THE ERROR NORM 
C ........................................................................... . 
C INCLUDE'SIZEF 
C 
PARAMETER (NELM = 40000 ) 
PARAMETER (NNOD = 160000 ) 
PARAMETER (NSTF = 18 ) 
PARAMETER (NSIZ = 400000 ) 
PARAMETER (MAXFR = 2500 ) 
PARAMETER (MRCL = 10024 ) 
C .... NELM MAXIMUM NO. OF ELEMENTS 
C .... NNOD MAXIMUM NO. OF NODES 
c .... NSTF SIZE OF ELEMENT STIFFNESS MA TIX AND LOAD VECTOR 
C .... NSIZ SIZE OF GLOBAL UNKNOWNS 
C .... MAXFR SIZE OF ARRAYS IN FRONTAL SUB. 
C .... MRCL SIZE OF RECORD LENGTH FOR FRONTAL ROUTINE FILE (TO FIX THE 
C SCRA TeH FILE CORRECTLY 
C 
IMPUCIT REAL "'8 (A·H,O·Z) 
c 
C .... STRING VARIABLE DECLARATION 
C 
CHARACTER TITLE"'60 
CHARACTER CU"'2 , CV"'2 ,CT"'2 
CHARACTER Cf'I'2 , CC"'2 
CHARACTER FNAMEI "'30, FNAME2"'30, FNAME3"'30 
c 
C .... STORAGE ALLOCATION 
C 
DIMENSION NOD (NELM, 9) 
DIMENSION NOP (NELM, 9 ) 
DIMENSION X ( NNOD) • Y ( NNOD ) 
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c ............. . 
c. 
c 
DIMENSION CORP (NNOD , 2 ) 
DlMENSION NODPV ( NELM , I) 
DIMENSION AINIT (NSIZ, 5) 
DIMENSION GF (NSIZ). GB (NSIZ), GFA (NSIZ), 
1 TF (NSIZ),TA (NSIZ),TFA(NSIZ), 
I GFS (NSIZ), GFSI (NSlZ). GFSO( NSlZ). 
I THF (NSIZ), GHF (NSlZ), GFSH( NSIZ) • 
I GFM (NSIZ) 
DIMENSION so ( NSIZ) ,TO (NSIZ) 
DIMENSION SRF (NSIZ) 
DIMENSION eRF (NSIZ), eRa (NSIZ) 
DIMENSION CPHI (NSIZ). CPHIO (NSIZ). CPHIA (NSIZ) 
DIMENSION NeODV (NSIZ ) • Bev (NSIZ), NOPPV (NSIZ) , 
I MDfV (NSIZ) 
DIMENSION NeODT ( NSIZ ) ,BCT (NSIZ), NOPPT (NSIZ) • 
I MDFT (NSIZ) 
DIMENSION NeaDS (NSIZ), BCS (NSIZ). ~OPPS (NSIZ). 
I MOFS (NSIZ) 
DINIENSION NCODF (NSIZ) • Bep (NSIZ), NOPPF (NSIZ) , 
I MDFF (NSIZ) 
DIMENSION NCODC (NSIZ) ,Bee (NSIZ). NOPPC (NSIZ) , 
1 MDFC (NSIZ) 
DIMENSION NeOD (NSIZ). BC (NSIZ) • NOPP (NSIZ). 
I MDF (NSIZ) 
DIMENSION NDNV (NSIZ) , NDNT (NSIZ), NDNS (NSIZ) 
DIMENSION NDNF (NSIZ), NDNC (NSIZ) 
DIMENSION NSDOF (NSIZ, 4 ) ,PPVL ( NSIZ) 
DIMENSION ISSB (NSIZ). NSSB (NSIZ, 3 ) • PBU (Nsrz) 
DIMENSION PSOUT (NSIZ) , NNEE (NNOD ) 
DIMENSION PMG (NSIZ) • PRHS (NSIZ) • VHS ( NSIZ ,5 ) 
DIMENSION VPROP (30 ) • NWR (10 ) 
c.... fRONTAL ROUTINE VARIABLES 
C 
DIMENSION WEST (NSlF ), 
1 LHED (MAXFR), 
2 NK (NSTF). 
3 LPIV (MAXFR), 
4 !MOD (MAXPR). QQ (MAXPR). 
5 PVKOL(MAXFR) ,RI (NSIZ), 
6 EQ (MAXFR ,MAXFR) 
C 
c.... GAUSSIAN QVAORA TURE INTEGRATION VARIABLES 
C 
DIMENSION GAUSS (7.7). WT( 7,7) 
c 
c.... ELEMENT STIFFNESS. MASS. LOAD VECTOR MATRICES 
C 
DIMENSION ELSTIF ( NSTF , NSTF) • ELF ( NSTF) • ELFl (NSTF) 
DIMENSION DMASS (NSlF. NSTF) 
c ........................................................ . 
C GAUSSIANQUAORATIJRE INTEGRATION DATA 
c ................ , ...................................... .. 
DATA GAUssn*0.ODO •. 57735027DO,-.57735027DO,5 *O.ODO,-. 7745966700, 
"'0.000,.77 45966700,4 ~.OOO", 861136311600,-.339981 0435DO. 
*.3399810435DO,.8611363116DO,3"'0.OOO, 
*-.9061798500,-.53846931DO,0.OOO,.53846931DO,.90617985DO,2*0.000, 
*-.9324695100,-.6612093900, 
*-.23861918,.23861918oo,.66120939DO,.9324695100,0.000, 
*-.9491079100,-.7415311900,-.40584515DO,0.ODO,.4058451500, 
*.7415311900,.94910791001 
C DATA GAUSSI-.96028986oo,-.79666648OO.-.5255324IDO,-.18343464DO, 
C *.1834346400,.5255324100,.7966664800,. 96028986DOI 
DATA WTI2.0OO,6*.ODO,2*1.0,5*.ODO,.55555555DO,.88888888DO, 
*.5555555500,4*0.000, 
*.347854845100,.652145154800,.652145154800,.347854845100,3*0.ODO, 
*.2369268900,.4786286700,.56888889,.47862867oo,.23692689DO,2*0.000, 
*.1713244900,.3607615100,.4619139300,.4679139300,.3601615700. 
"'.17132449oo,0.ODQ, 
'" .12948497oo,.27970539oo,.3818300500,.41795918,.38183005DO. 
* .27970539DO,.12948497001 
c .......................................... .. 
C OPEN FILES FOR I/O 
c .......................................... .. 
OPEN( UNIT=14 ,FORM='UNFORMA TIED' • ST A TUS='SCRATCH',RECL=MRCL) 
OPEN( UNIT=1O ,FILE='FERROR.LOG' ,FORM='FORMATTED') 
OPEN( UNIT=12 ,FILE='OWMESH',FORM='UNFORMATIED',sTATUS='UNKNOWN,) 
OPEN( UNIT=20 ,ALE='RESMSH.BIN',FORM='UNFORMA TIED' 
1 ,STATUS='UNKNOWN') 
OPEN( UNIT=22 ,FILE='GEO.BIN',FORM='UNFORMA TIED',ST A TIJS='UNKNOWN') 
OPEN( UNIT=30 ,FILE='FREEOUT',FORM='UNFORMATTED') 
OPEN( UNIT=31 ,FILE='CARBOUT',FORM='UNFORMA TIED) 
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OPEN( UNIT=32 ,FILE='CARBPHl',FORM=1JNFORMATIED') 
c ................... " .................................... " ........ . 
C DEFAULT VALUES FOR THE 
C PROPERTIES OF VOID REGION AND 
C COEEFICIENTS OF THE RELATION BETWEEN 
C EFVF AND RELATIVE VISCOSITY USING EQUATION 
C R.V. = VPROP(21) + VPROP(22)*PHl 
c ................................................................... . 
c. 
VPROP(8)= 0.1 
VPROP(9)= 1.1 
VPROP ( 10) =: 0.027 
VPROP ( 11) = IOQO.O 
PSLlM = 1.0D+o6 
YPROP ( 21 ) = l.00 
VPROP ( 22) =: 5.50{) 
c ................................................. . 
C READING OF THE INPUT DATA & PREPROCESSING . 
c ................................................ . 
C 
WRITE ( '" • 5000) 
READ ("'. 6000 ) FNAMEI 
WRITE ("'. 5003 ) 
READ ("',6000) FNAME2 
WRITE ( "'.5010) 
READ (·.~5)NTRAN 
IF (NTRAN .NE. 1 ) THEN 
WRITE ("',5011) 
READ ("'. 6005 ) NITNS 
IF (NITNS .NE. I .AND. NITNS. NE. 2 .AND. NITNS.NE.3 ) NITNS=l 
ENDIF 
c .... 
WRITE ( "',5015) 
READ ("'. 6005) NNISQ 
c .... 
IF(NNISQ.NE.J) THEN 
WRITE (., 5020 ) 
READ ( •• 6005 ) NSUPG 
ENDIF 
C ...• 
C 
IF (NTRAN .NE. 1 .AND. NTRAN. NE. 2 .AND. NTRAN.NE.3) NTRAN=l 
IF (NNISO .NE. 1 .AND. NNISO. NE. 2) NNISO==l 
IF (NSUPG .NE. 1 .AND. NSUPG. NE. 2 .AND. NSUPG.NE.3 ) NSUPG==l 
C .... OPEN INPUT AND OUTPUT FILES (ASCIn 
C 
OPEN (UNIT=1 , flLE=FNAMEl ,FORM='FORMA TIED') 
OPEN (UNIT=2, FILE=FNAME2, FORM='FORMA'ITED') 
C .... 
C 
IF ( NFREE.NE.l.AND.NITNS.EQ.1 ) THEN 
WRITE ( ·,5022) 
READ (",6000) FNAME3 
OPEN (UNIT=3 • ALE=FNAME3 , FORM='FORMA TIED') 
ENDlF 
C ..... DETERMINATION OF THE SYSTEM DA TB 
C IDATE IS A SYSTEM SUBROUTINE OF LPI·FORlRAN 
C 
C CALL IDATE (IMON,IDA Y,IYR) 
c ..... 
PRINT * 
PRINT *,' READING !NIDAL AND CONTROL DATA' 
C WRITE (2,5024) IDA Y,IMON,lYR 
READ (1,6010) TITLE 
WRITE (2, 5025) TITLE 
c ........................ . 
WRITE (2, 5026) NTRAN,NNISO,NSUPG,NCYL 
c ....................... . 
READ (1,6015) NEM, NNM, NPE, NBDI, NBF, NITER, IVIS, NSB 
READ (1,6015) (NWR (l), I=1,3) 
READ (1.6020) VPROP(l), VPROP(2) • VPROP(15), VPROP(14) 
READ (1,6020) VPROP(3), VPROP(4) ,CP • AK 
READ (1. 6020) VPROP(5}. VPROP(6) , VPROP(7) 
IF (NCYLEQ.2) READ (1,6020) VPROP(12}, VPROP(13) 
WRITE (2, 5027) NEM,NNM 
WRITE (2, 5030) VPROP(1) • VPROP(2) 
WRITE (2.503.5) VPROP(l.5). VPROP(14) 
WRITE (2,5040) VPROP(3) • VPROp(4) ,ep ,AK 
WRITE (2.5041) IVIS 
WRITE (2, 5042) VPROP(5), VPROP(6) , VPROP(7) 
IF (NCYL.EQ.2) WRITE (2.5043) VPROP(12), VPROp(13) 
c ............................................ . 
C CHECK THE NO. OF ELEMENTS AND NODES 
c ............................................ . 
IF (NNM .GT. NNOD) THEN 
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WRITE ( * , 5045 ) NNOD 
STOP 
ELSEIF (NEM .OT. NELM) THEN 
WRITE ( '" • 5050 ) NELM 
STOP 
ENDIF 
c ......................................... .. 
C EVALUTIONS OF NDN , NOPP, MDP 
c ........................................... . 
C ... 
NDFV=2 
NDFf= 1 
NDFS= 1 
NDFF= I 
NDFC = 1 
CALL ARRZRI (NDNV • NSIZ) 
CALL ARRZRI (NONT • NSIZ) 
CALLARRZRl(NDNS ,NSIZ) 
CALL ARRZRI (NDNF • NSIZ ) 
CALL ARRZRI (NDNe ,NSIZ) 
CALL ARRZRI (MOFV ,NSIZ) 
CALL ARRZRI (MDFf • NSIZ) 
CALL ARRZRI (MDFS ,NSIZ) 
CALL ARRZRI (MDFF ,NSIZ) 
CALL ARRZRI (MDFC ,NSIZ) 
CALL ARRZRl (NOPPV , NSIZ ) 
CALL ARRZRI ( NOPPT • NSIZ) 
CALL ARRZRI (NOPPS • NSIZ) 
CALL ARRZRI (NOPFF • NSIZ) 
CALL ARRZRI (NOPPC , NSIZ) 
DO!= I,NELM 
NDNV (I) = NPE*NDFV 
NONT (l) == NPE*NDFr 
NONS (I) = NPE"'NDFS 
NDNF (I) = NPE"'NDFF 
NDNC (l) = NPEi<NDFC 
ENDDO 
K=·! 
DOI=I,NNM 
K==K+2 
MOFV (l) = NDFV 
NQPPV m= K 
MDFf (I) == NDN 
NOPPI (1) =1 
MDFS (I) = NDFS 
NOPP$ (1)= I 
MDFF (1) = NDFF 
NOPPF (I) = I 
MDFe (I) = NOPe 
NOPPC(I)=I 
ENDDO 
c .......................................... .. 
C PRIMAR Y DEGREE OF FREEDOM 
C ........................................... . 
CALL ARRZRI (NeODY , NSIZ) 
CALL ARRZRI (NeODT • NSIZ) 
CALL ARRZRI (NCODS • NSIZ ) 
CALL ARRZRI (NCODF , NSIZ) 
CALL ARRZRI ( NCODC , NSIZ) 
CALL ARRZRI (NeOD • NSIZ) 
CALL ARRZRF ( Bev , NSIZ) 
CALL ARRZRF ( BCT , NSIZ) 
CALL ARRZRF ( BCS • NSIZ) 
CALL ARRZRF ( BCF , NSIZ) 
CALL ARRZRF ( Bce, NSIZ ) 
CALL ARRZRF (BC. NSlZ) 
CALL ARRZRF ( PPVL. NSIZ) 
C .... 
IF(NBDI .NE. 0 )TllEN 
C ..... 
C IF YOU WANl' TO PRINT TIlE B.e DA lAIN OUTPUT FILE 
C REMOVE THE 'C' FROM THE WRITE COMMANDS 
c. .... 
C 
c 
c 
WRITE ( 2 , 5055 ) 
DO 10 1= t,NBD! 
READ (1,6025) NODP,CU,CY,CT,CF,CC. 
VALl,V AL2, V AU, VAU, VAL5,PPVL(NODP) 
WRITE (2.5060) NODP.CU,CV,CT,CF,CC, 
V ALl,VAL2,V AL3,VAL4,V AU,PPVL(NODP) 
IF(CU.EQ.'U) THEN 
NMDOF=NODP+NODP-l 
NeODY (NMDOF) = I 
Bev (NMDOF)=VALl 
ENDlF 
IF (CV.EQ. 'V') THEN 
NMDQF = NODP+NODP 
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NeODV ( NMDOF) = 1 
Bey (NMDOF)=VAL2 
ENDIF 
c ................................. .. 
IF (CU.EQ:S') THEN 
NMDOF=NODP+NODP-l 
NeODV (NMDOF) = 2 
Bev (NMDOF)=VALl 
ENDIF 
IF (CV.EQ.'P') THEN 
NMDOF= NODP+NODP 
NeODY (NMDOF) = 2 
Bey (NMDOF)=VAL2 
ENDIF 
C ............................... .. 
IF (CT.EQ.T') THEN 
NCODT(NODP) = I 
BCT (NODP);VAL3 
ENDIF 
c ................................. . 
IF (CF.EQ.'P) THEN 
NCODF (NODP) = 1 
BCF (NODP) = VAL4 
ENDIF 
c ................................. . 
IF (CU .EQ. 'U' .AND .CV .EQ. 'V' .AND. 
VALl .EQ. 0.0 .AND . VAL2 .EQ. 0.0) THEN 
NCODS (NODP) = 1 
Bes (NODP) = 0.0 
ENDIF 
c ................................. . 
IF (CC.EQ:C) THEN 
NCODC(NODP)=l 
Bee (NODP) = VAL5 
ENDIF 
C ............................... .. 
lO CONTINUE 
c ..... 
ENDIF 
c ......................... , ................. . 
C SLIP LAYER DATA 
c ........................................... . 
470 IF (NBF .EQ. 0 ) GOTO 400 
WRITE (2.5062) 
DO 12 I=I,NBF 
READ ( 1 ,6026) NSDOF(I,4),( NSDOF(I,J), J=1,3) 
WRITE (2.5063) NSDOF(I,4),( NSDOF(1,1), J=1,3) 
12 CONTINUE 
c ................................................................... . 
C CALC. NO. EQUATIONS FOR FLOW. HEAT EQ. AND STREAM FUNCTION. 
C .................................................................. .. 
400 NEQ = NNM*2 
NET=NNM 
NES=NNM 
NEF=NNM 
NEC=NNM 
IF (NEQ .GT. NSIZ) THEN 
WRITE ( '" , 5065 ) 
STOP 
ENDIF 
C ............................................... .. 
C CHECK THE TYPE OF THE AIR COMPRESSIBILITY . 
C APPLICATION 
c ................................................ . 
IF (NFREE.EQ.3 ) THEN 
DON=l,NEF 
IF (NCODF(N).EQ.l) THEN 
NFREE=2 
GOT0470 
ENDIF 
ENDDO 
ENDIF 
C ...................................................... . 
e NODAL POINTS DATA 
C 
e IF YOU WANT TO ECHO·PRINT THE GEOMETRICAL DATA 
C IN OUTPUT FILE REMOVE THE 'C' FROM THE THREE 
C FOLLOWWG WRITE COMMAND LINES 
C ...................................................... . 
CALL ARRZRF (X • NNOD) 
CALL ARRZRF (Y , NNOD) 
C.. WRITE ( 2 , 5070 ) 
DO 141= I,NNM 
READ ( I ,6030) X(I) , yen 
C.. WRITE (2.5075) I, XCI). Y(I) 
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14 CONTINUE 
c ................................ . 
C CONNECTIVITY DATA 
c .......................................... . 
DO 161=1,NEM 
READ (1.6035) J, (NOD (J,K) , K= I,NPE) 
C.. WRITE (2.5085) J • (NOD (J,K) , K= 1,NPE) 
16 CONTINUE 
c ........................................................................ . 
C CHANGE OF VELOCITY BOUNDARY CONDITIONS FOR CYLINDRICAL COORDINATE . 
c ........................................................................ . 
IF (NCYLEQ.2 ) THEN 
DOI=l,NNM 
CALL CAR2CYL (X(I). Y(l) , RAD. rHH) 
NDX= I+I·! 
NDY=!+I 
BXX = Bev (NDX) 
BYY = Bey (NDY) 
Bev (NDX) = BXX'" DCOS(THH) + BYY ... DSIN(THH) 
Bev (NDY) = BXX ... (.DSIN(THH» + BYY ... DCOS(TIIH) 
ENDDO 
ENDIF 
c ..................................................... . 
C FIND LAST APPEAREANCE OD EACH NODE (PRE-FRONT) . 
c ..................................................... . 
001= I,NEM 
DOJ=l,NPE 
NOP (1,1) = NOD (1,1) 
ENDDO 
ENDDO 
CALL PREFNT (NNM , NEM , NOP , NPE , NELM) 
c .............................................. . 
C INITIALIZING OF GLOBAL VECTORS 
c .............................................. . 
CALL ARRZRF (SO ,NSIZ) 
CALL ARRZRF (GF ,NSIZ) 
CALL ARRZRF (GFI ,NSIZ) 
CALLARRZRF(GFA .NSIZ) 
CALL ARRZRF (TO ,NSIZ) 
CALL ARRZRF (TF • NSIZ) 
CALL ARRZRF (TFI ,NSIZ) 
CALL ARRZRF (TFA • NSIZ) 
CALL ARRZRF (SRF ,NSIZ) 
CALL ARRZRF (GFS ,NSIZ) 
CALLARRZRF(GFSI ,NSIZ) 
CALL ARRZRF (GFSO ,NSIZ) 
CALL ARRZRF (CRF , NSIZ) 
CALL ARRZRF (eRO , NSLZ) 
CALL ARRZRF (CPHI • NSlZ) 
CALL ARRZRF ( CPHIO • NSIZ) 
CALL ARRZRF ( CPHIA • NSIZ) 
CALLARRZRF(PRHS ,NSIZ) 
CALL ARRZRF (GFM • NSIZ) 
c .............................................. . 
DO 1= I,NSIZ 
DOJ=I.5 
VHS(I,J)=O.O 
ENDDO 
ENDDO 
c .............................................. . 
C READ INITIAL AND TRANSIENT DATA 
c .............................................. . 
C 
c.. INmAL VELOCITY, TEMPERATURE AND CONCENTRATION 
C 
READ ( I ,6040) VINIT.TINIT,CINIT 
c 
C.. TOLERANCE 
C 
c 
READ (1,6045 )TOLEI,TOLE2,T0LE3 
WRI1E( 2 .5088) TOLEI.TOLE2 
c .......................................... . 
C DERNITION OF THE INITIAL CONDITIONS 
C .......................................... . 
IF(NITNS .EQ, I .OR. NTRAN .EQ.I) THEN 
DOI=l,NEQ 
SO(Q=YINIT 
ENDDO 
DOI=l.NET 
TO(I)= TINlT 
ENDDO 
IF (NFREE.NE.I ) THEN 
DOI=I,NEF 
READ (3.6041 ) K,GFSO(K) 
ENDDO 
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ENDlF 
DQI=I,NEC 
eRO(I) = CINIT 
CPHlO(I) = ell'UT 
ENDDO 
ELSE 
1 
2 
REWIND 20 
DOI=l,NNM 
READ (20) 50(1+1.1) • SO(I+I) , TO(I) 
GFSO(I) ,CRO(l). CPHIO<n • 
CORP ( I, I ) , CORP (1,2) 
ENDOO 
c ........................................................... . 
C SETUP TIME VARIABLES FOR STEADY SOLUTION 
c ........................................................... . 
IF( NTRAN.EQ.l)THEN 
DT=1.0 
N1Th1E=1 
ENDIF 
c ........................................................... . 
C DATA FOR BOUNDARY INTEGRAL IN STREAM FUNCTION FORMULATION. 
c ........................... , ............................... . 
CALL ARRZRI (ISSB, NSIZ) 
IF (NSB.EQ.O) GOTQ 450 
DO 1= I,NSB 
READ ( 1 , 6055) ISSB(i),( NSSB (1,1), J=I,3), rBV(1) 
c ...... WRITE (2.5063) 155B(I),( NSSB (1,1), J=I,3), PBU(l) 
ENDDO 
c .............................................. .. 
450 CLOSE (1) 
c .............................................. .. 
C DETERMINATION OF REDUCED & f1JLL INTO. INDEX . 
c ............................................... . 
IF (NPE.EQ.4) THEN 
IR=l 
IF=? 
ELSEIF (NPE.EQ.8.0R.NPE.EQ.9) THEN 
IR=2 
IF=3 
ENDIF 
c .............................................. . 
C FIND CONNECTIVITY OF EACH NODE TO ADJ. ELE .. 
c .............................................. . 
CALL ANODAE (NNM , NEM , NPE, NOD, NNEE, NNOD , NELM ) 
C ............................................. .. 
C FIND GLOBAL LUMPED MASS MATRIX FOR Y.R-
C .............................................. . 
CALL PVRGMX (NNM ,NEM, NPE, NOD, NNOD ,NELM ,PMG ,JR, 
1 GAUSS. WT ,X ,Y ,NSTF, DMASS • IF, NSIZ) 
c .............................................. .. 
c ............................................... . 
C INITIAL ESTIMA lE ASSIGNMENT 
C ............................................... . 
C ... 
CALLRSAVE (GR ,so ,NEQ) 
CALLRSAVE (TA ,TO ,NET) 
CALL RSA YE (GFSI ,GFSO ,NEF) 
CALL RSA YE (CPHIA, CPHIO, NEC ) 
DO 1000 tIER = 1,NITER 
c .............................................. . 
CALL RSAVE (GFA, GFI, NEQ) 
CALL RSAVE (TFA, TFI, NET) 
IF (NFREE.EQ.1 ) THEN 
DOK=l,NEF 
GFS (K) = 1.0 
GFSl (K) = 1.0 
GFSO (K) = 1.0 
ENDDO 
ENDIF 
c .............................................. . 
C MESH VELOCITY IS SET TO FLUID VELOCITY 
C IN PURE LAGRANGIAN ANALYSIS 
C ............................................. .. 
C CALL RSA VE ( GFM , GFI, NSIZ) 
c 
c 
IF (NCYL.NE.l) THEN 
C ............................................. .. 
C CALCULATION OF VELOCITIES 
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c ............................................. . 
CALL FLOWCN ( 
lOF ,OA ,TFI ,so ,GFSI ,GFSO, TO 
2 GAUSS, WT ,CPHI ,GFM 
3 X ,Y ,NOD ,NOP 
4 Bev ,NCODV, NQPPV ,MDFV ,NDNV 
5 NPE ,lR • IF ,DT • TIIEl'A ,NDFV, NEM 
6 NEQ • NTRAN ,NeARB • NCYL 
7 PRHS ,VPROP, IVIS 
8 NSIZ ,NSTF ,NELM ,NNOD, MAXFR 
9 RI ,ELF • ELSTIF, DMASS , VHS 
1 LDEST, NK , EQ ,LHED. LPIV • 
2 JMOD • QQ • PVKOL • NSB ,15SB. NSSB , PBU 
3 NeOD ,BC ,NOPP ,MDF ,NSOOF, PPVL. NBF 
c .... 
ELSE 
c ............................................................... . 
C CALCULA nON OF VELOCITIES (CYLINDRICAL AND CEP EQUATION ). 
c ................................................................ . 
C 
C. TRANSFORMATION OF NODAL POINT COORDINATES AND VELOCITY VECTOR 
c.. COMPONENTS TO CYLINDRICAL COORDINATE SYSTEM 
C 
DOI=l.NNM 
CALL CAR2CYL (X(l) , VCl). RAD. THH) 
X(I)=RAD 
Y(Q=THH 
CALL YCA2CL (GF (1+1.1) , GF(I+l) ,TIIH) 
CALL VCA2CL (GFI{I+I~l) • GFI(l+l) , TIIH) 
CALL VCA2CL (SO (1+1·1) , SO(l+I) ,THH) 
ENDDO 
c ..................................................................... . 
C 
C. PRESSURE CALCULATION 
C 
CALL ARRZRF (PRHS ,NSIZ) 
C 
C.. TRANSFORMA nON OF NODAL POINT COORDINATES AND VELOCITY VECTOR 
C .. COMPONENTS TO CARTESIAN COORDINATE SYSTEM 
C 
DOI=I,NNM 
CAllCYL2CAR(XC ,YC ,X(Q, Y(Q) 
TIIH.:;:: Y(I) 
X(I)=XC 
Y(Q=YC 
CALL VCL2CA (GF 0+1-1) , GF (1+1) , TIIH) 
CALL VCL2CA (GFI(I+I-l) , GFJ(I+I) , THH:) 
CALLVCL2CA (SO (1+1-1) ,SO(l+I) ,TIIH) 
ENDOO 
ENDIF 
C ........................ . 
C CALCULATION OF ERROR NORM 
C ........................................... . 
CALL VNORM (VN ,NEQ, GFA ,GF ,NSIZ) 
WRITE ( *,5110 )NT,ITER,VN 
WRITE (10,5110) NT,ITER,VN 
c ................................................. . 
c .............................................. . 
C CULCVLA nON OF VELOCITY GRADIENT 
C COMPONENTS USING VARIATIONAL RECOVERY 
C FORMULA nON 
c .............................................. . 
CALL VISRHD(VHS ,GF ,x ,Y ,NOD ,IR , 
1 IF ,GAUSS, WT ,NPE ,NElM ,NNOD, 
2 NSIZ ,NSTF ,PMG ,NEM ,NNM ) 
C ......•...••.•.....................•..•••••... 
C CHECK FOR ISOTHERMAL CASE 
C .............. , .. , ................ , ........ , .. , 
IF ( NNISO ,EQ. I ) THEN 
CALL RSAVE (TF , TFI, NET) 
GOTO 420 
ENDIF 
c .............................................. . 
c .............................................. . 
C CALCULATION OF TEMPERATURE 
c ............................................... . 
CALL TMPRUR ( 
1 IF ,TA ,GF ,TO ,SO , 
2 GAUSS, WT ,VHS ,GFSI, GFSO ,GfM 
3 X ,Y ,NOD ,NOP ,CPHI 
4 BCT ,NCODT, NOPPT ,MDFf ,NDNT 
5 NPE ,IR ,IF ,DT ,THETA,NDFT,NEM 
6 NET ,NNM ,NTRAN ,NSUPG, NCARB 
7 AK ,CP ,VPROP 
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S NSIZ ,NSTF ,NELM ,NNOD ,MAXFR, IYIS 
9 RI ,ELF. ELSTrF , DMASS , ELF! 
I illEST. NK ,EQ ,LHED, LPIV 
2 JMOD ,QQ ,PVKOL, NCYL 
3 NeOD ,BC ,NOPP ,MDF 
c ........................................ .......................... .. 
c ..................................................................... . 
CALL VNORM (TN • NET. TFA ,TF ,NSlZ) 
WRllE (*.5115) TN 
WRITE (10,5115) TN 
c .................................................... . 
C CALCULATION OF THE VALUE OF F 
c .................................................... .. 
420 IF( NFREE.NE.l) THEN 
CALL FRSFVL ( 
1 GFS • GFSI • GFSO • OF • GFM 
2 GAUSS, WT 
3 X .Y ,NOD ,NOP 
4 BCF ,NCODF. NOPPF • MDFF • NDNF 
5 NPE ,IR ,IF ,DT ,TIlETA,NDFF.NEM 
6 NEF ,NNM , 
8 NSIZ ,NSTF ,NELM ,NNOD • MAXFR , IVIS 
9 RI ,ELF • ELSTIF, DMASS 
1 LDEST, NK ,EQ ,LHEO. LPIV 
2 JMOD ,QQ ,PVKOL 
3 NeOD ,BC • NOPP • MDF 
C ... 
CALL VNORM (FN , NEF ,GFSI ,GFS ,NSIZ) 
WRITE (*,5120) FN 
WRITE (l0. 5120) FN 
ENDW 
c ............................................... . 
C CONCENTRATION CALCULATIONS 
c ............................................... . 
IF (NeARB.NE.!) THEN 
CALL CARBON ( 
1 CRF ,GF ,CRO .GFS ,GFM 
2 GAUSS. WT 
3X ,Y ,NOD ,NOP 
4 BCC ,NCODC. NOPPC ,MDFC ,NDNC 
5 NPE .IR ,IF ,DT ,THETA,NDFC,NEM 
6 NEC ,NNM 
7 NSIZ ,NSTF ,NELM ,NNOD. MAXFR 
8 RI, ELF ,ELSTIf. DMASS 
9 LDEST, NK ,EQ ,LHED. LPIV 
I JMOD ,QQ ,PVKOL 
2 NCOD ,BC ,NOPP ,MDP 
c .................................................................... .. 
CALLEFVf ( 
I CPHI ,GF ,CPHIO, CPHIA ,CRF ,CRO, GFM 
2 GAUSS, WT ,VPROP, GFS 
3X ,Y ,NOD ,NOP 
4 Bce ,NCODC, NOPPC ,MOFC ,NDNC 
5NPE ,IR ,IF ,DT ,THETA,NDFC,NEM 
6 NEC ,NNM 
7 NSIZ ,NSTF ,NELM , NNOD ,MAXFR 
8 RI ,ELF ,ELSTIf, DMASS 
9 LDEST ,NK • EQ ,LHED, LPIV 
1 JMOD • QQ , PVKOL 
2 NeOD ,BC • NOfP • MDP 
C ... 
CALL VNORM (CN , NEC , CPHIA • CPHI ,NSIZ) 
WRlTE(*,5125)CN 
WRITE (10.5125) eN 
ENDIF 
WRITE (*, 'OH)') 
WRITE (10 , '(1 H )) 
c .............................................. .. 
C STREAM fUNCTION CALCULA nON 
c .............................................. .. 
c .............................................. . 
C CHECK TIlE CONVERGENCE 
c .............................................. . 
CALL RENW AL (GFI ,Gf ,NEQ. 1.00DOO) 
CALL RENWAL (TFI , TF • NET, l.ooDoo ) 
CALLRENWAL( GFSI, GFS, NEF, 1.00000) 
CALL RENWAL (CPHIA, CPHI, NEC , I.OODOO) 
IF (VN .LT. TOLEI .AND. 
I 1N .LT. TOLE2 .AND. 
2 FN .LT. TOLEt .AND. 
3 CN .LT. TOLE! ) IEND=I 
IF (ITER.EQ.NITER.AND.NTRAN.EQ.I ) lEND = I 
IF (ITER.EQ.NlTER.AND.NTRAN.NE.l.AND.IEND.NE.1 ) TIIEN 
IDIV = IDIV + 1 
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c ..... GOTO 435 
lEND = I 
ENDlF 
c ................... " ............................. . 
c ......................... . 
C OVJPUTING THE NODAL VALUES 
c................ . .................... . 
CALL OUTPUT (NNM ,OF, 1F , NSIZ, PSOUT • NNEE , PMG • 
I CRF • PRHS • TIME. NWR ,NTRAN 
2 ITER , lEND .VN ,TN ,GFS • 
3 NFREE, NCARB • VHS ,CPHI , VPROP 
c ............................................................... " .. , 
IF (IEND.EQ.1 ) GOTO 416 
c ........ , ........................................................... . 
1000 CONTINUE 
c ............................................... . 
416 CALL RSAYE (SO, GF, NEQ) 
IF (NNISO.EQ.2) CALL RSA VE ( TO • TF, NET) 
CALL RSAVE (GFSO ,GFS. NEF) 
CALL RSA VE (eRO • CRP. NEe ) 
CALL RSA VE ( CPHIO. CPHI, NEC) 
c .................................................... . 
C .............................. .. 
60 CONTINUE 
C ............................... . 
C 
C ... WRITING THE NUMBER OF NODES AND ELEMENTS AND 
C .. ELEMENT CONNECTIVITY DATA FOR INTERPOLATION METHOD 
C 
c 
REWIND 12 
WRITE ( 12 ) NNM,NEM 
DOI=l,NEM 
WRITE ( 12) (NOD(I,J),l=I,NPE) 
ENDDO 
ENDFILE 12 
ENDFlLE 20 
ENDFlLE22 
C .............................. .. 
ENDFlLE30 
ENDFILE 31 
ENDFlLE32 
C .............................. .. 
CLOSE (2 ) 
CWSE(3) 
CWSE(10) 
CLOSE (12) 
CLOSE (20) 
CLOSE (30) 
CWSE(31) 
CLOSE (3Z) 
C .............................................. .. 
C FORMAT 
c ................................................ . 
C 
C ..... WRITE FORMATS 
C 
5000 FORMAT (IX, 'ENTER INPUT FILE NAME _ ',$) 
5003 FORMAT (lX,'ENTER OUTPUT FlLENAME_ ',$) 
.5005 FORMAT (I X, 'BINARY FILE GENERATION FOR NODES AND ELEMENTS I:NO, 2 
I:YES ',$) 
.5006 FORMAT (IX,'FREE SURFACE ANALYSIS (?)',1, 
I 'LNO',f, 
2 '2: YES ( WITHOUT AIR COMPRESSIBILITY )',1, 
3 '3: YES ( WITH AIR COMPRESSIBrUTY )') 
.5009 FORMAT (lX, TYPE OF RHEOLOGICAL EQUATION AND CQORDINA TB SYSTEM:', 
1 1.2X: I) GENERALIZED NEWTONIAN (R..OW EQ. IN CARTESIAN)', 
'2 f,'2X,' 2) CEF (FLOW EQ. 1N CYLINDRICAL)" 
3 1,2X,' 3) GENERALIZED NEWTONIAN IN AXISYMMETRIC (R,Z) ') 
.5010 FORMAT (lX,'TYPE OF TIME ANALYSIS:', 
1 1,2X, 'I) STEADY sr ATE ( INDEPENDENT OF TIME)', 
2 1,2X,'2) TRANSIENT(BOTHEQ. WITH THETA METHOD)" 
3 1.2X,'3) TRANSIENT (FLOW EQ. WITH THETA AND HEAT EQ. WIT 
4H TA YLOR-GALERKIN» 
5011 FORMAT (3X " INITIAL DATA OPTIONS :', 
1 1,6X,'I) INITIAL FROM INIPUT FILE', 
2 1,6X,'2) PREVIOUSLY EXECUTED MODEL (EULERIAN)" 
3 1,6X,'3) PREVIOUSLY EXECUTED MODEL (ALE),) 
5015 FORMAT (IX,"TYPE OF TEMPERATURE ANALYSIS:', 
I 1,2X:l) ISOTHERMAL '. 
2 1,2X,'Z) NONISOTHERMAL') 
50Z0 FORMAT (lX, 'TYPE OF UPWINDING lECHNIQUE FOR HEAT EQUATION', 
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I 1,2X,'1) STANDARD GALERKIN METHOD', 
2 1,2X, '2) STREAMLlNE UPWINDING • 
3 I,2X,'3) STREAMLINE UPWlNDING I PETROV-GALERKIN') 
5022 FORMAT (lX,'ENTER INITIAL FILE FOR FREE SURFACE _ ',$) 
5024 FORMAT (IX,I,' DATE: ',12,'r.12,'/',14) 
5025 FORMAT (IX, TITLE : ',A,I) 
50l6FORMAT (lX;A N A L Y S I S TY PE :',1, 
I IX,'NTRAN = ',14,1, 
2 IX,'!· STEADYSTATE(lNDEPENDENTOFTIME)"J, 
3 1 x: 2 - TRANSIENT ( THETA METHOD )',/, 
4 IX,' 3 - TRANSIENT (THETA METHOD & TAYLOR·GALERKlN)',!, 
5 IX.'NNISO = ',14,1, 
6 IX; 1 - ISOTHERMAL ',/, 
7 IX: 2 - NONISOTHERMAL ',I, 
S lX,'NSUPG = ',14,1, 
9 IX: I - STANDARD GALERKlN METHOD',I, 
I IX,' 2 - STREAMLINE UPWINDING'j. 
2 IX: 3· STREAMLINE UPWINDING I PETROV·GALERKIN',I, 
3 IX,'NCYL= ',14'/, 
4 IX,' I - GENERALIZED NEWTONIAN ',I, 
SIX,' 2 - CEF ',/, 
6 IX,' 3 - AXISYMMETRIC (GN) ',I) 
5027 FORMAT (IX,'N O. OF EL EM EN TS = ',15,1. 
I IX,'NO.OF NODES =',15,1) 
5030 FORMAT (IX,'POWER LAW CONSTANT ... & POWER LAW INDEX .. =',2D1S.S) 
5040 FORMAT (IX. 'TEMPERATURE SENS . ... =',FI5.5,1,' REFERENCE TEMP ..... 
l.=',FIS.5,I,' HEAT CAPACITY ........ =·,F15.5,1,' THERMAL COND .... . 
2 ... =·,FI5.5,J) 
S(}41 FORMAl (lX,'VISCOSITY EQUATION TYPE ..... ='.15,1, 
I 7X,'1 : POWER LAW '" 2: CARREAU MODEL',I) 
5042 FORMAT (lX,'RELAXATION TIME ................ ='.D15.S,I 
I IX,'SLIP COEFFICIENT ............... =',DI5.5,1 
2 IX,'KINETICS CHARACTERISTIC TIME ... =·,D15.5,1) 
5043 FORMAT (I X. 'FIRST CHARAC. CONS. FOR PSIC .•. =',D15.5,1 
1 IX,'SECOND CHARAC. CONS. FOR PSIC ... =',Dl5.5,J) 
5045 FORMAT (IX,I,'··ERROR-- MAXIMUM NO. OF NODES ',17) 
5050 FORMAT (IX'!, '--ERROR-- MAXIMUM NO. OF ELEM. ',17) 
505S FORMAT (lX,'PRIMARY DEGREE OFFREEDOM',I) 
5060 FORMAT (lX.l5,2X,5A2,5FI0.4,FI0.6) 
5062 FORMAT (IX/,'SLIP LA YER(S) DATA'/) 
5063 FORMAT (lX,415,F20.1O) 
5065 FORMAT (lX,I,'··ERROR IN NO. OF INITIAL DEFINITION OF EQUATIONS,) 
5070 FORMAT (lX,' NODAL POINTS COORDINATES (X,Y): ',I) 
5075 FORMAT (5X,I5,2FI0.4) 
5OS0FORMAT (lX,f,'CONNEVTIVITY MATRIX :',1) 
5085 FORMAT (IX,IOI5) 
5088 FORMAT (IX,' FLOW EQUATION TOLERANCE=', D1S.5,I, 
I IX,'TEMPERATURE EQ. TOLE =', D15.5 ) 
SilO FORMAT (lX,'NT=',15,' IT=',12,' >E(FL)=',F7.A.,$) 
5115 FORMAT (' >E(TP)=',F7.4,$) 
5120 FORMAT (' >E{FS)=',F7.4,$) 
5125 FORMAT (' >E(CR)=',F7.4,$) 
C 
C ... READ FORMATS ................... . 
C 
6000 FORMAT (A) 
6005 FORMAT ( I3 ) 
6010 FORMAT (A) 
601S FORMAT (1615) 
6020 FORMAT (4D15.5) 
6025 FORMAT (I5,2X.5A2,5FIO.4.FIO.6) 
6026 FORMAT (4I5,F20.IO) 
6030 FORMAT (5X,2G20.8) 
6035 FORMAT (1015) 
6040 FORMAT (3FIO.4) 
6041 FORMAT (I5,F5.1) 
6045 FORMAT (3F20.9) 
6Q5O fORMAT (lFIS.B,IS,FIO.4) 
6055 FORMAT (415,DI5.5) 
C 
c ........... , ........ , ...................... , 
c 
STOP 
END 
C ...................................................... , ....... . 
C END OF THE MAIN PROGRAM 
c ............................................................. .. 
C 
c ............................................. . 
C SOLUTION OF FLOW EQUATIONS 
c .............................................. . 
SUBROUTINE FLOWCN ( 
1 GF .GFI ,TFI ,so ,GFSI ,GFSO. TO 
2 GAUSS. WT • CPHl ,GFM 
3X ,Y ,NOD .NOP 
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4 BeV , Neoov ,NOPPY , MDFV • NDNV 
5 NPE ,IR ,IF ,DT ,THETA,NDFY,NEM 
6 NEQ • NTRAN • NeARS, NCYL 
7 PRHS ,VPRQP, lVIS 
8 NSIZ • NSTF • NELM ,NNOD ,MAXFR 
9 RI ,ELF, ELSTIF, DMASS • VHS 
1 LDEST ,NK • EQ • WED ,LPlV , 
2 lMOD ,QQ • PVKOL ,NSB ,ISSB, NSSB • PBU 
3 NeOD • BC • NOPP ,MOF • NSDOF. PPVL. NBF 
c .............................. . 
IMPLICIT REAL *8 (A-H,O·Z) 
C .............................. . 
DIMENSION GF (NSIZ), GFI (NSIZ), TFI (NSIZ) 
DIM:ENSION SO ( NSlZ) • VHS ( NSIZ. 5) • TO (NSIZ) 
DIMENSION GFSI (NSIZ). GFSQ (NSlZ) ,GfM (NSlZ) 
DIMENSION CPHI (NSIZ) 
DIMENSION GAUSS (4,4 ). WT( 4,4) 
DIMBNSION VPROP (30 ) 
DIMENSION X ( NNOD ) • Y (NNOD) 
DIMENSION NOD (NELM ,9) • NOP ( NELM , 9) 
DIMENSION Bev (NSIZ). NeODV (NSIZ). NOPPY (NSIZ) 
DIMENSION MDW (NSIZ), NDNV (NSIZ) 
DIMENSION NSDOF (NSIZ • 4) , PPVL ( NSIZ) 
DIMENSION 15SB (NSIZ), NSSB (NSIZ, 3), PBU (NSIZ) 
C ............................ . 
OllvlENSION ELF (NSTF) • ELSTIF (NSTF,NSTF) 
DllvIENSION ELF! (18 ) ,ELSTID (18 ,18) 
DllvIENSION DMASS (NSTF ,NSTF) 
DIMENSION LOEST (NSTF ) 
DIMENSION LHED (MAXFR) 
DllvIENSION NK (NSTF) 
DMENSION LPIV (MAXFR) 
DIMENSION JMOD (MAXFR), QQ (MAXFR) 
DllvIENSION PVKOL (MAXFR), RI (NSIZ) 
OIM.ENSION EQ (MAXFR ,MAXFR) 
DllvIENSION BC (NSIZ) • NCOD ( NSIZ) , NOPP ( NSIZ ) 
DllvIENSION MDF (NSIZ ) 
c. ............................ . 
c .. . 
C .. . 
CALL ARRZRF (GF , NEQ ) 
CALL ARRZRF (Rl ,NSIZ) 
CALL RSA VI (NOPP • NOPPV ,NSIZ) 
CALL RSA VI (MOP ,MDFV • NSIZ) 
CALL ARRZRI (NCOD ,NSIZ) 
CALL ARRZRF (BC ,NSIZ) 
C CALL RSA VE (BC ,Bev ,NSIZ) 
C CALL RSA VI (NCOD ,NCODV ,NSIZ) 
c ... 
C 
DO 20 NE=I,NEM 
CALL ARRZRF (ELF ,NSTF) 
CALL ARRZRF ( ELF! , NSTF) 
c ............................................................ _ ..
C 
C CHOOSE EITHER SUBROUTINE (STIFF) FOR CONTINUOUS PENALTY METHOD . 
C OR STlFD FOR DISCRETE PENALTY METHOD 
C 
c ..................................................................... . 
CALL STIFF (NE ,NPE, GAUSS, WT • ELSTIF ,NCYL 
1 VPROP , GFI ,1FJ ,VHS ,CPHI. NCARB 
2 NOD ,x ,Y ,m,IF ,NELM ,NNOD, 
3 NSIZ • NSTF, IVIS ,GFSI,GFM ) 
C CALCULATION OF ELEMENTAL WAD VECTOR FOR BUBBLE 20,12.2004 M.PARVAZINIA 
C CALL ELFVB (NE ,NPE, GAUSS, WT , ELF, OF! ,rn. 
VPROP, IVIS ,VHS ,AK, CP ,CPHI, C I 
C 2 NOD ,x , Y ,IR,IF ,NELM,NCYL, 
C 3 NNOD ,NSIZ, NSTF ,NSUPG ,GFSI, AKESI ) 
C 
c .. CALCULATION OF BOUNDARY INTEGRAL ( LINE INTEGRAL) 
C 
C IF YOU WANT TO CALCULATE THE LINE INTEGRAL IN THE 
C SOLUTION SCHEME, ACTIVATE TIlE 'BUINTG' SUBROUTINE 
C 
C 
C 
IF (NSS.NE.O) THEN 
CALLBUINTG(NE ,NOD ,x ,Y ,GAUSS,WT ,IF , 
NELM , NNOD , NS12, ELF, NSTF , VHS , PRHS • 
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2 VPROP. CPHI , TA , IVIS, NeARB • NPE ,NSB , 
3 J5SB. NSSB, PBU ,NCYL ) 
ENDlF 
c .... 
IF (NTRAN .EQ.2.0R.NTRAN.EQ.3 ) THEN 
IF(THETA.EQ.I.O) THEN 
CALL ARR2ZF ( ELSTID , NSTF) 
CALL ARRZRF(ELFl,NSTF) 
ELSE 
CALL STIFF (NE • NPE. GAUSS, WT ,BLSIID, NCYL 
1 VPROP, so . TO ,VHS, CPHI • NeARS 
2 NOD ,X.Y ,IR,IF ,NELM ,NNOD, 
3 NSIZ ,NSTF, IVIS ,GFSO,GFM ) 
c .................... . 
IF (NSB.NE.O) THEN 
CALLBUINTG(NE ,NOD.X ,Y ,GAUSS,WT ,IF , 
1 NELM. NNOD, NSIZ. ELFl, NSTF • VHS. PRHS • 
2 VPROP, CPHI , TO ,IVIS, NCARB , NPE, NSB , 
3 ISSB • NSSB , PBU • NCYL ) 
ENDlF 
c ... 
ENDIF 
CALL MASS (NE. NPE, GAUSS, WT • DMASS. NOD, 
1 X ,v .IR ,IF,NELM,NNOD,NSTF, 
2 GFSI • VPROP ,NSIZ • NCYL ) 
CALL ADDELF (ELF. ELFl • THETA, DT • NPE, NSTF, NDFV) 
CALL ELFC (NE • NPE, OT • THETA. ELSIID, ELF. 
DMASS • SO ,NOD • NELM ,NSIZ ) 
CALL ADDSF (NPE, DT • THETA. ELSTJF, DMASS , NDFV ) 
ENDfF 
C CALL ARRZRF (ELF,NSTF) 
C ... 
CALL 
I 
2 
3 
4 
PUTBCV (NOD , NCODV , BCV ,ELSTIF, ELF 
NSDOF, NE ,NS1Z, NsrF ,NELM, NNOD, 
X ,Y , PPVL, NPE ,NBF. VPROP. 
GFI • TA • IVIS ,VHS , CPHI. NeARB, 
GFSI,IR ,IF ,GAUSS ,WT ) 
CALL FRONT 
I( ELSTIF ,ELF ,NE ,Nap, NELM ,NSTF, LDEST ,NK • 
2 MAXFR ,EQ ,LHED, LPIV ,]MOD • QQ , PVKOL, OF , 
3 RI • NeOD , BC • NOPP ,MDF , NDNV • NSIZ ,NEM 
4 NSIZ ,NEQ , LCOL, NELL, NPE ) 
C ... 
20 CONTINUE 
C .................... . 
RETIJRN 
c ...... , ............. . 
END 
c. ............................................................ .. 
C CALCULATION OF ELEMENT STIFFNESS MATRIX FLOW TERMS 
C .............................................................. . 
C 
SUBROUTINE STIFF (NE , NPE, GAUSS ,WT, ELSTIF • NCYL 
1 VPROP, OH, T ,VHS, CPHI ,NeARB 
2 NOD , X ,Y ,IR ,IF ,NElM ,NNOD, 
3 NSlZ , NSTF, IVIS • GFSI ,GN ) 
IMPUClT REAL *8 (A-H,O-Z) 
DIMENSION NOD (NELM,9), x (NNOD). Y (NNOD) 
DIMENSION VPROP (30 ), VHS ( NSlZ, 5 ) , cpm (NSIZ) 
DIMENSION GFI (NSIZ) ,T(NS[Z) ,GFSI ( NSIZ) , GFM (NSIZ) 
DllvlENSION AKll (9.9). AK12 (9,9), AK21 (9,9), AK22 (9,9) , 
1 Sll (9,9), S12 (9,9), S21 (9,9), S22 (9,9) • 
2 DSIE (9) ,DSIK (9) ,DSIKM(9),DSIEM(9),SIM(9) • 
3 XJ (9) ,YI (9) ,AI (2,2), All (2,2) 
DIMENSION ELSTIF (18,18), GAUSS (7,7), WT (7,7), 
1 SI (9) ,ell (9,9), C22 (9,9) 
DARCY=lE4 
c. ............ . 
CALL ARR2ZF (AKll ,9 
CALL ARR2ZF (AK12, 9 
CALL ARR2ZF (AK21 , 9 
CALL ARR2ZF (AK22 ,9 ) 
CALLARR2ZF(SIl ,9 ) 
CALLARR2ZF(SI2,9 ) 
CALLARR2ZF(S21 ,9 ) 
CALL ARR2ZF (S22 , 9 ) 
CALL ARR2ZF (Cll ,9 ) 
CALL ARR2ZF (C22 ,9 ) 
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CALL ARR2ZF ( ELSTIF • NSTF) 
C,""" 
c 
DO}::=l,NPE 
XJ(I)=X{NOD(NE,I» 
YJ(l)=Y(NOD(NE,l)) 
ENDOO 
C FULL INTEGRATION AND CONVECTION TERMS 
C 
DO 24 KI=l ,IF 
AKESI=GAUSS(Kl,IF) 
DO 24 KJ=I,IF 
ETA=GAUSS(KJ,IF) 
CALL SHAPE (AKESI , ETA, DSIK • DSIE , SI • NPE, 
I DSIKM,DSIEM,SlM,ELLGTH,NE • NOD, X • Y ,NELM, NNOD) 
C CALL SHAPESH (AKESl , ETA. DSIK • DSrE , SI • NPE, 
C 1 DSIKM , DSIEM , SIM,ELLGTH,NE, NOD. X ,Y ,NELM, NNOD, 
C AMU • GAMAD, VPROP, VHS. CPHI 
C G • T ,NSIZ ,IVIS,NCARB) 
CALL)ACOB2 (AJ. All, DET, XI, YI, DSIK. DSIE, 
NPE,NE) 
CALL VISCOS (AMU ,GAMAD, VPROP, NE • VHS ,ePHI. 
I NPE ,AKESI,ETA ,GFl,T,NOD,X. 
2 Y ,NELM, NNOD • NSIZ , IVIS, NeARB ) 
CALL VVN (UN ,YN, SI,SIM ,NPE • NE • GFI. NOD, 
NELM,NSlZ ) 
CALL UVN (UM ,VM, SI,SIM • NPE • NE. GFM", NOD, 
NELM,NSIZ ) 
CALL FPSL ( FV AL ,SI ,NPE ,NE, GFSI, NOD, NEW, NSIZ) 
AMU = (fV AL*AMU +(l-FV AL)*VPROP(8» 
DEN = FYAL*VPROP(l4)+(1-FVAL)*VPROP(9) 
IF ( NCYLEQ.3) THEN 
XR=O,O 
DOKK=I,NPE 
XR=XR+SI(KK)*XJ(KK) 
ENDDO 
XCC=XR 
ELSE 
XCC=l.Q 
ENDIF 
COEF= OET*WT(KI,IF)*WT(KJ,IF)*XCC 
DO 26 M=1 ,NPE 
DSXM= DSIKM(M) * AJI(1,l) + DSIEM(M) * AJI(l,2) 
DSYM=- DSIKM(M) * AlI(2,1) + DSIEM(M)" AJl(1,2) 
DO 26 N=I,NPE 
DSXN= DSIK(N) ... AJI(I,l) + DSIE(N) ... AJI(l,2) 
DSYN= DSIK(N) * AJI(2,1) + DSIE(N) '" AJI(2.2) 
AKll(M,N) = AKll(M,N) + 
1 (2*DSXN*DSXM+DSYN"'DSYM+DARCY*SI(N)*SIM(M»*AMU*COEF 
AKI2(M,N) =- AK12(M,N) + 
AMU"'DSXN*DSYM*CQEF 
AK21(M,N) =- AK21(M,N) + 
AMU"'DSYN*DSXM*COEF 
AK22(M,N) ::: AK22{M,N) + 
1 (2*DSYN*DSYM+OSXN*DSXM+DARCY*SI(N)*SIM(M»*AMU*COEF 
C Cll(M,N)= CIt(M,N) + (UN·UM)*DEN * SI(M)*DSXN*COEF 
C C22(M,N)= C22(M,N) + (VN-VM)*DEN" SI(M)*DSYN*COEF 
26 CONTINUE 
24 CONTINUE 
C ..... 
C 
C REDUCED INTEGRATION 
C 
CALL ARR2ZF (SI 1 ,9 
CALLARR2ZF(S12,9 
CALL ARR2ZF (S21 .9 
CALL ARR2ZF (S22 ,9 
C .......... . 
DO 56 Kl=l,IR 
AKESI=GAUSS(Kl,IR) 
DO 56 KJ=I,IR 
ETA=GAUSS(KJ,IR) 
CALL SHAPE (AKFSJ , ETA , DSIK, OSIE , SI , NPE , 
1 OSIKM, DSIEM, SJI\.1,ELLGTII,NE, NOD. X ,Y ,NELM, NNOD) 
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CALL JACOB2 ( AJ , AJI , DET • XJ , Y J , DSIK , DSlE, 
NPE, NE) 
CALL VIS COS (AMU ,GAMAD. VPROP, NE ,VHS. CPHI • 
1 NPE ,AKESr,ETA ,OA ,T,NOD,X, 
Z Y ,NELM. NNOD, NSIZ. lvrs, NeARB) 
CALL FPSL ( FV AL ,SI ,NPB ,NE, GFSI, NOD, NELM, NSlZ) 
AMU = (FV AL '" AMU+( I-FV AL)"'VPROP(8» 
IF ( NCYL.EQ.3) THEN 
XR=O.O 
DOKK=l,NPE 
XR=XR-tSl(KK)"'XJ(KK) 
ENDDO 
XCC=XR 
ELSE 
XCC=1.0 
ENDlF 
COEF::; VPROP(15)*AMU*DET*WT(KI,IR)"'WT(KJ,lR)"'XCC 
D030M=1,NPE 
DSXM= DSIKM(M}'" All(l,l) + DSIEM(M) ... AJI(I,2) 
DSYM= DSIKM(M) ... AJI(2,1) + DSIEM(M) '" AJI(2,2) 
DO 30 N=I,NPE 
DSXN= DSIK(N) '" AJI(l,l) + DSIE(N) '" AJI(I,2) 
DSYN= DSIK(N) '" AJI(2.1) + DSIE(N) '" AJI(2,2) 
IF (NCYL.EQ.l ) THEN 
Sll(M,N)= Sll(M,N) + DSXN*DSXM*COEF 
S12(M,N)= S12(M,N) + DSYN*DSXM"'CQEF 
S21(M,N)= S21(M,N) + DSXN*DSYM*COEF 
S22(M,N)= S22(M,N) + PSYN*DSYM*COEF 
ELSE 
SII(M,N)= Sll(M,N) + (DSXN+SI(N)IXR)"'DSXM*COEF+ 
(SIM(M)IXR)*(DSXN+(SI(N)IXR»"'COEF 
S12(M,N)= S12(M,N) + DSYN"'DSXM"'COEF+ 
(SIM(M)IXR)*DSYN*COEF 
S21(M,N)= S21(M,N) + (DSXN+SI(N)IXR)*DSYM*COEF 
S22(M,N)= S22(M,N) + DSYN*DSYM*COEF 
ENDIF 
30 CONTINUE 
56 CONTINUE 
C 
c ...................... . 
DOI=I,NPE 
D01=l,NPE 
AKll (I,J)=AKll (1,1)+ SI l(l,J)+CI1(I,})+C22(I,J) 
AK22(1,J)=AK22(1,J)+ S22(l,J)+Cl I (1,1)+C22(l,J) 
AKI2(I,J)=AK12(I,J)+ SI2(1,J) 
AK21(1,1)=AK21 (I,J)+ S21 (1,1) 
ENDDO 
ENDDO 
c .......... . 
C 
C REORDERING TIIE STIFFNESS MA lRIX 
C 
DOl=l,NPE 
M=2*I·l 
DOJ=I,NPE 
N=2*J·l 
ELsrIF (M ,N ) = AKll (1,J) 
ELSTIF (M , N+l ) = AK12 (1,1) 
ELSTIF (M+l, N ) = AK21 (I,l) 
ELSTIF (M+I, N+I ) = AK22 (1,1) 
ENDDO 
ENDDO 
c ......... , ......... , ... " .......... " .................... . 
RETURN 
END 
c ..................... " ...................... .. 
C ELEMENT WAD VECTOR FOR BUBBLE CALCULATION 20,12,2004 M.PARV AZINIA 
c ...................... " ............ " ....... .. 
SUBROUTINE ELFVB (NE ,NPE, GAUSS, WT ,ELF, GFI ,m. 
I VPROP, IVIS ,VHS ,AK, CP ,CPHI, 
2 NOD .X ,Y ,IR,IF ,NELM,NCYL. 
3 NNOD ,NSIZ, NSTF ,NSUPG ,GFSI, AKESI ) 
IMPUCIT REAL*8 (A·H,Q-Z) 
DIMENSION NOD( NELM,9). X(NNOD) ,Y(NNOD) 
1 BLF(tS) • GFl(NSIZ) ,m(NSIZ) • 
2 GAUSS(7,7), WT(7,1) , 
3 DSIK(9) , DSIE(9) , S1(9), DSIKM(9),DSIEM(9),SIM(9) , 
4 AJl(2,2). AJ(2,2) ,XJ(9) , YJ(9) , 
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5 VPROP (30) • VHS (NSIZ. 5) ,GPSl (NSlZ) 
DllvlENSION CPHI ( NSIZ ) 
c ........................ . 
C ....... " .... B IS BUBBLE COEFFICIENT ....... . 
B=O.OB 
DOI=I,NPE 
XJ(I)=X(NOD(NE,I)) 
YJ(J)=Y(NOD(NE,I) 
ENDDO 
c .......................... . 
CALL ARRZRF (ELF , NSTF ) 
c ............. , ........... . 
DO 20 K1.I.!F 
AKESI=GAUSS(KUF) 
DO 20 KJ=I,IF 
ETA=GAUSS(KJ,If) 
CALL SHAPE (AKESI. ETA, DSIK , DSIE, SI • NPE, 
1 DSIKM. DSIEM • SlM,ELLGTH,NE. NOD. X ,Y ,NEIM, NNOD) 
CALL JACOB2 (AJ ,AJI, DET ,Xl, YJ ,DSIK, DSIE, 
NPE,NE) 
CALL VIS COS (AMU ,GAMAD, VPROP • NE • VHS • ePRI , 
I NPE ,AKESI , ETA ,OFI ,T,NOD,X. 
2 Y ,NELM, NNOD • NSIZ , rvIS, NeARB ) 
CALL UVN (UN, VN ,SI, SIM, NPE, NE , GP. 
NOD, NELM • NSIZ ) 
CALL FPSL ( FV AL ,SI ,NPE ,NE. GFSI, NOD. NELM, NSIZ) 
DEN::: FV AL"'VPROP(l4)+(l.FV AL)*VPROP(9) 
Cpp= FVAL*CP +(i-FVAL)*VPROP(Il) 
AKK= FVAL*AK +O-FVAL)*VPROP(lO) 
IF (NCYL.EQ.3) THEN 
XR::{).O 
DOKK==l,NPE 
XR=XR+SI(KK)*XJ{KK) 
ENDDO 
XCC=XR 
ELSE 
XCC=1.0 
ENDlF 
COEF= DET*WT(KI,If)*WT(KJ,IF)*XCC 
IF (GAMAD.LT.O.l) THEN 
GAMAD=l 
ELSE IF (GAMAD.GT.0.2) THEN 
GAMAD=10*GAMAD 
END IF 
DO 25 M=l,NPE 
210 ELF(M)=:ELF(M)+ B *(1 lGAMAD)>I'SIM:(M)>I'{ l-AKESI**2)>I'(1-ET A *"'2)* 
1 COEF 
25 CONTINUE 
20 CONTINUE 
RETURN 
END 
c ................................ .. 
e MASSMATRIXCALeVLATION (FLOWEQ.). 
C ..................... " ................. .. 
SUBROUTINE MASS (NE, NPE. GAUSS, WT , DMASS, NOD 
1 X.Y .m , IF,NELM,NNOD,NSTF, 
2 GFSI, VPROP, NSIZ ,NeYL ) 
IMPUClT REAU8 (A·H,O-Z) 
DIMENSION GAUSS(?,?) ,WT(?,7), DMASS (18,18). DM(9,9), 
I SI(9) • DSLE(9) • DSIK(9) • XJ(9) • 
2 YJ(9) ,AJ(2,2), AJI(2,2). 
3 DSIKM(9),DSIEM(9),SIM(9) 
DIMENSION NOD(NELM,9) • X(NNOD), y(NNOD) 
DIM.ENSION GFSI ( NSIZ) , VPROP ( 30) 
NDE=2*NPE 
DO 1= I,NPE 
XJ(l)= X(NOD(NE.m 
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c.. 
YJ(I):: Y(NOD(NE,I)) 
ENDDO 
CALL ARR2ZF (DMA5S , NSTF) 
CALL ARR2ZF (OM , 9 ) 
c .......... . 
DO 24 KI=l,IF 
AKESI=GAUSS(KI,lF) 
DO 24 KJ=l,lF 
ETA=GAUSS(KJ,IF) 
CALL SHAPE (AKESJ. ETA. DSIK , DSIE. SI • NPE, 
1 OSIKM • DSIEM , SIM,ELLGTH,NE • NOD, X ,Y ,NELM, NNOD) 
CALL JACOB2 ( AJ , AJI , OET • Xl, YI , DSIK , DSlE , 
NPE,NE) 
CALL FPSL (FV AL ,SI ,NPE ,NE, GFSI, NOD, NELM, NSlZ) 
C DEN = FVAL*VPROP(14)+(I.FV AL)"'VPROP(9) 
C FOR DIMLESS DEN=l 
DEN=! 
IF (NCYL.EQ.3) THEN 
XR=O.O 
DOKK=I,NPE 
XR=XR+SI(KK)*X1(KK) 
ENODO 
XCC=XR 
ELSE 
XCC=1.0 
ENDIF 
CQEF= DET*WT(KI,IF)"'WT(KJ,IF)"'XCC 
DO 26 M=l,NPE 
DO 26 N=I,NPE 
26 DM(M,N)= DM(M,N)+DEN*SIM(M)"'SI(N)*COEF 
24 CONTINUE 
c. ... REORDERING THE MASS MATRIX 
DO 44 l=l,NPE 
M=2*I·l 
DO 44J=I,NPE 
N=2*J·l 
DMASS(M,N)=DM(I,J) 
DMASS(M,N+l)=O.O 
DMASS(M+l,N)=O.O 
44 DMASS(M+l,N+l)=DM(I,J) 
c ........................................ . 
CALL LUMP (PMASS , NSTF , NDB) 
c ........................................ . 
RETURN 
END 
c ......................................... . 
C ELEMENTAL LOAD VECTOR CALCULATION (FLOWEQ.) 
c .......................................................... . 
SUBROUTINE ELFC (NE ,NPE, DT ,THETA, ELSTlF • ELF • 
1 DMASS ,S • NOD ,NELM • NSIZ ) 
Th1PLICIT REAL *8 (A.H.O·Z) 
DIMENSION NOD(NELM,9) 
DIMENSION S(NSIZ},ELSTIF(1 S, 1 S),BLF( 1 S),DMASS( 1 S, IS),DEL T A( 18) 
NDE=NPE*2 
DOI=l,NPE 
DELTA(2*I.l)=S(2*NOD(NE.l)·I) 
DEL T A(2 *I)=S(2*NOD(NE,m 
ENDDO 
DOI=I,NDE 
DOJ=l,NDE 
ELF(I)=ELF<n+ 
1 (DMASS(I,J)·DT*(1· THET A)*ELSTIF(I,J))*DEL T A(J) 
ENDDO 
ENDDO 
RETURN 
END 
c ........ , ......... , ......... , .............. , ... . 
C AOD STIFFNESS AND MASS MATRICES 
c ............................................... . 
SUBROUTINE ADDSF ( NPE, DT, THETA. ELSTIF, DMASS ,NDF) 
IMPLICIT REAL *8 (A·H,O·Z) 
DWENSION ELSTIF(18.18),DMASS(18,18) 
NDE=NDP*NPE 
DOI=I,NDE 
DOJ=I,NDE 
ELSTIF(I,J) = DMASS(I,J) + DT*THET A *ELSTlF(I,J) 
ENDDO 
ENDDO 
RETIJRN 
END 
c ................................................................ . 
C PUTTIIEFlRST AND THE THmD DOF IN TIIE STIFFNESS EQUATIONS, 
C ( PARTIAL SLIP CALCULATION) 
c ................ " .............................................. .. 
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SUBROUTINE PUTBCY (NOD ,NCODZ. Bez ,ELSTIF. ELF 
1 NSDOF, NB ,NSIZ. NSTF ,NELM, NNOD , 
2 X ,Y , PPVL. NPE ,NBF, YPROP, 
3 GFI ,T , IVIS ,VHS , CPHI , NCARB, 
4 GFSI.IR ,IF ,GAUSS, WT ) 
lMPUCIT REAL "'8 (A-H,O-Z) 
DIMENSION NOD (NELM,9) • X( NNOD) , Y( NNOD) 
DIMENSION VHS (NSIZ, 5) ,CPHI (NSIZ) 
DIMENSION Bez (NSIZ) • NCQDZ (NSIZ) 
DIMENSION GFSI (NSIZ) 
DIMENSION VPROP(30) • OH (NSIZ) , T (NSIZ) 
DIMENSION ELF ( NSTF), ELSTIF (NSTF , NSTF) 
DIMENSION NSDOF (NSIZ , 4) • PPVL (NSIZ ) 
DIMENSION DSIK(9) , DSlE(9) , SI(9),DSIKM(9),DSIEM(9),SIM(9) 
DIMENSION XJ(9) • YJ(9) 
DIM:ENSION AJ(2,2). AJI(2,2) 
DIMENSION NP(3) 
DIMENSION GAUSS(7,7), WT(7,7) 
c ........... " 
C ..... GVAL= l.OD+300 .......... . 
c ............. . 
c 
DO 1=I,NPE 
XJ(I)=X(NOD(NE,Q) 
YJ(I)=Y(NOD{NE,I» 
ENDDO 
c .... MODIFICATION OF SflFFNESS MATRIX AND LOAD VECTOR FOR 1ST nQF 
c 
c 
DO 1= 1,NPB 
KBR=NOD(NE,I) 
DO J=I,2 
MBR= 2*KBR+J-2 
LBR= 2*I+J-2 
IF ( NCODZ(MBR).EQ. 1 ) THEN 
ELSTIF (LBR,LBR) = 1.0 
ELF (LBR ) = BCZ(MBR) 
DOK=l,NSTF 
IF (LBR.NE.K) ELSTIF ( LBR,K) = 0.0 
ENDDO 
ENDIF 
ENDOO 
ENDDO 
c .... MODIFICATION OF STIFFNESS MATRIX AND LOAD VECTOR FOR 3RD DOF 
C 
c 
c 
IF (NBF.EQ.O ) RETURN 
DO 100 IEN= I,NBF 
IF (NE.NE.NSDOF(lEN,4» GOTO 100 
c ..... , .... , .. , ........ .. 
NP(3)= NOD (NE, NSDOf ( IEN,3 ) ) 
NP(2)=NOD (NE.NSDOF( IEN,2» 
NP(1)= NOD ( NE, NSDOF( IEN,l» 
c ...... . 
DOlIOM=J,NPE 
MG=NOD(NE,M) 
IF (MG.NE.NP(l).AND.MG.NE.NP(2).AND.MG.NE.NP(3» GOTO 110 
C 
C .. CALCULA TrON OF THE COMPONENTS OF TIlE UNIT VECTOR NORMAL TO TIlE 
C BOUNDARY 
C 
CALL UTNML (M, X, Y, NP, DNX, DNY, ELLGTH, NNOD, 
1 NSDOF, NSIZ ,IEN ) 
c ............................................. . 
C DETERMINING TIlE LOCAL COORDll'lATE VALUES 
C AND CALCULATION OFTHE SHAPE FUNCTIONS AND THEIR DERrv A TIVES 
CALL DAKE (M,AKESI,ET A) 
CAU. SHAPE (AKESI, ETA, DSIK, DSIE, SI, NPE, 
I DSIKM. DSIEM , SIM,ELLGTH,NE , NOD, X ,Y ,NELM, NNOD) 
CALLIACOB2( A1 ,An, DET, Xl, YI, DsrK, 
DSIE, NPE, NE) 
c 
C .. CALCULATION OF THE SLIP PARAMETERS 
C 
Gll2=VHS(MG,5) 
GAMAD = DSQRT (0.5*0112 ) 
GT=T(MG) 
CALL VISEQU (AMU ,GAMAD ,GT , VPROP, IVIS ) 
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CALL FPSL ( fV AL ,SI ,NPE ,NE, GFSI. NOD,NELM,NSIZ) 
C 
C MODIFJCA TJON OF VISCOSITY TO INCLUDE THE EFFECT OF THE 
C EFFECTIVE FILLER VOULME FRACTION 
C 
c 
c 
IF ( NCARB.EQ.2 ) THEN 
cpp=o,O 
DOI=l,NPE 
cpp::=cpp+ SI(O*CPHI (NOD(NE,I» 
ENDDO 
CAU. BOUNOl (epp) 
RELVIS:: VPROP(21)+VPROP(22)*CPP 
AMU == AMU ill RELVIS 
ENOIF 
AMU = FV AL"'AMV+(I-FV AL)*VPROP(8) 
SlPARA:: VPROP(6) '" AMU 
C SLPARA = VPROP(6) '" AMU I PPVL (MG) 
C 
C INCORPORA nON OF NAVIER'S SLIP CONDITION INTO THE WORKING EQUA nONS 
c x -DIRECTION 
c 
MBR=2"'MG-l 
LBR=2*M -1 
IF ( NCODZ(MBR).NE.2) GOTO 114 
C MODIFICATION OF TIlE RIGHT HAND SIDE VECTOR 
C 
ELF ( LBR ) = BCZ(MBR) 
DO l30N= 1,NPE 
KBRX= 2*N-l 
KBRY=2*N 
DSX= DSIK(N) '" AJI(I,l) + DSIE(N) '" An(l,2) 
DSY= DSlK(N) '" AJ1(2,l) + DSIE(N) '" AJl(2,2) 
ADDNNX == 2*DNY*"'2*DNX 
ADDNNY = DNY*(DNY"'*2-DNX**2) 
IGG=O 
IF (LBR.EQ.KBRX) lOG=1 
ELSTIF{LBR,KBRX ) = SLPARA *(ADDNNX"'D5X+ADDNNY"'DSY)+IGG 
ELSTIF(LBR,KBRY) =-SLPARA*(ADDNNX*DSY.ADDNNY*DSX) 
130 CONTINUE 
C 
C 
C 
C INCORPORATION OF NA VIER'S SLiP CONDlTION INTO THE WORKING EQUATIONS 
C Y - DIRECTION 
114 MBR=2*MG 
LBR=2*M 
IF (NCODZ(MBR).NE.2) GOTO 110 
c 
C MODIFICATION OF THE RIGHT HAND SIDE VECTOR 
C 
ELF ( LBR ) = BCZ(MBR) 
DO 135 N;:;:: I,NPE 
KBRX = 2*N - 1 
KBRY =2*N 
DSX= DSIK(N) '" AJl(1,l) + DSIE(N) '" AJI(l,2) 
DSY= DSIK(N) '" AJI(2,l) + DSIE(N) '" AJI(2,Z) 
ADDNNX == 2*DNX**2*DNY 
ADDNNY := DNX*(DNYil*2-DNX""2) 
IGG=O 
IF (LBR.EQ.KBRY) IGG = 1 
ELSTlF(LBR,KBRX )=-SLPARA*(ADDNNX*DSX+ADDNNY*DSY) 
ELSTIF(LBR,KBRY)= SLPARA *(ADDNNX*DSY -ADDMNY*DSX)+IGG 
135 CONTINUE 
c .............................................. , ...... " 
110 CONTINUE 
100 CONTINUE 
RETURN 
END 
c ..................................................... .. 
C CALCULATIONQFVISCOSlTY 
c ....... , ............................................ ". 
SUBROUTINE VISCO$ (AMU ,GAMAD I VPROP. NE. VHS, CPHI 
J NPE ,AKESJ,ETA,G ,T ,NOD.X. 
2 Y , NELM • NNOD I NSIZ ,IVIS,NCARB) 
IMPUCIT REAL*& (A.H,O-Z) 
DIMENSION NOD (NELM,9). X(NNOD). Y(NNOD) 
DIMENSION G (NSIZ), T(NSIZ) • CPHI ( NSIZ) 
DIMENSION VPROP (30 ), VHS ( NSIZ I 5 ) 
DIMENSION DSIK{9} • DS1E(9) • 31(9) ,DSIKM(9).DSIEM(9),SIM(9), 
I XJ(9) , YJ(9) 
2 AJ(2,2) , AJI(2,2) 
c ........................................ . 
CALL SHAPE ( AKESl ,ETA, DSIK , DSlE. SI , NPE • 
1 DSIKM, DSIEM , SIM.,ELLGTH,NE. NOD. X ,Y ,NELM. NNOD) 
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c 
DOI=l,NPE 
XJ(I)=X(NOD(NE,I)) 
YJ(f)=Y(NOD(NE,I» 
ENODO 
CALL JACOB2 (AJ ,AJI, DET , XJ , YI ,DSIK, DSlE. 
1 NPE.NE) 
GUX=O.O 
GUY=O,O 
GVX=O.O 
GVY=O,O 
GT=O,O 
GVR=O.O 
DOI=l,NPE 
INN = NOD(NE,I) 
DFf=T (INN ) 
DFX=G (2*INN-l) 
DFY=G (2*lNN ) 
DFR=VHS(INN,5) 
RUX = DFX '" (DSIK(I) '" AJI(l,l) + DSIEO) '" AJI(l,2» 
RU¥ = DFX '" (DSIK(I)'" AJI(2,1)'" DSIE(l)" AJl(2,2» 
RVX = OF'{ ... (DSIK(I) '" AlI(l,l) + DSIE(I) '" Afl(l,Z}) 
RVY = Dff '" (DSIK(I) '" AJI(2,1).,. DSIE(I) ,.. AJI(2,2» 
GUX = GUX + RUX 
GUY = GUY + RUY 
GVX = GVX + RVX 
GVY = GVY + RVY 
OT = GT + DFT*SI(I) 
GVR = GVR + DFR*SI(I) 
ENDDO 
C.,,. All IS THE SECOND INVARIANT OF RD.T BASED ON THE DIRECT CALCULA nON 
C OF VELOCITY GRADIENT COMPONENTS 
C 
C .... GVR IS THE SECOND INVARIANT OF R.D.T CALCULATED BASED ON THE USE OF 
C VARIATIONAL RECOVERY METHOD 
C 
All=(2*GUX)*"'2+(2"'GVY)**2+2*(GUY+GVX)"'*2 
C All=2*(GUX+GVY)*"'2 
GAMAD=DSQRT(O.5*AU) 
CC PRINT*,GAMAD 
IF(GAMAD.LT.O.OOOl) GAMAD=O.OOOl 
C ... GAMAD=DSQRT(O.5*GVR) 
CALL VISEQU ( AMU , GAMAD ,GT , VPROP , lVIS ) 
c .............. " ............................................ . 
C MODmCA TION OF VISCOSITY TO INCLUDE THE EFFECT OF THE. 
C EFFECTIVE FILLER VOLUME FRACTION 
c .......................................... , .............. . 
IF (NCARB.EQ.2 ) THEN 
cPP",O.O 
DOI=l,NPE 
CP~CPP+ SI(I)*CPHI (NOD(NE,I» 
ENDDO 
CALL BOUND! (erp) 
REL VIS = VPROP(21)+ VPROP(22)*CPP 
AMU = AMU '" REL VIS 
ENDIF 
RETURN 
END 
c ........... , ................ , ..... , .............. . 
C VISCOSITY EQUATION SUBROUTINE 
c. .................. , ...................... , ....... . 
SUBROUTINE VISEQU ( AMU , GAMAD, GT , VPROP , !VIS) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION VPROP (30) 
c ........................... . 
IF (GAMAD.EQ.O.O) THEN 
AMU=I 
RETURN 
ENDIF 
VPDMLS=423 
IF (IV IS. EQ. 1 ) THEN 
AMU= GAMAD**(VPROP(2)-1) 
1 *DEXP (~VPROP(3) '" (GT~ VPROP(4») 
ELSEIF ( IVlS.EQ. 2) THEN 
AMU= ( 1+ (VPROP{5)"'GAMAD)**2) 
**( (VPROP(2)-1)12 ) 
2 *DEXP( -VPROP(3) * (GT-VPROP(4») 
ELSE 
WRITE (2, 10(0) 
STOP 
ENDlF 
1000 FORMAT (IX,' ERROR IN VISCOSITY TYPE? 
RETURN 
END 
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c. ................................. . 
C SUBROUTINE DAKE 
C. . .... " .............. . 
SUBROUTINE DAKE (M,AKESI,ET A ) 
IMPUCIT REAL "'B (A-H,O-Z) 
IF (M.EQ.!) THEN 
AKESI=-! 
ETA =-} 
ELSEIF (M.EQ.2 ) THEN 
AKESI::: I 
ETA =-1 
ELSEIF (M.EQ.3 ) THEN 
AKESI::: 1 
ETA == 1 
ELSEIF (M.EQ.4 ) THEN 
AKESI=-I 
ETA == 1 
ELSEIF (M.EQ.S ) THEN 
AKESI = 0 
ETA =-1 
ELSElF (M.EQ.6 ) THEN 
AKESI= I 
ETA == 0 
ELSEIF (M.EQ.7 ) THEN 
AKESI::: 0 
ETA = 1 
ELSEIF (M.EQ.S ) THEN 
AKES!=·! 
ETA == 0 
ELSEIF (M.EQ.9 ) THEN 
AKESI= 0 
ETA::: 0 
ENDJF 
RETURN 
END 
c ............ " ........................................ . 
C CALCULATION QFUN,VN 
c ...................................................... . 
SUBROUTINE UVN (UN, YN ,SI ,SIM, NPE , NE , G ,NOD. 
I NEU1 , NSIZ ) 
IMrueIT REAL *8 (A-H.D-Z) 
DIMENSION NOD (NELM,9) 
DIMENSION G (NSIZ) 
DIMENSION SI (9), SIM (9) 
UN=O.O 
VN={).O 
DOI=l,NPE 
UN ::: UN + SI(I) *G (NOD(NE,I)"'2-1 ) 
VN := VN + SI(1) "'0 (NOD(NE,I)"'2 ) 
ENDOD 
UN=l 
VN=l 
RETURN 
END 
C ... n ........................................................ .. 
C ..................................................... .. 
C 
C CALCULATION OF BOUNDARY INTEGRALS IN 
C 9·NODED ELEMENTS 
C 
C ..................................................... .. 
SUBROUTINE BUINTG (NE • NOD • X • Y • GAUSS, WT ,IF 
t NELM • NNOD , NSIZ, ELF, NSTF , VHS • PRHS , 
2 VPROP, CPHI , T , IVIS, NeARB , NPE, NSB , 
3 ISSB • NSSB. pau . NCYL ) 
IMPLICIT REAL*8 (A·H,()..Z) 
DIMENSION NOD (NELM,9), x (NNOD), Y(NNOD) 
DIMENSION GAUSS (7.7) • WT(7,7) 
DIMENSION SI(3) • DSI (3) 
DIMENSION NP ( 3,4) • ELF ( NSTF) 
DIMENSION NQ ( 4,3) 
DIMENSION VHS ( NSIZ. 5 ) , PRHS ( NSIZ ) 
DIMENSION VPROP( 30), CPHl (NSIZ). T(NSlZ) 
DIMENSION ISSB (NSIZ). NSSB (NSIZ, 3 ) • PBU (NSIZ) 
C ................................................................. .. 
NQ(I,3)=2 
NQ(I.2)=5 
NQ(l,l)=i 
NQ{2,3)=3 
NQ(2,2)=<i 
NQ{2.1)=2 
NQ(3.3)"" 
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C 
NQ(3,2)=7 
NQ(3,l)=3 
NQ(4,3)=I 
NQ(4,2)=8 
NQ(4,I)=4 
DO 1=1,4 
DOJ=I,3 
NP (4-1,1) = NOD (NE, NQ (I,4-lj) 
ENDDO 
ENDOO 
CALL ARRZRF (ELF ,NSTF) 
DOL=l,4 
C ... SUBSTITUTION OF PRESSURE WITH BOUNDARY VALUES 
C 
c 
IPCAL=Q 
IF (NSB.NE.O) THEN 
DOK=I,NSB 
IF (ISSB(K).EQ.NE) TIlEN 
IF (NSSB (K, I ).EQ.NQ (L, I).AND. 
I NSSB (K , 2 ).EQ.NQ (L,2).AND. 
2 NSSB (K, 3 ).EQ.NQ (1.,3) ) TIlEI' 
PRHS( NP( I ,L))=PBU (K) 
PRHS (NP( 2, L» = PBU (K) 
PRRS (NP(3, L)) = PBU (K) 
IPCAL=1 
ENDIF 
£NDIF 
ENDDO 
ENDIF 
c ............................................................. . 
C 
C 
OOK=l,IF 
AKESI = GAUSS (K,IF) 
CALL LAGSHl (AKESI, SI, DSI) 
DSIX =0.0 
DSIY =0.0 
001= I,IF 
DSIX = DSIX + DSI(I)*X( NP(I,L) ) 
DSJY:: DSIY + DSI(I)*Y( NP(I,L» 
ENDDO 
IF ( NCYL.EQ.3) TIlEN 
XR=O.O 
DOKK=l,IF 
XR=XR+SI(KK)*X(NP(KK,L» 
ENDDO 
XCC=XR 
ELSE 
XCC=1.0 
ENDIF 
DUX =0.0 
DUY =0.0 
DVX =0.0 
DVY =0.0 
PRS =0.0 
GII2=O.O 
OT = 0.0 
epp =0.0 
C .. CALCULATION OF VELOCITY GRADIENTS, SHEAR RATE, TEMPERATURE AND 
C .. EFVF AT INTEGRATION POINTS 
C 
C 
DO l=t,IF 
DUX = DUX + SI(I)"'VHS (NP(I,L), 1 ) 
DUY = DUY + SI(I)"'VHS (NP(1.L). 2) 
DVX = DVX + SI(I)"'VHS (NP(I,L), 3) 
DVY = DVY + SI(I)"'VHS (NP(l,L), 4 ) 
Gn. = GU2. SI(I)'VHS (NP(I,L), 5) 
PRS = PRS + SI(I)*PRHS (NP(I,L) ) 
GT = GT + SI(I)"'T (NP(I,L» 
cpr = crp + SI(I)*CPHI (NP(I,L) ) 
ENDDO 
IF (GlI2.LT.O.O) GII2=O.O 
GAMAD = DSQRT ( O.5*Gn2) 
c .. CALCULATION OF VISCOSITY 
C 
CALL VISEQU (AMU ,GAMAD • GT , VPROP , NIS ) 
C 
c .. MODIFICATION OF VISCOSITY FOR EFFECT Of THE EFVF 
C 
IF ( NCARB.EQ.2 ) THEN 
CALL BOUNOl (epr) 
RELVIS = VPROP(2I)+VPROP(22)*CPP 
AMU = AMU '" REL VIS 
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ENDIF 
c 
C CALCULATION OF ELEMENT LENGTH AND THE COMPONENTS OF THE 
C UNIT VECTOR NORMAL TO THE BOUNDARY 
C 
Eli.GTH==DSQRT(DSIX**2+0SIY"'*2) 
DeELL ::: DSIX I ELLGTH 
DCELM ::: DSIY 'ELLGTH 
DNX ::: DCELM 
DNY =-DCELL 
ELLGTH = 2.0 >le ELLGTH 
DJACOB ::: ELLGTH 'l.n 
DO M=l.lF 
NDFX =2 >i<NQ (L,M)-l 
NDW ::: 2 .. NQ (L,M) 
IF (IPCAL.EQ.O) THEN 
ELXX=O.O 
ELYY=O.O 
ELSE 
ELXX= (2*AMU*DUX*DNX+AMU*(DUY +DVX)*DNY -PRS>I<DNX)'" 
SI(M)*DJACOB*WT(K,IF)*XCC 
BLYY::: (2*AMU*DVY"'DNY+AMU*(DUY+DVX}*DNX·PRS*DNY)* 
SI(M)*DlACOB*WT(K,IF)"'XCC 
ENDIF 
ELF ( NDFX) ::: ELF (NDFX ) of" £LXX 
ELF(NDFY)=ELF(NDFY)+ ELYY 
ENDDO 
£NDDO 
ENDDO 
RETURN 
END 
c .............................................. . 
C SOLUTION OF ENERGY EQUATION 
c .............................................. . 
SUBROUTINE TMPRUR ( 
I TF ,TA ,GF ,TO ,so • 
2 GAUSS, WT • VHS • GFSI • GFSO • GFM 
3X ,Y ,NOD ,NOP,CPHl 
4 BCT ,NeODT, NOPPT ,MDFr ,NDNT 
S NPE ,IR ,IF ,DT ,THETA.NDFT,NEM 
6 NET • NNM ,NTRAN ,NSUPG, NeARB 
7 AK ,CP ,VPROP , 
8 NSIZ • NSTF ,NELM ,NNOD, MAXFR ,IVIS 
9 RI ,ELF, ELSTIF, DMASS, ELFl 
1 WEST, NK ,EQ ,UIED t LPJV 
2 JMOD • QQ • PVKOL • NCYL 
3 NeOD ,BC ,NOPP t MDF 
c. ............................. . 
IMPL1CIT REAL *8 (A-H,O-Z) 
c ............................. . 
DIMENSION TF (NSIZ), TFI ( NSIZ), GF (NSIZ) 
DIMENSION TO (NSlZ), so (NSIZ), CPRI (NSrz) 
DIMENSION GFSI (NSIZ). GFSO (NSlZ), GFM (NSlZ) 
DIMENSION GAUSS (7,7 ), WT(7,1) 
DIMENSION VPROP (30 ). VHS ( NSIZ. 5 ) 
DIMENSION X (NNOD), Y (NNOD) 
DIMENSION NOD (NELM ,9) , NOP (NELM , 9) 
DIl\1ENSION BCT (NSIZ), NeODT ( NSlZ) , NOPPT ( NSIZ) 
DIMENSION MDFf (NSlZ). NDNT (NSlZ) 
c ............................ . 
DIMENSION ELF (NSTF) ,ELSTIF(NSTF,NSTF) 
DIMENSION DMASS (NSTF ,NSTF). ELFl (NSTF) 
DIMENSION WEST (NSTF ) 
DIMENSION LHED (MAXFR) 
DIMENSION NK (NSTF) 
DIM"ENSION LPIV (MAXFR) 
DIMENSION JMOD (MAXFR). QQ (MAXFR) 
DIMENSION PVKOL (MAXFR), RI (NSrz) 
DIMENSION EQ (MAXFR • MAXFR ) 
DIMENSION BC (NSIZ), NeOD (NSIZ). NOPP (NSIZ) 
DIMENSION MDF (NSlZ) 
c .......................... . 
CALL ARRZRF (TF ,NET ) 
CALL ARRZRF (Ri, NSIZ) 
c ... . 
C ... . 
CALLRSAVE(BC ,BCT ,NSIZ) 
CALL RSA VI (NeOD , NeODT , NSIZ) 
CALL RSA VI ( NOPP • NOPPT , NSIZ) 
CALL RSAVI (MDF ,MDFf ,NSIZ) 
c ..... 
DO 34 NE=l ,NEM 
CALL ARRZRF (ELF ,NSTF) 
CALL ARRZRF (ELF1 , NSTF) 
CALL STIFfT (NE , NPE • GAUSS, WT ,AI<. ,ELSTLF. GF, 
1 CP ,NSUPG.NOD ,x ,Y ,m 
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2 IF , NELM ,NNOD ,NSIZ , NSTF • GFSI , 
3 VPROP ,GFM ,NCYL ) 
CALL ELFTS (NE ,NPE, GAUSS. WT • ELF, GF ,rn. 
I VPROP , IVIS ,VHS • AK ,ep • CFHI • 
2 NOD ,x ,Y ,IR ,IF ,NELM,NCYL. 
3 NNOD ,NSIZ, NSTF ,NSUPG ,GFSI, NeARS) 
IF (NTRAN.NK t) THEN 
CALL MASSW (NE • NPE • GAUSS. WT ,ep , 
1 DMASS,NOD,X ,Y ,m ,IF, 
2 NEIM • NNOD. NSTF • NSUPG , AK, GF, 
3 NSIZ • GFSI, VPROP, NCYL ) 
CALL ELFTS (NE ,NPE. GAUSS, WT, ELFl • SO ,TO, 
1 VPROP. IVlS, VHS • AK. er , CPHI, 
2 NOD ,x ,Y ,IR,IF ,NELM,NCYL. 
3 NNOD ,NSlZ ,NSTF. NSUPG ,GFSO, NeARB ) 
CALL ADDELF (ELF, ELFl , THETA. Dr ,NPE. NSTF, NDFf) 
CALL BUT (NE • NPE ,Dr • THETA. ELSTIF ,ELF • 
I DMASS ,TO ,NOD, NELM , 
2 NSIZ ) 
CALL ADDSF (NPE,DT,THET A,ELSTIF,DMASS,NDFT) 
ENDIF 
CALL FRONT 
I (ELSTIF • ELF ,NE • NOP ,NELM • NSTF , WEST. NK • 
2 MAXFR ,EQ • UIED. LPIV ,JMOD ,QQ ,PVKOL. IF • 
3 RI • NeOD ,BC ,NOPP. MDF ,NDNT, NSIZ ,NEM 
4 NSIZ ,NET, LCOL, NELL, NPE ) 
,54 CONTINUE 
c ................... . 
RETURN 
c ................... , 
END 
c .............................................. . 
C STIFFNES MATRIX FOR TEMPEREA TURE 
c .............................................. . 
SUBROUTINE STIFF!" (NE ,NPE ,GAUSS, WT ,AK. ELSTlF, GF. 
I ep ,NSUPG,NOD ,x ,Y,IR 
2 IF ,NELM ,NNOD. NSIZ • NSTF 
3 GFSl , VPROP • GFM • NCYL 
IMPUCIT REAL *8 (A·H,O·Z) 
DIMENSION NOD (NELM,9), x (NNOD). Y(NNOD) 
1 GAUSS (7.7), WT(7.7) ,ELSTIF(lS,lS), GF(NSlZ) • 
2 AKC (9,9) • AKV (9,9), AKW (9,9) • AKWD(9,9), 
3 DSIK(9) , DSIE(9) , SI(9) ,DSIKM(9),DSIEM(9),SIM(9), 
4 DSKK(9). DSEE(9) • DSKE(9) • GFM: (NSJZ) 
5 XI(9) , YI(9) , 
6 An(2,2), AJ(2,2). DSIKl(9), DSIE1(9) 
7 GFSI ( NSIZ) , VPROP (15) 
c .. O> ............................................................. . 
CAUARR2ZF(AKC ,9) 
CALL ARR2ZF (AKV ,9) 
CALL ARR2ZF (AKW • 9) 
CALL ARR2ZF (AKWD ,9) 
CALL ARR2ZF ( ELSTIF • NSTF) 
C ......... . 
c 
DOI=I,NPE 
XI(I)=X(NOD(NEJ» 
YI(n=Y(NOD(NE,Q) 
ENDOD 
C ... CALCULATION OF CONDUTION AND STANDARD CONVECTION TERMS 
C 
DO 14 KI=l,IF 
AKESI=GAUSS(KI,IF) 
DO 14 KJ=I,IF 
ETA=GAUSS(KJ,IF) 
CALL SHAPEB (AKESI , ETA , DSIKl , DSIE} • SI , NPE , 
1 DSIKM, DSIEM , SIM,ELLGTH.NE , NOD, X • Y ,NELM, NNOD , 
2 DSIK, DSIE,UN,VN) 
C CALL SHAPE (AKESI, ETA, DSIK, PSIE, SI, NPE, 
C } DSIKM, DSIEM • SIM,ELLGTH,NE , NOD, X • Y ,NELM, NNOD) 
CALLJAC082 (AJ, AJI, DET, Xl, YJ, DSIK, DSIE, 
NPB,NB) 
CALL FPSL (FV AL ,SI ,NPE ,NE, GFSI. NOD. NELM, NSIZ) 
CALL UVN (UN • VN , SI ,SIM, NPE , NE , GF • NOD, 
NELM, NSIZ ) 
CALL UVN (UM • VM , sr,SIM , NPE , NE, GFM. NOD, 
NELM,NSlZ ) 
AKK = fV AL*AK +(1.FV AL)*VPROP(lO) 
DEN = FV AL*VPROP(14)+(I·FV AL)*VPROP(9) 
CPP= FVAL*CP +(1·FVAL)*VPROP(Il) 
IF (NCYL.EQ.3) THEN 
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XR=O.O 
DOKK=l,NPE 
XR=XR+SI{KK)*XJ(KK) 
ENDDO 
XCC=XR 
ELSE 
XCC=l.O 
ENDIF 
COEF= DET*WT(KI,If)*WT(KJ.IF)*XCC 
DO 16 M=I,NPE 
DSXM= DSIKM(M) '" AJI(1,I) + DSIEM(M)'" AJI(I,2) 
DSYM= DSIKM(M) '" AJI(2,1) + DSIEM(M) '" AJI(2,2) 
DO 16 N=l.NPE 
DSXN= DSIK(N) '" AJI(l,I) + DSIE(N) ... AJI(1,2) 
DSYN= DSIK(N) '" AJI(2,l) + DSIE(N) '" AJI{2,2) 
DSXNI= DSIKI(N)' AII(I.I) + DSIEICN)' AII(I.2) 
DSYNl= DSIKl(N)'" AJI(2,1) + DSIEl(N)'" AJI(2,2) 
AKC(M,N)=AKC(M,N)+AKK*(DSXM*DSXN+DSYM*DSYN+O*Sru(M)*SI(N»*COEF 
AKV(M,N)= AKV(M,N)+ DEN*CPP'" 
c 1 «UN-UM)*SIM(M)*DSXNI+(VN·VM)*SIM(M)*DSYNl)*COEF 
1 (SIM(M)*DSXNl+SIM(M)*DSYNl)*COEF+O*SI(N)*SIM:(M)*COEF 
16 CONTINUE 
14 CONTll'illE 
C .. 
C .. 
IF (NSUPG .EQ. I ) GOTO 100 
C 
C ... CALCULATION OF UPWIND TERMS 
C 
C ... CALCULATION OF SUIPG CONVECTION TERMS 
C 
DO 24 KI=l,IF 
AKESI=GAUSS(KI,IF) 
DO 24 KJ=I,IF 
ETA=GAUSS(KJ,IF) 
CALL SHAPE (AKESI, ETA, DSIK. DSIE, SI, NPE. 
I DSIKM, DSIEM • S(M,ELLGTH,NE. NOD, X • Y ,NELM, NNOD) 
IF CNPE.EQ.9) THEN 
CALL SH9DD (AKESI. ETA. DSKK • DSEE, DSKE ) 
ELSE 
CALL SH4DD (AKESI. ETA. DSKK, DSEE, DSKE 
END IF 
CALL lACOB2 (AJ ,AJI, DET ,Xl. Yl ,DSIK, DSIE, 
NPE,NE) 
CALL UVN (UN, VN • SI,SfM ,NPE ,NE • GF, 
NOD, NELM , NSIZ ) 
CALL UVN (UM • VM , SI ,SIM, NPE ,NE. ON, NOD, 
NELM. NSIZ ) 
CALL FPSL ( FV AL ,SI ,NPE ,NE, GBI. NOD, NELM. NSIZ) 
AKK=FVAL*AK +(1-FVAL)*VPROP(lO) 
DEN = FV AL *VPRDP(l4)+(I.FV AL)*VPROP(9) 
CPP=FVAL*CP +(l.FVAL)"'VPRDP(lI) 
c..«_, __ .. ".~ __ ._"« .. ",."_.«._ ... _"""." ... ,,,, 
AAI =AJ(1,l) 
AA2=AJ(I,2) 
AA3 = 0.0 
AA4= 0.0 
AAS =0.0 
BBI =AJ(2,1) 
BB2=AJ(2,2) 
BB3 = 0.0 
BB4= 0.0 
BBS = 0.0 
DO 1= I.NPE 
AA3 = AA3 + O.S*XJ(I) * DSKK (I) 
AA4 = AA4 + Xl(1) '" DSKE (1) 
AAS = AAS +O.S"'Xl(I) * DSEE (I) 
BB3 = BB3 + o.s*y J(I) * OSKK (I) 
BB4 = BB4 + YJ(I) '" DSKE (1) 
SBS = BBS + O.S"'YJ(I) * OSEE (I) 
ENOOD 
C" ............................... , .. , ............... , ............. . 
ALPl = BB2I DET 
ALP2 = -AA21 DET 
BETl = -BBll DET 
BEn = AAI/DET 
AGO I = .(AA3*ALPI "*Z+AA4* ALPl *BETl +AAS*BETl **2) 
A002 = ·(AA3"'ALP2**2+AA4*ALP2"'BET2+AAS*BET2"''''2) 
BGGl = -(BB3"'ALPl **2+BB4*ALPI*BET1+BBS*BETl **2) 
BGG2 = -(BB3'" ALP2"'*2+BB4'" ALP2"'BET2+BBS*BE1'2**2) 
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ALP3 = (AGGl"'BB2 - BGGl*AA2}/DET 
ALPS = (AGG2*BB2 - BGG2*AA2) !DEI 
BET3 = (BGG1*AAl - AGGl*BBI) !DEI 
BETS = (BGG2*AAl - AGG2*BBl ) !DEI 
c ..... 
IF (NCYL.EQ.3) THEN 
XR=O.O 
DOKK=I,NPE 
XR=XR+SI(KK)"'XJ(KK) 
ENDDO 
XCC=XR 
ELSE 
XCC=I.O 
ENDIF 
UM=O 
VM=O 
DO 26 M=l,NPE 
DSXM= DSIK(M) '" AJI(!,!) + DSIE(M) '" AJI(l,2) 
DSYM= DSIK(M) '" AJI(2,1) + DSIE(M) '" AJI(2,2) 
UMN=UN-UM 
VMN= VN·VM 
CALL UPWIND (AKESI, ETA, NE • NPE ,M 
I X ,Y ,NOD , NELM,NNOD 
2 AKK ,DEN ,epp, UMN, VMN 
3 TAU ) 
WSUPG= TAU'" «UN-UM)*DSXM+(VN-VM)*DSYM) 
DO 26 N=l,NPE 
DSXN= DSIK(N) '" AJI(l,l) + DSIE(N) '" AJI(I,2) 
DSYN= DSIK(N)'" AJI(2,1) + DSIE(N) '" AJI(2,2) 
AKW(M,N)=AKW(M,N)+ WSUPG 
I '" DEN "'epp 
2 '" «UN-UM) '" DSXN + (VN.vM) '" DSYN) 
3 '" DET '" WT(KI,IF) '" WT(KJ,IF)*XCC 
AKWD(M,N) = AKWD (M,N) + WSUPG ... AKK '" ( 
1 DSKK(N)*ALPl **2+ 
2 2.0*DSKE(N)*ALPI*BETI+ 
3 DSEE(N)*BETl **2+ 
4 2.0*DSIK(N)"'ALP3+ 
5 2.0*OSIE(N)*BET3+ 
6 DSKK(N)"'ALP2"'*2+ 
7 2.0*OSKE(N)*ALP2*BET2+ 
8 DSEE(N)*BET2*"'2+ 
9 2.0*OSIK(N)* ALP5+ 
I 2.0*DSIE(N)*BET5) '" 
2 OET '" WT(KI,If) '" WT(KJ,If)*XCC 
26 CONTINUE 
24 CONTINUE 
c ................. . 
c ................. . 
100 DO I=I,NPE 
DOJ=I,NPE 
IF ( NSUPG.EQ.l ) THEN 
ELSTIF(I,J)= AKC(I,J)+AKV(I,J) 
ELSEIF (NSUPG.EQ.2) THEN 
ELSTIF(I,J)= AKC(I,J)+AKV(I,J)+AKW(I,J) 
ELSEIF (NSUPG.EQ.3) TIlEN 
ELSTIF(I.J)= AKC(I,J)+AKV(I,J)+AKW(I,J)-AKWD(I,J) 
ELSE 
STOP 
ENDIF 
ENOOO 
ENDDO 
RETIJRN 
END 
C .............................................. . 
c .............................................. . 
C ADD ELF 
c ............................................. . 
SUBROUTINE ADDELF ( ELF, ELFI , TIIET A , OT ,NPE, NSTF, NDF) 
IMPUCIT REAL *8 (A·H,O·Z) 
DIMENSION ELF ( NSTF), ELFI (NSTF), F ( 18 ) 
c ............ . 
CALL ARRZRF (F. NSTF) 
c ............ . 
DO 1= I,NPE*NDF 
F(l)=( (I. THET A)*ELFI (I) + THETA "'ELFel) )*OT 
ENDDO 
DO 1= I,NPE*NDF 
ELF(I)=F(I) 
ENDDO 
RETURN 
END 
c ............................................. . 
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C ELEMENT LOAD VECTOR (TEMP) 
c ............................................. . 
SUBROUTINE ELFT (NE ,NPE, Dr • THETA. ELSTIF • ELF. 
1 OMASS • TO • NOD, NELM 
2 NSIZ ) 
IMPLICIT REAL "'8 (A-H,O-Z) 
DIM:ENSION NOD (NELM,9) 
1 TO (NSlZ) , 
2 ELSTIF(18,18) ,ELF(l8).DMASS(18,18) 
DOI=I,NPB 
DOJ=l,NPE 
ELF(I)=ELF(I)+ (DMASS(I,J)-Dr*O-THETA)*ELSTIF(I,J)) 
1 '" TO(NOD{NE,J)) 
ENDDO 
ENDDO 
RETURN 
END 
c ....................................... " .... . 
c MA.ss MATRIX CALC. 
c ............................................. .. 
SUBROUTINE MASSW (NE • NPE • GAUSS. WT ,ep 
I DMASS.NOD ,x ,Y ,IR ,IF. 
2 NELM ,NNOD. NSTF ,NSUPG, AK, GF • 
3 NSIZ , GFSI • VPRQP , NCYL ) 
MPLlCIT REAL *8 (A-H,O-Z) 
DIMENSION NOD(NELM,9) • X(NNOD) , Y(NNOD) 
I GAUSS(7,7), WT(7,7), DMASS(18.1S) , 
2 51(9) • DSIE(9) , DSIK(9),DSIKM(9),DSIEM(9),SIM(9) • 
3 XJ(9) , YI(9) ,AJ(2,2). AJI(2,2) • 
4 GF (NSIZ) ,GFSI (NSIZ) , VPROP ( 30) 
001= I.NPE 
XJ(D=X(NOD(NE,I)) 
YJ(I)=Y(NOD(NE,I» 
ENDDO 
c ...................... .. 
CALL ARR2ZF (DMASS • NSTF) 
c ...................... .. 
DO 24 Kl= I,IF 
AKESI=GAUSS(KI,IF) 
DO 24 K1= I,IF 
ETA=GAUSS(KJ,IF) 
CALL SHAPE (AKESI, ETA, DSIK. DSIE, SI, NPE, 
I DSIKM , DSIEM • SIM,ELLGTH,NE, NOD. X ,Y .NELM. NNOD) 
CALL IACOB2 (AJ , AJI ,DET , Xl, YI , DSIK , DSIE , 
NPE,NE) 
CALL UVN (UN, VN , SI ,SIM, NPE • NE ,GF, 
NOD,NELM,NS~ ) 
CALL FPSL ( FV AL ,SI ,NPE ,NE, GFSI. NOD, NELM, NSlZ) 
DEN = FV AL*VPROP(14)+(1-FV AL)"'VPROP(9) 
CPP=FVAL"'CP +(1-FVAL)"'VPROP(ll) 
AKK=FVAL"'AK +(I-FVAL)"'VPROP(IO) 
IF (NCYL.EQ.3) THEN 
XR=O.O 
DOKK=I,NPE 
XR=XR+SI(KK)"'XJ(KK) 
ENDDO 
XCC=XR 
ELSE 
XCC=1.0 
ENDIF 
DO 26 M=l,NPE 
IF (NSUPG.NE.3) THEN 
WSUPG=O.O 
GOTO 110 
ENDIF 
DSXM= DSIK(M) '" AJI(l,I) + DSIE(M) '" AJI(l,2) 
DSYM= DSIK(M)'" AJI(2,I) + DSIE(M)'" AJI(2,2) 
CALL UPWIND ( AKESI , ETA, NE ,NPE, M 
I X ,Y .NOD ,NELM,NNOD • 
2 AKK ,DEN ,CPP ,UN .VN , 
3 TAU ) 
WSUPG= TAU'" (UN"'DSXM+VN"'DSYM) 
110 DO 26 N=I,NPE 
DMASS(M,N)= DMASS(M,N)+ CPP"'DEN 
1 '" (SI(M)+WSUPG)'" SI(N) 
2 '" DET '" WT(KI,IF) '" WT(KJ,IF)"'XCC 
26 CONTINUE 
24 CONTINUE 
C ... 
CALL LUMP ( DMASS , NSTF , NPE) 
C ... 
RETURN 
END 
c ................................................... . 
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C WRITE NODAL OUTPUTS 
c .............................................. . 
SUBROUTINE OUTPUT ( NNM , GP , IF, NSIZ , PSOUT , NNEE • PMG , 
I CRF, PRHS • TIME. NWR ,NTRAN 
2 ITER, IEND • VN ,IN ,GFS , 
3 NFREE , NeARB , VHS ,CPHI , VPROP 
INIPLICIT REAL*S (A-H,O-Z) 
DIMENSION GF (NSIZ), IF (NSIZ), PSOUT (NSIZ) 
DIMENSION NNEE (NSIZ), PMG (NSIZ). PRHS (NSIZ) 
DIMENSION CPHI (NSIZ). eR (10 ), VPROP (30 ) 
DIMENSION CRF (NSIZ ) , GFS (NSIZ) , VHS (NSIZ, 5 ) 
DIMENSION NWR (l0) , VR (10), PS (10). PV(lO) , TR (10) 
IF (IEND.EQ.O) RETURN 
CALL HGSTVL (TMAX,PMAX,TF,PRHS,PMG,NSIZ,NNM,NT,NP,NM,PMIN) 
WRITE (2. Sill) ITER,VN,TN 
IFC NTRAN.EQ.2 .OR. NTRAN.EQ.3} WRITE (2 • 5115 ) TIME 
WRITE (2. 5112)TMAX,NT 
WRITE (2. 5113) PMAX.NP 
WRITE (2, 5114) PMlN,NM 
WRITE(2,5120) 
DO 24 1:=l,NNM 
VRES= DSQRT (GF(I+I·l)**2+GF(I+I)**2) 
PSEE= PSOUT(I) I NNEE(I) 
CALL ALTER (GFS(I), Gva) 
WRITE (2,5130) I,GF(I+ I· I ),GF(l+I), VRES, TF(l),PRHS(I),GVO,CRF(1) 
IF ( NFREE.NE.1 ) WRITE (30) GVO 
IF (NCARB.NE.1 ) WRITE (31) CRF(I) 
IF ( NCARB.NE.I ) WRITE (32) CPHI(I) 
24 CONTINUE 
C.. WRITE THE STRESS COMPONENTS 
WRITE (2,5133) 
DOI=I,NNM 
GII2=VHS(I,5) 
GAMAD = DSQRT (05*GII2) 
CALL VISEQU (AMU ,GAMAD ,TFel) , VPROP , '2 ) 
IF ( NCARB.EQ.2) THEN 
CPP = CPHI (I) 
CAU. BOUNOl (CPP) 
AMU = AMU * (VPROP(21)+VPROP(22)*CPP) 
ENDIF 
IF ( NFREE.NE.I ) THEN 
FVAL=GFS (D 
IF (FY ALLT.O.O) FV AL =0.0 
IF(FYALGT.I.O) FVAL=I.0 
AMU = FV AL*AMU+(l·FV AL)*VPROP(B) 
ENDIF 
TTXX= 2 * AMU * VHS (1,1) 
TTXY= AMU * (VHS (1,2) + VHS (1,3» 
TTYY= 2 * AMU * VHS (1,4) 
YORT= DABS (YHS (I,3)·YHS(I,2» 
IF «GAMAD+VORn.NE.O.O) ALAM= GAMAD I (GAMAD+YORn 
WRITE (2,5130) I,TTXX,TTXY,TTYY,AMU,GAMAD,VORT,ALAM 
ENDDO 
e .. WRITING OF OUTPUT RESULTS FOR TRANSIENT SOLUTION 
IF (NTRAN.EQ.2 .OR. NTRAN.EQ.3 .OR. NTRAN.EQ.4) THEN 
DOK=1,3 
I = NWR(K) 
VR (K) = DSQRT (GF(I+I·l)"'*2+GF(I+I)**2) 
PS (K) = PSOUT(I) INNEE(l) 
PV (K) = PRHS (I) 
TR (K) = TF (I) 
CR (K) = CPHI(I) 
ENDDD 
WRITE (4,5125) TIME, (YR(I),PV(I),TR(I),CR(I),I=I,3) 
ENDIF 
c ............................................................... , .... .. 
5111 FORMAT (IX,!,'. SOLUTION AflER',I5,' ITERATION(S) .', 
I IX,!,'- ERROR OYAL(FL**) =',F20.9, 
2 IXJ;· ERROR OVAL (TP") =',F20.9 ) 
5112 FORMAT (IX,' MAXIMUM TEMPERATURE = ',G20.5,' AT NODE =',15) 
5113 FORMAT (IX,' MAXIMUM PRESSURE = ',G20.5,' AT NODE =',15) 
5114 FORMAT (IX,' MINIMUM PRESSURE = ',G20.5,' AT NODE =',15) 
SIIS FORMAT (lX,'SOLUTION AT TIME = ',G20.S,1) 
5120 FORMAT (lX,II,' RESULT (NODE NO. ,VX, VY,IVI, TEMPERATURE, PRESS 
lURE, FREE SURFACE FUNCTION, CONCENTRATION),,/) 
5125 FORMAT (1X,EI1.6,3(' ,',4EI2.4» 
5130 FORMAT (lX,I4,2X,7(Dl1.5,2X» 
5133 FORMAT OX,JI,lX.'TXX, TXY, TYY, AMU, GAMMAD, VORT, LAMBDA ',1) 
RETURN 
END 
c ............................................. .. 
C MASS MATRIX CALe. 
c ................... , .......................... . 
SUBROUTINE MASST (NE • NPE ,GAUSS, WT , CP ,DNS, 
1 DMASS.NOD ,x ,Y.IR ,IF. 
2 NELM ,NNOD, NSTF ) 
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IMPLICIT REAL*S (A-H,O-Z) 
DIM:ENSION NOD(NELM,9) • X(NNOD). Y(NNOD) 
1 GAUSS(7,7), WT(7,7), DMASS(l8,18) , 
2 $1(9) • DSIE(9) • DSIK(9). DSIKM(9),DSIEM(9),SIM(9), 
3 XJ(9) ,YJ(9) • AJ(2,2). AJI(2,2) 
001= 1,NPE 
XJ(I)=X(NOD(NE,I» 
YJ(I)=Y(NOD(NE,I» 
ENDDO 
c ....................... . 
CALL ARR2ZF (DMASS • NSTP) 
c ....................... . 
DO 24 KI= I,IF 
AKESI=GAUSS(KI,IF) 
DO 24 10= I,IF 
ETA=GAUSS(KJ,IF) 
CALL SHAPE (AKESI, ETA, DSIK, DSIE, SI, NPE. 
1 DSIKM , DSIEM , SIM,ELLGTH.NE , NOD. X • Y ,NELM, NNOD) 
CALL JACOB2 (AI • An , DET , XJ , YI , DSIK. DSIE. 
NPE,NE) 
DO 26 M=l,NPE 
DO 26 N=l,NPE 
DMASS(M,N)= DMASS(M,N)+ CP*DNS 
I '" SIM(M) '" SIM(N) 
2 ... DET ... WT(KI,IF) ... WT(KJ,IF) 
26 CONTINUE 
24 CONTINUE 
c ...................... . 
CALL LUMP (DMASS • NSTF , NPE) 
c ...................... . 
RETURN 
END 
c ................................ ___ ................... . 
C CALCULATION OF PRESSURE 
c ...................................................... . 
SUBROUTINE PRESS (NEM ,GAUSS, NPE ,GF ,NOD, NCYL 
I X ,Y ,IR ,IF ,NELM,NNOD , 
2 NSIZ , VPROP. T ,VHS ,cpm. NeARB , 
3 PSOUT, NNM ,IV IS, PRHS, WT ,GFS 
4 PMG ) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION NOD (NELM,9), X(NNOD) • Y(NNOD) , 
1 GP (NSIZ) ,T ( NSlZ) 
2 GAUSS(7,7), WT(7,7) • 
3 DSIK(9). DSIE(9) , SI(9), DSIKM(9),DSIEM(9),SIM(9) , 
4 XJ(9) , YI(9) 
5 AJ(2,2), AII(2,2) 
6 COE (9,5) , xx (4) 
7 PSOUT (NSIZ) , 
8 PRH$ (NNOD) ,PMG (NSIZ ), 
9 VPROP(30), VHS(NSIZ,5) , 
I GFS (NSIZ), CPHI (NSIZ) 
c ............................. . 
CALL ARRZRF (PSOUT , NSIZ) 
CALL ARRZRF (PRHS ,NNOD) 
DO 40 NE=1,NEM 
NID=O 
DOI=I,NPE 
XI{I)=X(NOD(NE.l» 
YJ(l)=Y(NOD(NE,I» 
ENDDO 
DO 70 lI=I,IR 
DO 70 JJ=I,IR 
NID=NID+l 
AKESI=GAUSS(lI,IR) 
ET A=GAUSS(JJ,IR) 
CALL SHAPE (AKESI, ETA, DSIK. DSIE, SI, NPE, 
1 DSIKM , DSIEM , SIM,ELLGTII,NE, NOD, X ,Y ,NELM, NNOD) 
CALL JACOB2 (AJ ,AIl, DET ,XI. YI ,DSIK, DSlE. 
NPE,NE) 
CALL VISCOS (AMU ,GAMAD, VPROP, NE ,VHS. CPHI • 
1 NPE ,AKESI, ETA ,GF ,T,NOD,X, 
2 Y ,NELM, NNOD, NSIZ. IVI$ , NCARB) 
CALL FPSL ( FV AL ,SI ,NPE ,NE, GFS • NOD, NELM, NSIZ) 
CALL UVN (UN • VN , SI,SIM ,NPE ,NE, GF • NOD. 
NELM, NSIZ ) 
AMU = FV AL*AMU+(l-FV AL)*VPROP(8) 
GUX=O.O 
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GVY=O.O 
XR =0.0 
Computer code 
DO 48 I=I,NPE 
DFX:::GF(2*NOD(NE,I)-1) 
DFY:::GF(2*NOD(NE,l) 
48 
R UX=(DSIK(l) '" AJI( 1 ,1 )+D51E(I)* AJI( 1 ,2» 
R VY =(DSIK(n* AJI(2, 1 )+DSIE(i)* AJl(2,2» 
GUX=GUX+DFX"'RUX 
GVY:::GVY+DFY"'RVY 
XR=XR+SI(I)*XJ(I) 
CONTINUE 
IF (NCYL.EQ.l ) PRESSE:.VPROP(IS)*AMU*( CUX + GVY) 
rF (NCYL.EQ.3) PRESSE=-VPROP(l5)*AMU*( GUX+UNJXR+GVY) 
c ............................................................. . 
001= 1,NPE 
PRHS (NOD (NE,I) ) ::: PRHS ( NOD (NE,I) ) + PRESSE* 
SIM(I)*DET*WT(II,lR)*WT(JJ,IR) 
ENDDO 
c ............................................................. . 
CAll. SHAPE (AKESI, ETA. DSIK. DSIE. SI, 4 , 
1 VSIKM. DSIEM , SIM,EUGTH,NE. NOD. X ,Y ,NELM, NNOD) 
COE (NlD,I)=SI(I) 
COE (NID,2)=SI(2) 
CQE (NID,3)=SI(3) 
COB (NID,4)=SI(4) 
COE (NID,5)=PRESSE 
70 CONTINUE 
CALL GJE (COE,XX,4) 
001=1,4 
PSOUT ( NOD(NE,Q ) • PSOUT ( NOD ( NEl) ) + XX(Q 
ENDDO 
40 CONTINUE 
c ............................................................. .. 
DOI=l,NNM 
PRHS (l) == PRHS (1) I PMG (I) 
ENDDO 
RETURN 
END 
c ............................................................... . 
C GLOBAL MATRIX CALCULATION FOR VARIATIONAL RECOVERY METHOD. 
c .......... ., .................................................... . 
SUBROUTINE PVRGMX (NNM • NEM • NPE • NOD, NNOD, NELM 
1 ,PMG ,lR ,GAUSS,WT ,x ,Y 
2 , NSTF ,DMASS , IF ,NSIZ ) 
IMPLICIT REAL "8 (A·H.O·Z) 
DIMENSION NOD(NELM,9) ,X(NNOD), Y(NNOD) 
1 GAUSS(7,7), WT(7,7), DMASS(l8,18) 
2 PMG(NSlZ) 
c ............... " ..... " 
CALL ARR2ZF ( DMASS • NSTF) 
CALL ARRZRF (PMG ,NNOD) 
c ...................... .. 
DONE=I,NEM 
CAlLMASST (NE ,NPE, GAUSS, WT, 1.000, 1.000, 
1 DMASS,NOD ,x ,Y,IR ,IF, 
2 NELM ,NNOD, NSTF ) 
c ...................... .. 
DO 1= l,NPE 
PMG ( NOD (NE,I» = PMG (NOD (NE,T) ) + DMASS(l,I) 
ENDDO 
ENDDO 
RETURN 
END 
c ........................ " ......... " ..................... . 
C RND CONNECTIVITY OF EACH NODE ADJ. TO A GIVEN ELEMENT . 
C ......................................................... .. 
SUBROUTINE ANODAE (NNM , NEM , NPE , NOD, NNEE, NNOD, NELM ) 
IMPLICIT REAL *8 (A·H,O·Z) 
DIMENSION NOD (NELM,9) ,NNEE (NNOD) 
C ....................... " ......... " ............. . 
CALL ARRZRI (NNEE , NNOD) 
001= 1,NNM 
001= 1,NEM 
DOK= I,NPE 
IF (NOD (J,K) .EQ. I ) NNEE (I)=NNEE(I)+ 1 
ENDDO 
ENDDO 
ENDDO 
RETURN 
END 
c .............................................................. .. 
C SUBROUTINE FOR THE CULCULA nON OF VELOCITY COMPONENT 
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C GRADIENT USING VARIATIONAL RECOVERY 
C FORMULATION 
C. ....................... ,"',." ......... , .. " .... , 
SUBROUTINE VISRHD (VHS • GFl • X ,Y ,NOD, IR 
I IF ,GAUSS, WT ,NPE, NELM , NNOD , 
2 NSIZ • NSTF ,PMG ,NEM ,NNM ) 
IMPLICIT REAL*8 (A-H,O-Z) 
DIMENSION NOD (NELM,9) , X(NNOD), Y(NNOD) 
DIMENSION GA (NSIZ) • PMG (NSIZ) 
DIMENSIONGAUSS(7,7) • WT(7,7) 
DIMENSION DSIK(9) , DSIE(9) • SI(9),DSIKM(9),DSIEM(9),SIM(9) 
DIMENSION XJ(9) • YJ(9) 
DIMENSION AJ(2,2) • AJl(2,2) 
DIMENSION VHS (NSIZ, 5 ) 
c ............. , ................ , ...... " .. , ...... .. 
INDEX=!R 
c .............. , .............. " ........ , .... , .... . 
001= I, NSIZ 
DOJ= 1,4 
VHS (1,1)=0.0 
ENDDO 
ENDDO 
C,. .............................................. .. 
DO 100 NE:. I.NEM 
DO I=l,NPB 
XJ(D=X(NOO(NE,I)) 
YJ(I)=Y(NOD(NE,I» 
ENDDO 
DO 70 II=I,INDEX 
DO 70 JJ=l,INDEX 
AKESI= GAUSS(lI,lli'DEX) 
ETA = GAUSS(J},INDEX) 
CALL SHAPE (AKESJ; ETA, DSIK , DSIE. SI. NPE, 
1 DSIKM , DSIEM , SIM,EllGTH,NE. NOD I X ,Y ,NELM. NNOD) 
CALLJACOB2( AJ. AJI. DET. XJ. YI ,DSIK, DSIE, 
NPE,NE) 
GUX=O.O 
GUY =0.0 
GVX=O.O 
GVY=O.O 
DO 48 1=I,NPE 
DFX=GFI (2"'NOD(NE,I)-1 ) 
DFY=GFI (2"'NOD(NE,I) ) 
RUX=DFX*(OS IK(I)'" AlI(l, l)+DSIE(I)'" AJI(l,2» 
RUY=DFX"'(DSIK(I)"'AJI(2,1)+OSIE(I)"'AJI(2,2» 
R VX=DFY"'(DS IK(I)'" AJI(1 ,I )+DSIE(I)'" AJI(l ,2» 
RVY=DFY*(DSIK(I)"'AJI(2,1)+DSIE(I)"'AJI(2,2)) 
GUX=GVX+RUX 
GUY=GUY+RUY 
GVX=GVX+RVX 
GVY=GVY+RVY 
48 CONTINUE 
DOM= I,NPE 
DETCOE = DET*WT(II,INDEX)"'WT(JJ,lNDEX) 
VHS (NOD (NE,M) ,1) = VHS (NOD (NE,M), 1) + 
GUX '" SThIl(M)'" DETCOE 
VHS (NOD (NE.,M) ,2) = VHS (NOD(NE,M), 2)+ 
GUY'" SThIl{M)* DETCOE 
VHS (NOO (NEM) ,3) = VHS (NOO(NE,M). 3) + 
GVX '" SlM{M)* DETCOE 
VHS (NOD (NE,M ) ,4) = VHS (NOD(NE,M), 4)+ 
GVY '" SThIl(M)'" DETCOE 
ENDDO 
70 CONTINUE 
100 CONTINUE 
DO 1= 1,NNM 
DOJ= 1,4 
VHS (I, J) = VHS (I, J )/PMG (I) 
ENODO 
VHS(I,5) =( 2*VHS(J,I»"'*2+ 
1 (2"'VHS(I,4»"'*2+ 
2 2*(VHS(l,2)+VHS(1,3»**2 
ENODO 
RETURN 
ENO 
C .....•..........•................................ 
C CALCULATION OF MAXIMUM TEMPERATURE 
C AND PRESSURE 
C ..........•................. ., .................. . 
SUBROUTINE HGSTVL (TMAX, PMAX ,IF ,PRHS, PMG , NSIZ, 
I NNM,NT ,NP ,NM ,PMIN ) 
IMPuelT REAL *8 (A-H,O-Z) 
DIMENSION TF (NSIZ) 
DIMENSION PMG (NSIZ) ,PRHS (NSIZ) 
TMAX=TF(I) 
PMAX= PRHS (I) 
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PMIN'= PRHS (1) 
NT=l 
NP=l 
NM=1 
DOI=2,NNM 
TM=TF(I) 
PM=PRHS (I) 
PI= PRHS (I) 
IF ( TM.GT. TMAX ) THEN 
TMAX=1M 
NI ==1 
ENDIF 
IF {PM.GT.PMAX} THEN 
PMAX=PM 
NP =1 
ENDIF 
IF (PI.LT.PMIN) THEN 
PMIN=PI 
NM =1 
ENDIF 
ENDOD 
RETURN 
END 
c ........................................................ . 
c 
c .............................................. . 
C A=O SUBROUTINE (INTEGER) 
c .............................................. . 
SUBROUTINE ARRZRI ( IA , N ) 
DWENSJON JA(N) 
DOI=I,N 
1A(l)=<> 
ENDDO 
RETURN 
END 
c .............................................. . 
C A=O SUBROUTINE (aGAT 
c. ............................................. . 
SUBROUTINE ARRZRF (A • N ) 
IMPLICIT REAL*8 (A-H,O-Z) 
DIMENSION A(N) 
001= I,N 
A(I)=O.O 
ENDDO 
RETURN 
END 
c. ..................................... . 
C A=O SUBROUTINE (2-D) (FLOAT) . 
c .............................................. . 
SUBROUTINE ARR2ZF ( A • N ) 
IMPLICIT REAL*8 (A-H,D-Z) 
DTh1ENSION A(N,N) 
001= I,N 
DOJ=l,N 
A( I,J )=0.0 
ENDDO 
ENDDO 
RETURN 
END 
c ............................................. . 
C A=B SUBROUTINE (FLOAT) 
c .............................................. . 
SUBROUTINE RSAVE ( A • B • N ) 
IMPLICIT REAL "'8 (A-H,O·Z) 
DIMENSION A(N),B(N) 
DOI=l,N 
A(l)=B(I) 
ENDDO 
RETURN 
END 
c .............................................. . 
e A=B SUBROUTINE (INTEGER) 
C .......... "" ............................... . 
SUBROUTINE RSA VI ( lA , IB , N ) 
DIM:ENSION IA(N),IB(N) 
DO{;:::l,N 
IA(l)=IB(Q 
ENOOO 
RETIJRN 
END 
c. .............................................. . 
e CALCULATION OF THE ELEMENT LENGTH FOR THE BILINEAR. 
C ELEMENT 
c ....................................................... .. 
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SUBROUTINE ELMTLNTH ( NE ,NOD • X ,Y ,NELM, NNOD, ELLGTH, 
1 DSIX, DSIY) 
IMPLICIT REAL *8 (A.H,O-Z) 
DMENSlON NOD (NELM,9), x (NNOD) , Y(NNOD) 
DIMENSION 051(2), NP(2.4), NQ(4,2) 
c ................................................................. . 
c 
NQ(I,2)=2 
NQ(l,l)=l 
NQ(2,2)=3 
NQ(2,1)=2 
NQ(3,2)=4 
NQ(3,1)=3 
NQ(4,2)=1 
NQ(4,»=4 
DO 1=1,4 
DO J=I,2 
NP (3-1,n = NOD (NE, NQ (1,3-1) ) 
ENDOO 
ENDDO 
DSIX =<1.0 
DSIY =0.0 
DSI(l)=O.5 
D51(2)=0.5 
DO 1..=1,4 
DO 1= 1,2 
D$IX = (X(NP(I ,2) )-X(NP(I, I »+X(NP( I ,3))-X(NP(2,3 »))12 
DSIY = (Y(NP(2,2»-Y(NP(I,2»+ Y(NP(l,4»-Y(NP(2,4»)!2 
ENDDO 
ENDDO 
C CALCULA nON OF ELEMENT LENGTH AND THE COMPONENTS OF TIlE 
C UNIT VECTOR NORMAL TO TIlE BOUNDARY 
C 
C 
ELLGTH = DSQRT(DSIX*DSIY) 
RETVRN 
END 
SUBROUTINESHAPEB (AKESI, ETA, DSIK1, DSIEl, SI, NPE, 
1 DSIKM , DSIEM • SIM:,ELLGTH,NE, NOD, X ,Y ,NElM. NNOO , 
2 DsrK, DSIE,UN,VN) 
IMPUCIT REAL*8 (A-H.O-Z) 
DIMENSION DSIKl(9),DSIEl{9),SI(9),DSIKM(9),DSIEM(9),S1M(9),X(NNOD) 
DIMENSION DSIK(9),DSIE(9) 
CALL ELMTLNTH (NE, NOD ,X ,Y ,NELM, NNOD, ELLGTH, 
1 DSIX, DSIY) 
c··········--············_·"·······"· 2nd onler"· .. STC···-···.·-·-----
A=(DSIX+DSly) 
c B=ABS(DSIX-DSIY) 
c PE=l00 
c Bl=PE"'0.156!(DSIYIDSIX+DSIXlDSIY) 
DS1Kl (l )=·0.25*( I-ET A)-2 *B 1 "'A "'( AKESI*'" 1 )"'( I-ETA """Z) 
c DSIKI (2)= O.25*(I-ETA)+2*Bl *B"'(AKESI"'*l)*(I -ETA *>I'Z) 
c DSIKl(3)= O.25*(l+ETA)+2>1'B I *A *(AKES!**l)"'(l ·ET A **2) 
c DSIKl(4)=-0.25*(1+ET A)·2*Bl *B*(AKESI"'*I)"'(I-ET A *"'Z) 
c ............................... . 
c DSlEl(I)=-O.25"'(1 ·AKESI)-Z*B I * A *(ET A *"'I)"'(I.AKESI"'*2) 
c DSIEl(Z)=·O.25*(1 +AKESI).2"'BI *B*(ET A **I)*(I·AKESI*"'Z) 
c DSIEl(3)= 0.25*(I+AKESI)+2*BI *A "'(ETA "'*1)*(I-AKESI**2) 
c DSIEI(4)= O.25*(l.AKESI)+2*Bl *B*(ET A *"'l)*(I·AKESI*"'2) 
c DSIK(l)=-O.25*(l-ETA) 
c DSIK(2)= 0.25*(I-ET A) 
c DSIK(3)= O.25*(l+ETA) 
c DSIK(4)=-O.25*(l+ETA) 
c ............................... . 
c DSIE(I)=·O.25"'(1.AKESI) 
c DS[E(2)=-O.25"'(I+AKESI) 
c DSIE(3)= O.25*(l+AKESI) 
c DS[E(4)= O.25"'(I-AKESI) 
198 
AppendixC Computer code 
c ................................ . 
c 51(1 )=O.25*(I-AKESI)*(I-ET A)+B 1" A "'(I.ET A **2)*(1·AKESI**2) 
c SI(2)::O.25*(1 +AKESI)*(I-ET A)-B I *B*(I-ET A "'*2)*(I·AKESI**2) 
c SI(3)=0.25*(1 +AKESI)*(1 +ET A)-8 I *A "'(I-ETA **2)*(I-AKESI**2) 
SI( 4 )=0.25 "'(l-A KESI)*(l +ET A)+ B 1 *B*( 1-ETA'" *2)*(1-AKESI**2) 
c .......................... forth order bubble ... __ .. RFB ........................... . 
c-----________________________ • _______ ... formulas----------------------
PE=100 
E=ELLGTH 
PL=PE"'E 
B 1 =O.5*(PE**2)+(O.1667)*(PE* *3)*E+(O.04167)*(PE"'*4 )*(£**2) 
Bl=BI *(E ...... 2)*0.25 
B2=«O.1667)*(PE**3)+(O.04167)*(PE**4)*2'1'E)*(E*O.5) 
82=82"'(E**2)*0.25 
B3=(O.04167)*(PE"""4)*(E**2)*(O.25) 
83=83*(E**2)*o.25 
A=PL+(O.5)*(PL **2)+(0. I 667)"'(PL "''''3)+(0.04I67)'''(PL "''''4) 
A=-lIA 
A=O 
D5IKI (l )=-0. 25*( I·ET A)· A *( -2*81 "'(AKESI"'''' I )"'( I-ETA * "'2)+ 
1 B2"'( (1-AKESI"''''2)-2 '" AKESI·(1 +AKESQ)·( 1 +ET A)"'( I-ETA "''''Z)-
2 4"'B3'" AKESI*(1-AKESI**2)*«I -ETA **Z)**Z» 
DSIK1(2)= O.25*(1-ETA)+A "'(-2"'81 *(AKESI"''''l)*(l·ETA **2)+ 
1 B2"'«(1-AKESI"''''2)-2 '" AKESI*(l +AKES D)*(l + ET A)*(1-BT A *"'2)-
2 4*B3*AKESI*(l-AKESI**Z)*«1-ET A**Z)*"'Z» 
DSIKl(3)= 0.25*(1 +ET A)+A "'( -2*B I *(AKESI**I)"'(I-ETA *"'Z)+ 
1 BZ*((1-AKESI**Z)-Z* AKESI*(1 +AKESI) )*(1 +ET A)*(I. ET A "'*2)-
2 4*B3'" AKESl*(1.AKESl"'*2)*{(I-ET A ...... 2)·"'2» 
DSIKI (4)=-0.25*(1 +ET A)- A *( -2 *81 *(AKESlu 1 )*( I-ETA **2)+ 
I 82*( (l-AKESI* *Z)-2* AKESI*( I +AKESI) )"'( 1 +ET A)*( I-ETA **2)-
2 4*B3*AKESI*(1-AKESI*"'2)*«I·ETA **Z)"'*Z» 
C .........•..........••......... 
DSIEI (1 )=-0.Z5 *(1-AKESI)-A 11«_2 "'B 1 "'(ETA *'" 1 )*( I-AKESI**Z)+ 
I BZ*«(1-ETA "'*Z)-Z*ET A *(1 +ETA»*(I +AKESI)*(l-AKESI**Z)-
2 4.*B3*EI A*(l-ET A**2)*«(1-AKESI"'*2)*""2» 
OSIEI (2)=-0.Z5"'( 1 +AKESI)-A *(-2 *B 1 *(ET A ** 1 )*( I-AKESI"'*2)+ 
1 BZ*«(1-ET A **Z)-Z*ET A *(1 +E1 A»*(l+AKESI)*(l-AKESI"'*Z)-
Z 4*B3"'ET A "'(I-ETA **2)"'«(l-AKESI*"'Z)*"'Z» 
OSIEI(3)= 0.Z5*(I +AKESI)+A *(-Z*BI*(ETA **I)*(l-AKESI"'*Z)+ 
1 B2"'«I-ET A *"'Z)-2*ET A "'(I +ETA»*(I+AKESI)*(I-AKESI**Z)_ 
Z 4*B3*ET A*(l-ET A **Z)*«(l-AKESI**2)*"'Z» 
DSIE! (4)= O.25"'(1-AKESI)+A ... ( _2"1<B 1 *(ET A ** 1 )"'( l-AKESI"'"I<Z)+ 
1 BZ"((l-ET A **2)-2"'ET A"'(I+ET A»*{l +AKESl)*(I-AKESI**Z)-
Z 4"'B3"ETA "'(I-ETA **2)*«1-AKESI"'*Z)**Z» 
DSIK(l)=·0.Z5*(I·ET A) 
OSlKCZ)= 0.Z5*O-ETA) 
OSIK(3)= 0.25*(1+ETA) 
DSIK(4)=-O.Z5*(l +ET A) 
C •....•......•.•••.•............• 
OSIE( I )=-O.ZS*CI-AKESI) 
OSIE(2)=.0. 25 *( 1 +AKESI) 
DSIE(3)= 0.25*(1 +AKESI) 
DSIE(4)= 0.Z5*(1-AKESI) 
C ......•.........•......•......... 
Sl( 1 }=0.2S*( I-AKESI)*( I-ET A)-A *(B 1*( I-ETA *"Z)"'( l-AKESI*'*Z)+ 
1 3Z*(1 +AKESI)*(I-tET A)*(I-ETA "''''2)'''CI·AKESI*'''2)+ 
Z B3"'«I·ET A**2)**Z)*«1-AKESI**2)"''''2» 
SI(Z)=O. 25*( I +AKESI)*( I-Er A)+A "'(B 1*(1-ETA **Z)"'{ 1-AKESI* *Z)+ 
1 82*(1 +AKESl)*(l-tETA)*(I-ET A **Z)*(I-AKESI"'*Z)+ 
Z B3>F«I-ET A *"'2)**Z)*«I-AKESI**2)**2») 
SI(3)=O.Z5 *( I +AKESI)*( I +ET A)+A *(B 1 "'(1-ETA **2)*( l-AKESI**Z)+ 
1 BZ"'(} -tAKES!)*( I+Er A)"'(l·ET A *"'2)*(l-AKESI**Z)+ 
Z B3*«I-ET A *"'2)**2)*«(l-AKESI**Z)**2» 
SI(4 )=0.25"'( t-AKESI)*(l +ET A)-A "'(B I *( I-ET A "'*Z)*( l-AKESI**2)+ 
I B2"'(1 +AKESl)*CI +ET A)*(l-ETA "'*2)*(1-AKESI**Z)+ 
Z B3"'«I-ETA "''''Z)''''''Z)*«I-AKESI*'''2)**2» 
c-•• ---•••• ------.wleght functions 
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DSIKM(I)=:.O.25*(i-ETA) 
DSIK.M(2)= O.25*(I-ETA) 
DSIKM(3)= O.25*(I+ETA) 
DSIKM(4)=-O.25*(I+ETA) 
c ........................... . 
DSIEM(I )=-O.25*(I-AKESI) 
DSlEM(2)=-O. 25 *( I +AKESI) 
DSIEM(3)= 0.25*(1 +AKESI) 
DSIEM(4)= O.25*(l-AKESI) 
c ............................... . 
SIM( 1 )=0.25*( 1-AKEsn "'(I-ETA) 
SIM(2)=O.25*( 1 +AKESI)*( 1-ETA) 
SIM(3 )=0.25*( 1 +AKESf)*( 1 +ET A) 
SlM( 4)=0.25*( 1-AKESn *( I +ET A) 
RETURN 
END 
c ........................................................ .. 
C CALCULATION OF SHAPE FUNCTIONS AND THEIR DERIVA TIVE$ 
c ........................................................ .. 
SUBROUTINE SHAPESH ( AKESJ , ETA, DSIK, DSIE , SI, NPE • 
1 DSIKM • DSIEM , SIM,ELLGTII,NE, NOD. X • Y ,NELM. NNOD, 
AMU • GAMAD, VPROP, VRS, ePR! 
I G • T ,NSIZ • IVIS,NCARB) 
IMPUCIT REAL*8 (A-H,O-Z) 
DIMENSION DSIK(9),DSIE(9),Sl(9),DSIKM(9),DSIEM(9),SIM(9},X(NNOD) 
CALL ELMTLNTH (NE. NOD. X • Y .NEW. NNOD , ELLGTH, 
1 DSIX, DSIY ) 
Da=O.OOOI 
GAMAD=GAMAD*"'(-O.OS) 
C GAMAD=GAMAD/lOOO 
c IF (GAMAD.LT.O.OOOI) GAMAD:=O.OOOl 
C PRINT'" ,GAMAD 
8=5/(8"'(1 +( 1 0*Da)/(ELLGTH"'*2)*GAMAD» 
c B=O.08 
DSIK(1)=-O.15"'(1-ET A) 
DSIK(2)= O.25"-(l-ETA) 
DSIK(3)= O.25"'{1 +ET A) 
DSIK(4)=-O.25"-(1 +ETA) 
C ................ . 
DSIE(I)=-O.25*CI-AKESI) 
DSIE(2)=-0.Z5"-(l +AKESI) 
DSIE(3)= 0.Z5"'(1 +AKESI) 
DSIE(4)= O.ZS"'(I-AKESI) 
C ............................... .. 
SIC 1 ):(US*C 1-AKESI)*(l-ET A)-B"'< 1-ET A **2)"'(1-AKESI"'*2) 
SI(Z):=0.25"'( I +AKESI)*(I -ET A)-B *(1-ETA "''''2)'''( l-AKESI*"'Z) 
SI(3)=0.Z5 *(1 +AKESI)"'( I +ET A)-B*{l-ETA **2) *( l-AKESI**2) 
SIC 4)=0.25*( I-AKESI)*( I +ET A)-B *( I-ETA *'*2)*(l-AKESI**Z) 
DSIKMCl)=-0.25*{I-ETA) 
DSIKM(2)= 0.Z5*(I-ETA) 
DSIKM(3)= O.ZS"'(1 +ET A) 
DSIKM(4)=-0.25*(l +ET A) 
C ............................... .. 
DSIEM(I)=-0.25*(I-AKESI) 
DSIEM(2)=-0. 25"'( I +AKESI) 
DSIEM(3)= 0.25*(1+AKESI) 
DSIEM(4)= O.2S"'(I-AKESI) 
C ................................ . 
SIM( 1)=0.25*( l-AKESI) "'(l-ET A) 
SIM(2)=0.25*(I .... AKESI)'I'(I-ETA) 
SIM(3}=O.2S"'( 1 +AKESI)*( 1 +ET A) 
SIM( 4)=0.25 *( l-AKESI) *(1 +ET A) 
RETURN 
END 
SUBROUTINE SHAPE ( AKESI. ETA, DSIK, DSIE. SI, NPE. 
I DSIKM, DSIEM, SIM,ELLGTH,NE. NOD, X ,Y ,NELM. NNOD) 
IMPUCIT REAL *8 (A-H,O-Z) 
DIMENSION DSIK(9),DSIE(9),SI(9),DSIKM(9),DSIEM(9),SIM(9),X(NNOD) 
CALL ELMTLNTH (NE. NOD> X ,Y ,NELM, NNOD , ELLGTH. 
DSIX, DSIY) 
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IF (NPE.EQ.4) THEN 
C ........................ .5TH ORDER BUBBLE ..... . 
BA=7.9676 
c A=-O.06256 
c B=O.01972 
c C=O.OO611 
c D=·O.OOI 
C BA=1.43 
C A=-O.2776 
C B::::().0933 
C C=O.0358 
C D=-O.OO60 
c SI(I)=O.25"'(1·AKESI)*(1·ETA)+BA *(A *(I-AKESI"'*2)*(1-ET A**2)+ 
c 1 B*(1-AKESI"''''2)*O-AKESI)*(1-ET A "''''2)*(1-ET A).f-
c 2 C*«1·AKESI**2)"'*2)"'«(1-ETAU 2)**2)+ 
c 3 D"'(1·AKESI)*({I·AKESI**2)**2)*(1.ETA)"'«I·ETA*"'2)"'*2» 
c S1(2)=O.25*( 1 +AKESn >lOO-ET A)+BA *(A *( 1-AKESI"'*2)*(1. ET A **2)+ 
c 1 B*(l.AKESI**2)*(l+AKESI)*{l-ETA"'*2)*(1-ETA)+ 
C 2 C*«(l-AKESl"'*2)**2)"'«t·ETA**2)**2)+ 
c 3 D*(1+AKESI)*«I·AKESI**2)**2)*(1.ETA)*«I.ETA**2)**2» 
c SI(3):::{).25*( 1 +AKESI)"'(l +Er A)+BA *(A *( l-AKESI**2)*(l-ETA **2)+ 
c 1 B*(1·AKESI*"'2)*(1+AKESI)*(l·ETA**2)"'(I+ETA)+ 
c 2 O((l-AKESI**2)**2)*((l-ETA**2)**2)+ 
c 3 D*(l+AKESI)*(O-AKESI**2}**2)*(l+ETA)*{(1·ETA**2)"'*2» 
c SI(4)=O.25*(J-AlCESO*(1 +ETA)+BA*(A *(l-AKESI**2)*(1.ET A **2)+ 
c 1 B*(I-AKESI**2)*(1·AKESI)*(t·ETA**2)*{I+ETA)+ 
c 2 C*«I·AKESI**2)**2)*«(1-ET A **2)*"'2)+ 
c 3 D*(I-AKESl)*((l.AKESI**2)**2)*{I+ET A)*«l-ETA **2)*"'2)) 
c DSIK(1)=·O.2S*(I-ETA) 
c DSIK(2)=O.25*(l·ETA) 
c OSIK(3)= 0.25*(1 +ET A) 
c DSIK(4)=-O.25*(I+ETA) 
c ............................... . 
c DSrE(I)=-O.25*(I·AKESI) 
c DSIE(2)=.O.25*(I+AKESl) 
c DSIE(3)=O,25*(1+AKESI) 
c DSIE(4)= O.25*(t-AKESI) 
c .................. cancelling bubble ftom deri ... atives .. "." .................. " ........ . 
C B=.125 
C DSIK(l)=.{).2S*(l·ETA) 
c DSIK(2)= O.25*(l·ET A) 
C DSIK(3)=D.25*(l+ETA) 
C DSIK(4)=-O.25*(1+ETA) 
C ............................... . 
C DSlE(l)=-D.25*(1.AKESI) 
C DSIE(2)-=-O.25*(I+AKESI) 
C DSIE(3)= O.25*(1+AKESl) 
C DSIE(4)= O.25*(l-AKESl) 
C ............................... .. 
C SI( I )=O.25*(l·AKESI) *( 1-ET AY. B *( I-AKESI**2)*'(3-AKESI) 
C SI(2}=O. 25*( 1 +AKESI)*( I·ET A)-B "'( 1·AKESI**2)*(3+AKESI) 
C SI(3)=O.ZS*(I+AKESJ)*(1+ETA)-B*(1.AKESI**2)*(3+AKESl) 
C SI( 4 )=O.25*(l-A KESJ) *( I +ET A)-B "'( l-AKESI**2)*(3-A KES1) 
C·-·-·-·-·-_····-·-·-·-l· ET A "'*2-·-·-····.·.·-··-···-·--·-·--·-·-·-·-··.·----·--
C B=-50 
C DSIK(1)=·O.25*(1-ETA) 
C DSIK(2)= O.25*(1·ETA) 
C DSIK(3)= 0.25*(1 +ET A) 
C DSIK(4)=·O.25*(I+ETA) 
C ............................... . 
C DSIE(l)=-O.25"'(I-AKESI)-2*B"'ETA 
C DSIE(2)=-O.25*(I+AKESl)+2*B*ETA 
C DSIE(3)= O.25*(l+AKESI)+2*B"'ETA 
C DSIE(4)= O.25*(1-AKESI)-2"'S"'ETA 
c. ............................... . 
C SI(l}=O.25"'(I·AKESI)*(1-ET A)+B*(t-ET A ""'2) 
C Sl(2)=O.2S"'(I+AKESI)*( I·ET A)·B"'(l-ET A ·"'2) 
C Sl(3)=O.25"'(1 +AKESI)*(l +ETA)-B>II(I-ETA **2) 
C SI(4)=O.25*( I-AKESI)*(l +ET A)+B"'(J-ET A "''''2) 
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c... . ........................ canceling bubble from derivative ..... 2nd order. 
c Da=! 
c B=S/(8"'(1+(lO"'Da)1(ELLGTH"~2») 
, 
, 
, 
, 
, 
, 
8=0.0 
DSIK(1)=-O.25*(1-ET A) 
DSIK(2)= O.25*(l.ETA) 
DSIK(3)= O.25*(I+ETA) 
DSIK(4)=-O.25*(1 +ET A) 
C .............................. . 
c DSIE(I)=-O.25*(I·AKESI) 
c DSIE(2)=.O.25*(I+AKESI) 
c DSIE(3)= O.25*(l+AKESI) 
c DSIE(4)= O.Z5"'(I-AKESI) 
C ................................ . 
c SIC I )=0.25*( l-AKESl}*( I-ET A)-B *(1-ET A "'*2)*( 1-AKESI**2) 
c $1(2)=0.25*(1 +AKESI)"'(I-ET A).B*(I-ET A "'*2)*(I-AKESI**2) 
c 51(3)=0.25*(1 +AKESI)*( 1 +ET A)-B *( I-ETA **2)*(1-AKESI"'*2) 
c SIC 4)=0.25*( l-AKESI)*( I +ET A)-B *(1-ETA "'*2) *( l-AKESI**2) 
c ......................................... FORTH ORDER BUBBLE ............................... .. 
c Oa=O.OOOI 
c B=II(8*(0.3863+(3.9048*Da)/(ELLGTH**2))) 
c 8=0.08 
c DSIK(1)=.0.25*(1·ETA) 
c DSIK(2)= 0.25*(I·ETA) 
c DSIK(3)= 0.25*(1 +ET A) 
c DSIK(4)=·0.25*(1+ETA) 
C ............................... . 
c DSIE(1)=-0.25*(l-AKESI) 
c DSIE(2)=·O.25*(l+AKESI) 
c DSIE(3)= 0.25*(1+AKESI) 
c DSIE(4)= 0.25*(l.AKESI) 
C ................................ . 
c SIC I )=0.25 *( I·AKESI)*( I-ETA). B*«(1· ETA "'*2)*( 1.AKESI**2)+ 
c 1 «1.ETA**2)**2)*«(l-AKESP'*2)**2» 
c SI(2)=0.25*( 1 + AKESI)*( I· ETA)· B "'( (I·ET A **2)*( I.AKESI**2)+ 
c «(l.ET A **2)**2)*«(l·AKESI**2)**2» 
c SI(3)=0.25*( 1 +AKESI)*( 1 +ET A)·B*« I-ETA **2)*(1-AKESI**2)+ 
c 1 «(l-ETA**2)**2)*«1·AKESI**2)**2» 
c SIC 4 )=0.25 *( l-AKESI)*( I + ET A)-8*((1-ET A **2)*( I· AKESI**2)+ 
c 1 «(1-ETA**2)**2)*«(1-AKESI**2)**2» 
c ..................... cancelling bubble from derivatives .. .3rd order .............. . 
Da=IE-4 
B= II(S *( I +(6*Da)/(ELLG TH**2») 
c B=O.O 
DSIK(1)=·0.25*(I-ET A) 
DSIK(2)= O.25*(I-ETA) 
DSIK(3)= 0.25*(1+ETA) 
DSIK(4)=·0.25*(I+ETA) 
C .•............•.............•... 
DSIE(I)=-0.25*(I.AKESI) 
DSlE(2)=-0.25 *( 1 + AKESI) 
DSIE(3)= 0.25*(I+AKESI) 
DSIE(4)= 0.25*(I.AKESI) 
C .•................•.•............ 
SI(I )=0.25*( I·AKESI)*( I-ET A)-B *( I-ETA **2)*( 1.AKESI**2)* 
I (3-AKESD'(3-ETA) 
SI(2)=O.25 *(1 +AKES 1)*( I· ET A)-B *(1-ETA **2)*( l-AKESl* *2)* 
1 (3+AKESI)*(3-ET A) 
$1(3)=0.25 *( I +AKESI)*( I +ET A)· B"'(I-ET A **2)*(l-AKESI*"'2)* 
1 (3+AKESI)*(3+ET A) 
SI( 4)=0.25*( l-AKESI)"'( I + ET A)-B *(1-ETA **2)*(1·AKESI**2)* 
1 (3-AKESI)*(3+ET A) 
c-----.. wieght functions 
DSIKM(I)=-0,25*(I-ETA) 
DSIKM(2)= 0.25*{l.ETA) 
DSIKM(3)= 0.25*(1 +ETA) 
DSIKM(4)=-0.25*(1 +ET A) 
c ............................... . 
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DSIEM(l )=·0.25*( l-AKESI) 
DSIEM(2)=-O.25"'( 1 +AKES I) 
DSIEM(3)= 0.25*(1 +AKESI) 
DS1EM(4)= O.25*(1-AKESI) 
c ................. .. 
SW(l )=0.25*( 1-AKESI) >/I( I-ETA) 
SIM(2):;:{).25*(I+AKESI)*(I-ETA) 
SlM(3)=O.25 *( 1 + AKESI)*( 1 + ETA) 
SIM( 4)::0.25*(1-AKESI) "'(1 + ETA) 
ELSEIF (NPE.EQ.8) TIIEN 
DSIK(1 )=0.5'" AKESI-O.5'" AKESI*ET A-D.25*ET A **Z+Q.25*ET A 
DSIK(2)=O.5 '" AKESI -0.5* AKESI*ET A +O.2S*ET A "''''Z·O, 25*ET A 
DSIK(3)=O.5* AKESI+O.5* AKES I*ET A+O.Z5*ET A **2+0. 25*ET A 
DSIK( 4)=0.5* AKESI+O.5 '" AKESI*ET A-O.25*ET A **2-0.25*BT A 
DSIK(S)=AKESI*(-l+ETA) 
DSIK(6)::O.5-05*ET A **2 
DSIK(7)=-AKESI*(l +ET A) 
DSIK(8)=-O.5+O.5*ET A **2 
c." ......................... " ... 
DSlE( I )=O.5*ET A-O.25 '" AKESI**2-0.5* AKESI*ET A to. 25* AKESI 
DSlE(2)=O.5*ET A-O.25* AKESI**2+0.5*ET A'" AKESI -0.25* AKESI 
DSIE(3)=0.5"'ET A+O.Z5 * AKESI**Z+O.5* AKESI>l'ET A +<I. 25* AKESI 
DSIE( 4 )=O.5*ET A+O.25* AKESI*"'2·Q.5* AKESI"'ET A-O.25'" AKESI 
DSIE(5)=·0.5+<1.5*AKESI**2 
DSIE(6)=-(1 +AKESl)'"'ETA 
DSIE(7)=O.5·0.5*AKESI*"'2 
DSIE(S)=(·1 +AKESl)*ETA 
c ............................... . 
SI(1 )=O.2S*{ l-AKESI)*(1-ET A)"'( ·l·AKESl· ET A) 
SI(2)=O.25*( 1 +AKESI)*( I-ET A)*( ·1 +AKES I-ETA) 
51(3)=0.25*(1 +AKES I)*( I +ET A) *{ -1;-AKESI+ET A} 
SI( 4)=0.25*( l-AKESI)"'(I +ET A)*( -I· AKESI+ET A) 
51(5)=0.5 *(1-AKESI*"'2)*( I-ETA) 
5I(6)=0.5"'{l + AKESJ)*(l-ETA **Z) 
SI(7)=0.5*(l-AKESI*"'Z)*(l +ET A) 
51(8)=0.5"'( I· AKESI)*( 1 -ETA *"'Z) 
ElSEIF (NPE.EQ.9) THEN 
DSIK( 1 )=O.Z5 "'(z* AKESI-I )*(ET A **2-ETA) 
DSIK(Z)=O.Z5"'(2'" AKESI+ I)"'(ET A "'*2-ET A) 
DSIK(3)=O.Z5"'(2*AKESI+I)"'(ETA"'*2+ETA) 
DSIK( 4)=O.Z5*(2 '" AKESI-I )"'{ET A **2+ ETA) 
DSIK(5)=-AKESl "'(ETA **2-ET A) 
DSIK(6):::O.5 *(2 '" AKESI+ 1) "'(I. ETA * *Z) 
DSIKP)==-AKESI*(BT A **2+ ET A) 
DSIK(8):::O.5 *(2* AKESI.l)*( I·ET A **2) 
DSIK('l)=-2* AKESl*(1-ETA **2) 
c ..................... " ......... . 
DSIE(l)=O.2S"'(AKESI**1-AKESI)*(Z"'ETA·1) 
DSIE(2)=O.Z5*(AKESI**2+AKESI)*(2*ETA·l) 
OSIE(3)==0.Z5*(AKESI*"'Z+AKESI)*{2*ETA+1) 
OSlE( 4 )=0.Z5*(AKESI**2-AKESI) *(Z>I<ET A+ I) 
DSIE(5)=O.5*(l-AKESI**Z)*(Z *ET A-I) 
05lE(6)=·ET A *(AKESI**2+AKESI) 
OSlE(7)=O.5*( l-AKESI"'*2) *(2 "'ET A+ 1 ) 
OSIE(8)=-ET A .t(AKESI"'*2·AKESI) 
OS1E(9):-Z*ETA*(1.AKESI"''''Z) 
c ................................ . 
SIC 1)=0.25*(AKESI*"'2-AKESI)*(ET A "''''2-ETA) 
SI(2)=O.Z5*(AKESI*"'Z+AKESI)*(ET A'" *2-ET A) 
SI(3)=0.25*(AKESI*"'2+AKESI)*(ET A >I<"'Z+ET A) 
SI( 4)=O.25*(AKESI '" *Z·AKESI)*(ET A "''''Z+ ETA) 
SI(5)=0.5>1<(l-AKESI* *2)*(ET A **2-ETA) 
SI(6)=Q.5"'(AKESI**2+AKESI)*( I· ETA **2) 
5I(7)=0.5>1<(I-AKESI**2)*(ET A **2+ET A) 
SI(S)=O.S"'(AKESI* "'2-AKESI)*(1· ET A "'*2) 
51(9)=(l-AKESI**2)*(1-ET A **2) 
ENOlF 
RETURN 
END 
c .................................................... . 
C CALCULATION OF JACOBLAN 
c .................................................... . 
SUBROUTINE JACOB2 (AJ • AJI • DET • X. Y • 
I DSIK,OSIE,N ,NE) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION AJ (2,2) , AJI (2,Z) • 
I X(NJ. YeN) 
2 DSIK(N) • DSIE(N) 
001=1,2 
00J=I,2 
Al (I,J) = 0.0 
AJI (I,J) = 0.0 
ENDDO 
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ENDDO 
DOI=I,N 
Al(I,!) = Al(l,l) + XCI) '" DSIK(l) 
AJ(1,2) = AJ(l,2) + YCI) '" DSIK{I) 
AJ(1.1) = AJ(2,1) + X(l)'" D51E(1) 
AJ(2,2) = AJ(2,2) + YCI) '" DSIE<n 
ENDDO 
DEI= AJ(1. 1)"'AJ(2,2).AJ( 1 ,2)"'AJ(2, l) 
IF (DET.LE.O.O) THEN 
WRITE (2,110) NE,DET 
110 FORMAT (1 X,'ERROR : ZERRO OR NEGATIVE JACOBIAN=',I6,G20S) 
STOP 
ENDIF 
AJI(1,I) = AJ(2,2) I DET 
AJl(1,2) = .AJ(l.2) IDEI 
AJI(2,1) = -Al(2,1) I DET 
AJI(2,2) = Al(!,l) I DET 
RETURN 
END 
c ................................................ . 
C TRANSPOSE OF A MATRIX 
c ............................................... .. 
SUBROUTINE TRAP(A,N) 
IMPLICIT REAL *8 (A-H,O-Z) 
DIMENSION A(9,9) 
DO 10 I=l,N 
DO IQ l=l,N 
IF (I.GE.}) GOTO to 
TEMP=A(I.J) 
A(I.J)=A(J.n 
A(J,I)=TEMP 
10 CONTINUE 
RETURN 
END 
C .............................................. . 
C CALCULA nON OF ERROR NORM 
c ..................................................... . 
SUBROUTINE VNORM ( VN • NEQ, G1 , G2 • NSIZ) 
IMPLICIT REAL *8 (A-H.O-Z) 
DIMENSION G2(NSIZ),Gl(NSIZ) 
A=O.O 
B=O.O 
DOI=l,NEQ 
A=A+(G2(l).Gl(I)**2 
B=B+G2(I)**2 
ENDDO 
IF (A.LT.l.OOD·lO.AND.B.LT.I.OOD·IO) THEN 
VN =0.0 
ELSE 
VN=DSQRT(A)IDSQRT(B) 
ENDIF 
RETURN 
END 
c .............................................. . 
C MASS LUMPING 
c .............................................. . 
SUBROUTINE LUMP ( DMASS , NSTF, N 
IMPLICIT REAL *8 (A·H.O·Z) 
DIMENSION DMASS ( NSTF , NSTF) 
C .......................... . 
C ... 
DOl=I,N 
AA=O.O 
DOK=I,N 
AA=AA+DMASS(I,K) 
ENDDO 
DMASS(I,I)=AA 
ENDDO 
DOI=l,N 
DOJ=I,N 
IF ( I.NEJ ) DMASS(I.1)=O.O 
ENDDO 
ENDDO 
RETURN 
END 
c ............................ .. 
C GAUSS JORDAN ELII\1INA nON WITH PIVOTING . 
c ............................................. . 
SUBROUTINE GJE (A,X,N) 
IMPLICIT REAL *8 (A·H,O-Z) 
DII\1ENSION A(4,5),X(4) 
M=N+l 
NI=N·l 
204 
Appendix C 
D06K=I,N 
Kl=K+1 
K2=K 
c ............. . 
Computer code 
BO=DABS(A(K,K» 
DOII=K,N 
Bl=DABS (A(I,K» 
IF «BO.Bl).LT.O.O) TIIEN 
BO=Bl 
K2=! 
ENDIF 
I CONTINUE 
c ............ . 
IF «K2-K).NE.O) THEN 
c ............ . 
DO 2 J=K,M 
C=A(K2,J) 
A(K2,J)=A(K,J) 
2 A(K,J)=C 
ENDlF 
C ........... . 
3 D04J=KI,M 
4 A(K,J)=A(K,J)/A(K,K) 
A(K,K)=I.O 
D06I=1,N 
IF (I.NE.K) THEN 
005 J=Kl,M 
5 A(I,J)=A(I,J)-A(I,K)'A(K.I) 
A(I,K)=O.O 
ENDIF 
6 CONTINUE 
C 
D07I=I,N 
7 X(n=A(I,M) 
RETIIRN 
END 
C ................................ . 
C ID SHAPE RJNCTIONS CALCULATION 
C .............................................. . 
SUBROUTIN'E LAGSHl (AKESI, SI. DSI) 
Th1PLICIT REAL *8 (A-H.O-Z) 
DIMENSION 51(3),D51(3) 
SI(I) = -O.5*AKESI"'(LO-AKESI) 
$1(2) = (I.O+AKESI)*(l.O-AKESI) 
51(3) = O.5*AKESI*(I.O+AKESI) 
DSI(l) = -O.5+AKESI 
D51(2) = -2.0*AKESI 
DS1(3) = O.5+AKBSI 
RETURN 
END 
c. .............................................................. . 
C CALCULA nON OF COMPONENTS OF UNIT VECTOR NORMAL TO BOUNDARY 
c ................................................................ . 
SUBROUTINE UlNML ( M, X, Y ,NP, DNX, DNY ,ELLGTH ,NNOD, 
I NSDOF , NSIZ , NW ) 
IMPLICIT REAL"'8 (A-H.O-Z) 
DIMENSION X (NNOD) , Y( NNOD) 
DIMENSION NSDOF (NSIZ , 3 ) 
DTh1ENSION DSI(3) , SI(3) ,NP(3) 
C ........................... " ..................... .. 
IF (M.EQ.NSDOF (NW, 1» THEN 
AKESI =-1.0 
ELSEIF ( M.EQ.NSDOF ( NW , 2 ) ) THEN 
AKESI = 0.0 
ELSEIF ( M.EQ.NSDOF ( NW , 3 ) ) TIIEN 
AKESI=+LO 
ELSE 
RETURN 
ENOIF 
CALL LAGSHI (AKESI, SI, DS!) 
DSIX=O.O 
OSIY =0.0 
001=1,3 
DSIX = OSIX + DSI(I)"'X( NP(I) ) 
DSIY = DSIY + DSI(I)"'Y( NP(I) 
ENDDO 
ELLGTH = DSQRT (DSIX "''''2 + DSIY **2) 
DCELL = DSIX I ELLGTH 
DCELM = DSIY I ELLaTH 
DNX = DCELM 
DNY =-DCELL 
ELLGTH = DSQRT «X(NP(3»-X(NP(l»)**2 + (Y(NP(3»-Y(NP(l)))*"'2) 
RETURN 
END 
C .................................. " ......... .. 
C RENEWAL SUBROUTINE WlTHOVER-RELAXATION. 
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c ............................................. . 
SUBROUTINE RENW AL ( A , B , N , OMEGA) 
IMPLICIT REAL*8 (A-H,O-Z) 
DIMENSION A(N),B(N) 
DOI=I,N 
A(I)=A(I)+(B(I)·A(I»*OMEGA 
ENDDO 
RETIJRN 
END 
c .................................. . 
C BOUNDS THE VALUE OF A BETWEEN 0 AND 1 
c .............................................. . 
SUBROUTINE BOUND I (A) 
IMPLICIT REAL *8 (A-H,O-Z) 
IF ( A.L TO.O) A=O.O 
IF (A.GT.l.O) A=l.O 
RETURN 
END 
c ............................................. . 
C CALCULATION OF CDORDlNA TES 
c ............................................. . 
SUBROUTINE COORD ( AKESI, ETA, NPE, Xl. YI, X ,Y) 
IMPLICIT REAL *8 (A-H,D-Z) 
DWENSION XJ(9) ,YJ(9) , 
I DSIK(9) , DSIE(9) • SI(9),DSIKM(9),DSIEM(9),SW(9) 
x=o.O 
Y=O.O 
CALL SHAPE (AKESI. ETA. DSIK, DSIE, SI • NPE. 
1 DSIKM, DSIEM , SIM,ELLGTII,NE, NOD. X , Y .NELM, NNOD) 
DOI=I,NPE 
X=X+XJ(l)"'SI(I) 
Y=Y+YJ(l)*SI(I) 
ENDDO 
RETIJRN 
END 
c ........................................... . 
C CALCULATION Of UNIT VECTORS COMPONENTS 
c ............................................ .. 
SUBROUTINE UNITVC (AKESI, ETA, NE, NPE , UKl , UK2 , VEl , UE2, 
1 NOD ,X ,Y,NELM,NNOD ) 
IMPLICIT REAL*8 (A-H,O-Z) 
DIMENSION NOD (NELM, 9 ) , x (NNOD) , Y (NNOD) 
DIMENSION DSIK (9), DSIE (9), SI (9),DSIKM(9),OSIEM(9),SIM(9) 
DIMENSrONXJ(9 ),YJ(9) 
DIMENSION AJI (2 ,2),AJ (2,2) 
DOI=l,NPE 
XJ(I)=X(NOD(NE,I» 
YJ(D=Y(NOD(NE,I» 
ENDDO 
CALL SHAPE (AKESI, ETA, DSIK, DSIE, SI, NPE. 
I DSIKM, DSIEM , SIM,ELLGTH,NE, NOD, X , Y ,NEIM, NNOD) 
CALLJACQB2(AJ ,AIl,DET ,Xl ,YJ,DSIK,DSIE, 
1 NPE,NE ) 
UKl=AJ(I,l) 
UK2=AJ(t,2) 
UEI=AJ(2.1) 
UE2=AJ(2,2) 
DK=UKl **2+UK2*"2 
DE=UEI**2+UE2**2 
UKI=UKIIDSQRT(DK) 
UK2.=UK2IDSQRT(DK) 
UEl=UEIIDSQRT(DE) 
UE2=UE2IDSQRT(DE) 
RETURN 
END 
C ............................................ . 
C CALCULA nON OF TERMS IN UPWIND FORMULA. 
C .......................... .. 
SUBROUTINE COEFF ( PECLET , ALPHA) 
IMPLICIT REAL+S (A-H,O-Z) 
IF (DABS (PECLEn .LT. l.0D-05) THEN 
ALPHA=O.O 
ElSEIF (PECLET .GE. 20) THEN 
ALPHA= J.O-l.OIPECLET 
ELSEIF (pECLET .LE. -20) THEN 
ALPHA= -1.0-1.0fPECLEi 
ELSE 
ALPHA= (l.O/DTANH (PECLET» -1.O/PECLET 
ENDIF 
RETURN 
END 
c ................................... . 
C CALCULA nON OF TERMS IN UPWIND FORMULA . 
c ........................................... .. 
SUBROUTINE COBET (pEeLET .BET A) 
IMPLICIT REAL*8 (A-H,O-Z) 
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IF (DABS (PEeLET) .L T. 1.00-05) THEN 
BETA=O,O 
ELSEIF (pEeLEr .GT . 300) TIIEN 
BETA=LQ 
ELSEIF(PECLET .LT .-300) THEN 
BETA=-I.O 
ELSE 
SH= DSINH (2"'PECLET) 
CH= DCOSH ( 2*PECLET) 
TII= Dr ANH ( PEeLEr) 
PINV = 1.0 I PEeLEr 
P2 = 2 '" PECLEr 
BETA=(2-CH-Z*PINV*TH+(1.1P2)"'SH)f(4*TH-SH-3*PINV*SH"'TH) 
ENDIF 
RETURN 
END 
c .......................................... . 
C CALCULATION OF UPWIND PARAMBTERS 
c ............................................ . 
SUBROUTINE UWPARA (BETK,BETE.ALFK,ALFE,DLAK,DIET,ALAMK,ALAME,M) 
IMPLICIT REAL "'5 (A-H,o-Z) 
AKC=BETK*DIAK 
AKM=O.5*ALPK*DIAK 
AEC=BETE"'DIET 
AEM=O.5"'ALFE*DIET 
IF (M.EQ.I) THEN 
ALAMK=AKC 
ALAME=AEC 
ENDIF 
IF (M.EQ.2) THEN 
ALAMK=AKC 
ALAME=AEC 
ENDIF 
IF (M.EQ.3) THEN 
ALAMK=AKC 
ALAME=AEC 
ENDIF 
IF (M.EQ.4) THEN 
ALAMK=AKC 
ALAME=AEC 
ENDIF 
IF (M.EQ.5) TIlEN 
ALAMK=AKM 
ALAME=AEC 
ENDIF 
IF (M.EQ.6) THEN 
ALAMK=AKC 
ALAME=AEM 
ENDIF 
IF (M.EQ.7) THEN 
ALAMK=AKM 
ALAME=AEC 
ENDIF 
IF (M.EQ.8) THEN 
ALAMK=AKC 
ALAME=AEM 
ENDIF 
IF (M.EQ.O) TIlEN 
ALAMK=AKM 
ALAME=AEM 
ENDIF 
RETURN 
END 
c... .............................................................. . 
C CALCULATION OF UPWINDING MULRlPLIER 
c ................................................................. . 
SUBROUTINE UPWIND (AKESI, ETA. NE • NPE ,M 
1 X ,Y ,NOD ,NELM, NNOD 
2 AK ,DNS ,CP ,UN ,YN 
3 TAU ) 
IMPLICIT REAL*8 (A-H,O-Z) 
DIMENSION NOD (NELM,9). x (NNOD) , Y(NNOD) 
I DS1K(9) • DSIE(9) , SI(9),DSIKM(9).DSIEM(9),SIM:(9), 
2 XJ(O) , YJ(O) 
3 AJI(2,2), AJ(2.2) 
c ............................................................ . 
DIFFUS = AK/( DNS*CP) 
DIFfUS = 0.01 
c .......................................................... . 
c 
c .. 
DOI=i,NPE 
XJ(I)=X(NOD(NE,I)) 
Yl(I)=Y(NOD(NE,l)) 
ENDOO 
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c 
CALL SHAPE (AKESI, ETA, DSIK, DSlE. SI , NPE, 
1 DSJKM. DSIEM , SIM:,ELLGTH,NE. NOD, X ,Y ,NELM, NNOD) 
CALL JACOB2 ( AJ ,AIl, DET ,XJ , YJ ,DSIK, DSIE. 
1 NPE,NE) 
CALL UNITVe (AKESI. ETA, NE, NPE ,UKl, UK2, UEI, VE2, 
I NOD ,x ,Y ,NELM,NNOD ) 
c ....... . 
VNORM=DSQRT ( UN**2 + YN**2 ) 
c ....... . 
c 
UAK=UN*UKl+VN*UK2 
UET=UN*UEI+VN*UE2 
IF (NPE.EQ.4) MDLE = 2 
IF (NPE.EQ.8.0RNPE.EQ.9 ) MOLE: 1 
DDX=MDLE '" DABS (AJ ( 1,1 ) + AJ (2,1 » 
DDY=MDLE '" DABS (AJ ( 1,2) + AJ (2,2» 
DDK= UKl ... DDX + UK2" DDY 
DOE: UEI '" DDX + UE2 '" DDY 
c .... PEeLET NUMBER CALCULATIONS .............. " ..• 
C 
IF (DIFFUS.GE.l.0D-05) THEN 
c PEK=(UAK*DDK)f(2* DIFFUS) 
c PEE=(UET*DDE)!(2* DIFFUS) 
c---····-------dimensionless equation-----------•• -----
PEK=(DDK)/(2* DIFFUS ) 
PEE=(DDE)/(2* DIFFUS ) 
ELSE 
PEK= l.ODlO 
PEE= tODto 
ENDlF 
c ................................................... . 
CALL COEFF (PEK,ALFK) 
CALL COEFF (PEE,ALFE) 
CALL COBET (PEK,BETK) 
CALLCOBET (PEE,BETE) 
c ..... 
CALL UWPARA (BETK , BETE , ALFK. ALFE, DDK. DDE. 
I ALAMK, ALAME, M ) 
TAU= DABS (ALAMK) * (UAK**2) + DABS (ALA.ME) * (UET**2 ) 
IF (VNORM .LT. 1.000.10) TIIEN 
TAU =0.0 
ELSE 
TAU= (TAU) IVNORM **3 
TAU= (ALFK*DDK"'UAK+ALFE"'DDE*UET)/(2*VNORM"''''2) 
TAU= 0.04*(DDX*UN+DDY*VN)/(2*VNORM**2) 
ENDIF 
RETURN 
END 
c ....................................................... . 
C CALCULA nON OF HIGHER ORDER DERIV A nVES OF 
C THE SHAPE FUNCTIONS FOR 9·NODE ELEMENTS 
c ......................................... . 
SUBROUTINE SH9DD (AKESI. ETA. DSKK, DSEE, DSKE 
IMPLICIT REAL *8 (A.H,Q-Z) 
DIMENSION DSKK(9). DSEE(9) , DSKE(9) 
C ....................................................... . 
DSKK( 1) = 0.5 *(ETA**2·ETA) 
DSKK( 2) = 0.5 *(ETA**2·ETA) 
DSK.K( 3) = 0.5 *(ETA**2+ETA) 
DSKK( 4 ) = 0.5 "'(ET A "'*2+ET A) 
DSK.K( 5) = ·1.0 *(ETA**2·ETA) 
DSK.K( 6) = 1.0 *(l.ETA**Z) 
DSKK( 7) = -1.0 *(ETA**2+ETA) 
DSKK(8)= 1.0*(l·ETA*"'2) 
DSKK( 9) = ·2.0 *(l·ETA**Z) 
c ...................................................... .. 
DSEE( 1 ) = 0.5 *(AKESI*"'Z·AKESl) 
DSEE( Z) = 0.5 *(AKESI**Z+AKESI) 
DSEE( 3 ) = 0.5 *(AKESI*"'Z+AKESI) 
DSEE( 4 ) = 0.5 *(AKESI**Z-AKESl) 
DSEE( 5) = 1.0 *(1.AKESI**2) 
DSEE( 6) = ·LO *(AKESI**Z+AKESI) 
OSEE( 7 ) = 1.0 *(l.AKESI**2) 
OSEE( 8) = ·1.0 *(AKESI*"'2·AKESl) 
OSEE( 9) = -Z.O *(1·AKESI**Z) 
C ....................•......................... 
OSKE( 1 ) = 0.5 *(Z*ET A·I.O) 
208 
Appendix C Computer code 
DSKE("2) = 0.5 *(2*ETA-l.0) 
DSKE( 3) = 0.5 *(Z*ETA+1.0) 
DSKE( 4) = O.S *(2*ETA+1.0) 
DSKE( S) = -1.0 *(2*ETA-l.O) 
DSKE( 6) = 1.0 *(-Z.O*ETA) 
DSKE( 7) = -1.0 *( 2.0*ETA+i.O) 
DSKE( 8) = 1.0 *(-2.0"'ETA) 
DSKE( 9) = -2.0 *(-2.0*ETA) 
c...... . ........................... . 
RETURN 
END 
c .................................................... . 
c 
c 
CALCULATION OF HIGHER ORDER DERIV A TIVFS OF 
THE SHAPE FUNCTIONS FOR 9-NODE ELEMENTS 
c ... """.,.""".,,,,,,,,,,,,,,,,,,,,,.,,,,,,,,,,.,, 
SUBROUTINE SH4DD (AKESI, ET A> DSKK > OSEE, DSKE 
IMPLICIT REAL *8 (A-H,O-Z) 
DiMENSION DSKE(4). D5EE(4), DSKK(4) 
DSKE( I ) = 0.25 
DSKE( 2) = 0.25 
DSKE( 3 ) = 0.25 
DSKE( 4) = 0.2S 
DSKK( 1 )=0 
DSKK(2)=O 
DSKK(3)=O 
DSKK(4)=O 
DSEE( I )=0 
DSEE(2)=O 
DSEE(3 )=0 
DSEE(4)=O 
RETURN 
END 
c""",,.,,""'''' '""."",,,,,,,,,,,,,,,.,,.,,,,,,.,,' 
C FRONTAL SOLVER 
C".""""""""""'''''".,,''''''',,.,,'''''''''''''' 
SUBROUTINE FRONT 
I (AA ,RR ,IEL ,NOP ,MAXEL ,MAXST, WEST, NK ,MAXFR. EQ • 
2 LHED ,LPIV ,JMOD ,QQ ,PVKOL ,DIS ,RI ,NCOD,BC ,NOPP, 
3 MDF ,NDN ,MAXDF,NBL ,MAXTE ,NTOV ,LCOL ,NELL,NPE 
C 
C FRONTAL ELI11INATION ROUTINE USING DIAGONAL PIVOTING 
C 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DIMENSION AA (MAXST,MAXSn ,RR (MAXST) 
DIMENSION NOP (MAXEL,9 ) 
DIMENSION LDEST(MAXSn ,NK (MAXSn 
DIMENSION EQ (MAXFR,MAXFR) ,LHED (MAXFR) 
c 
c 
c 
c 
DIMENSION LPIV (MAXFR) 
DIMENSION lMOD (MAXFR) 
DIM:ENSION DIS (MAXTE) 
DIMENSION BC (MAXDF) 
DWENSION NDN (MAXDF) 
NLP=6 
NDI=14 
NMAX=MAXfR 
NCRIT=50 
NLARG=MAXFR-I0 
IF(IEL.EQ.1) NELL = 0 
C ... "' •••••• "'''' ... '''''''''''' ................. ''''''''' 
IF(lEL.GT.I) GO TO 18 
LCOL=O 
DO 16 I = l,NMAX 
DO 16 J = 1,NMAX 
EQ(l,l) =0, 
16CONTlNUE 
18NELL=NELL+l 
N=NELL 
JDN = NDN(NELL) 
KC=O 
DO 22 J = I,NPE 
NN = NOP(N,J) 
M =lABS(NN) 
K=NOPP(M) 
IDF=MDF(M) 
C "'''' ... ''' .... '''>11>11>11'''.>11 ...... ''''''.''' ...... 
NR=(M-l)*IDF 
C >11 .... "' ... "'''' ...... '''''' ... ''' ...... '''.'''''' ...... 
C Rl(M)=RR(J)+Rl(M) 
C "'."''''''''''.''''''''''''''''''>11''''''''''''.'''''' 
,QQ (MAXFR) 
,RI (MAXDF) 
,NOPP (MAXDF) 
,PVKOL(MAXfR) 
,NeOD (MAXDF) 
,MDF (MAXDF) 
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DO 22 L = I,IDF 
c ."' •• **"' •• "' ••• .,..**.**. 
NR=NR+l 
Nb( J·1 }*IDF+L 
Rl(NR)=RI(NR)+RR (NL) 
C**'" "' ........ **** *****.'" 
KC = KC+l 
II=K+L·! 
If(NN.LT.{))ll =-11 
NK(KC) = IT 
22 CONTINUE 
C 
C SET UP HEADING VECTORS 
C 
c 
D036LK= J,Ke 
NODE:: NK(LK) 
IF(LCOL.EQ.O)GO TO 28 
D024L= I,LCOL 
LL=L 
IF(IABS(NODE).EQJABS(LHED(L»)GO TO 32 
24 CONTINUE 
28 LCOL == LCOL+l 
LDEST(LK) == LCOL 
LHED(LCOL) == NODE 
GOT036 
32 WEST(LK) == LL 
UIED(LL) :: NODE 
36 CONTINUE 
IF(LCOL.LE.NMAX)GO TO 54 
NERROR=2 
WRlTE(NLP,417)NERROR 
STOP 
54 CONTINUE 
oo56L= I,KC 
LL = LDEST(L) 
D056K=1,KC 
KK = LDEST(K) 
EQ(KK.LL) = EQ(KK,LL)+AA(K,L) 
56 CONTINUE 
JF(LCOL.LT.NCRIT.AND.NELL.LT.NEL) RETURN 
C FlND OUT WHICH MATRIX ELEMENTS ARE FULLY ASSEMBELED 
C 
60 LC=O 
IR=O 
D0641= 1,LCOL 
KT = LHED(L) 
IF(KT.GE.O)GO TO 64 
LC=LC+l 
LPJV(LC) = L 
KRO == lABS(KT} 
IF(NCOD(KRO).NE.l)GO TO 64 
ffi=ffi+l 
lMOD(IR) =L 
NCOD(KRO) = 2 
Rl(KRO) = BC(KRO) 
64 CONTINUE 
c 
C MODIfY EQUATIONS WITH APPLIED BOUNDARY CONDITIONS 
C 
IF(IREQ:O)GO TO 71 
DO 70 IRR = I,IR 
K = JMOD(IRR) 
KH = IABS(LHED(K}} 
DO 69 L = I,LCOL 
EQ(K,L)=O. 
LH = IABS(LHED(L» 
IF(UI.EQ.KH)EQ(K,L) = 1. 
69 CONTINUE 
70 CONTINUE 
11 CONTINUE 
IF(LC.GT.O)GO TO 72 
NCRIT = NCRIH IQ 
C WRITE(NLP,484)NCRIT 
IF(NCRIT.LE.NLARG) RETURN 
NERROR =3 
WRlTE(NLP,418)NERROR 
STOP 
72 CONTINUE 
C 
C SEARCH FOR ABSOLUTE PIVOT 
C 
PIVOT=O. 
D076L=I,LC 
LPIVC = LPIV(L) 
KPIVR :: LPIVC 
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PlY A = EQ(KPIVR,LPIVC) 
IF(ABS(PIVA).LT.ABS(PIYOT»GO TO 74 
PIVOT = PIVA 
LPIVCO = LPIVC 
KPIVRO = KPIVR 
74CQNTLNUE 
16 CONTINUE 
IF(PJVOT.EQ.O.O) RETIJRN 
C 
C NORMAUSE PIVOTAL ROW 
C 
Leo = lABS(LHED(LPIYCO» 
KRO=LCO 
C IF(NIT.EQ.O.ORNPRA.EQ.O)GO TO 78 
C WRlTE(NLP,452)KRO,LCO,PIYOT 
C 78 CONTINUE 
C 
IF(ABS(PIYOT).L TO.ID-OS) WRlTE(NLP,476) 
0080 L = 1,LCOL 
QQ(L) = EQ(KPIYRO,L)IPIYOT 
80 CONTINUE 
RHS = RI (KRO)IPIVOT 
RI(KRO)= RHS 
PVKOL(KPIVRO) = PIVOT 
C ELIMINA TB TIIEN DELETE PIVOTAL ROW AND COLUMN 
C 
IF(KPIVRO.EQ.l)GO TO 104 
KPIVR = KPIVRO-l 
DO 100 K = I,KPIVR 
KRW = lABS(UIED(K» 
FAC = EQ(K,LPIYCO) 
PVKOL(K) = FAC 
IF(LPIYCO.EQ.l.ORFAC.EQ.O.)GO TO 88 
LPIVC = LPIVCO-I 
DO 84 L = 1,LPIVC 
EQ(K,L) = EQ(K,L)-FAC'QQ(L) 
84 CONTINUE 
88 IF(LPIVCQ.EQ.LCOL)GO TO 96 
LPIVC = LPIYCO+i 
DO 92 L = LPIVC,LCOL 
EQ(K,IA) = EQ(K,L)-FAC'QQ(L) 
92CONTINVE 
96 RI (KRW) = Rl(KRW)-FAC*RHS 
100 CONTINUE 
104 IF(KPIVRO.EQ.LCOL)GO TO 128 
KPIVR = KPIVRO+l 
DO 124 K = KPIVR,LCOL 
KRW = IABS(LHED(K» 
FAC = EQ(K,LPIYCO) 
PVKOL(K) = FAC 
IF(LPlVCO.EQ.l)GOTO 112 
LPIVC = LPIVCO-I 
DO 108 L = I,LPIYC 
EQ(K-I,L) = EQ(K,L)-FAC*QQ(L) 
108 CONTINUE 
112 IF(LPIYCO.EQ.LCOL)GO TO 120 
LPIVC = LPIVCO+l 
DO 116 L = LPIVC,LCOL 
EQ(K-l,L-I) = EQ(K,L)-FAC*QQ(L) 
116 CONTINUE 
120 RI(KRW) = Rl(KRW)-FAC*RHS 
124 CONTINUE 
128 CONTINUE 
C 
C WRITE PIVOTAL EQUATION ON DISC 
C 
WRlTE(ND1) KRO,LCOL,LPIVCO,(LHED(L),QQ(L),L= I,LCOL) 
DO l30L= l,LCOL 
EQ(L.LCOL) = O. 
EQ(LCOL,L) = O. 
130 CONTINUE 
C 
C REARRANGE HEADING VECTORS 
C 
LCOL= LCOL-l 
IF(LPIVCO.EQ.LCOL+l)GO TO 136 
DO 132 L = LPIVCO,LCOL 
llIED(L) = LHED(L+ 1) 
132 CONTINUE 
136 CONTINUE 
C 
C DETERMINE WHETHER TO ASSEMBLE,ELIMINA TB,OR BACKSUBSTlTUTE 
C 
IF(LCOL.GT.NCRIl)GO TO 60 
IF(NELL.L T.NEL) RETURN 
IF(LCOL.GT.I)GO TO 60 
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Leo = IABS(LHED(1» 
KPIVRO= I 
PIVOT = EQ(l,I) 
KRO=LCO 
LPlVCO= 1 
QQ(1) = 1. 
C IF(NIT.EQ.O.OR.NPRA.EQ.O)GO TO 148 
C WRITE(NLP,452)LCQ,KRO,PIYOT 
IF(ABS(PIVOT).LT.ID-08)GO TO 152 
C 148 CONTINUE 
Rl(KRO) = Rl(KRO)IPIVOT 
WRlTE(NDI) KRO,LCOL,LPIYCQ,LHED(I),QQ(l) 
c 
C .*. START BACK-SUBSTITUTION 
C 
CALLBACSUB 
I (NTOY ,NeOD ,BC ,RI ,DIS ,MAXFR,QQ ,LHED ,NDi ) 
C """'* MAIN EXIT WITH SOLUTION ***",***"'****************>10***************** 
C 
152 CONTINUE 
417FORMAT(r NERROR=',ISfI 
1 ' THE DIFFERENCE NMAX-NCRIT IS NOT SUffiCIENTLY LARGE' 
I! TO PERMIT THE ASSEMBLY OF THENBXT ELEMENT---' 
If EITHER INCREASE NMAX OR LOWER NCRIT' 
I~ 
418 FORMAT(! NERROR=',I511 
1 • THERE ARE NO MORE ROWS FULLY SUMMED,THIS MAYBE DUE TQ..--' 
If (I)INCORRECT CODING OF NOP OR NK ARRA VS' 
If (2)INCQRRECT VALUE OF NCRIT. INCREASE NCRlT TO PERMIT' 
If WHOLE FRONT TO BE ASSEMBLED' 
10 
C 452 FORMAT(l3H PIVOTAL ROW=,14,16H PIVOTAL COLUMN=,14,7H PIVOT=,E20.10 
C I) 
476 FORMATC WARNING·MATRIX Sll'l'GULAR OR ILL CONDITIONED') 
484FORMAT(, FRONTWIDTH VALUE=',I4) 
C 
RETURN 
END 
C *********** ****** **"'*"'* •• ***** ****.* **'" **** "'*** *"'**************** ***** 
C 
SUBROUTINE BACSUB 
1 (NTOTL,IFIX ,VFlX ,RUS .SOLN ,MFRNT ,RWORK,lWORK,IDV2) 
C 
C **"''''** ***** *************** *** *** * ***** *** *************"'** *** *"'* ***** ** 
C 
C 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DIMENSION IFIX (NTOTL) ,VFIX (NTOTL) ,RHS (NTOTL) ,SOLN (NTOTL) 
DIMENS.tQN RWORK(MFRNT) ,IWORK(MFRNT) 
C "'** 
C 
C *** 
DO 4990 IPOS=I,NTOTL 
SOLN(IPOS)=O.O 
IF(IFIX(IPOS).NE.O) SOLN(IPOS)=VFIX(IPOS) 
4990 CONTll'l'UE 
C 
C 
c 
C 
C 
DO 5000 KPOS=I,NTOTL 
BACKSPACE IDV2 
READ(IDV2) IPOS,lFRNT,JFRNT,(IWORK(K),RWORK(K),K=l,IFRNT) 
BACKSPACE IDV2 
IF(IFIX(IPOS).NE.O) GO TO 5000 
WW =0.0 
RWORK{JFRNT) = 0.0 
DO 5010 K=I,IFRNT 
JPOS=IABS(IWORK(K» 
WW =ww - RWORK(K)*SOLN(JPOS) 
5010 CONTINUE 
C 
SOLN(IPOS)=RHS(IPOS)+WW 
5000 CONTINUE 
C 
e *** 
RETURN 
END 
C ................................. . 
e PRE-FRONT ROUTINE 
c ........................................ .. 
SUBROUTINE PREFNT (NNM , NEL ,NOP, NPE ,MAXEL) 
DIMENSION NOP (MAXEL, 9) 
NLAST=O 
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DO 121 = 1,NNM 
008 N= 1,NEL 
C JDN = NDN(N) 
o 
004L= 1,NPE 
IF(NOP(N,L}.NE.l)GO TO 4 
NLASTl:::: N 
NLAST=N 
Lt =L 
4CQNTINUE 
SCQNTlNUE 
IF(NLAST.EQ.O) GO TO 12 
NOP(NLAST,Ll) = .NOP(NLAST,L1) 
NLAST=O 
12 CONTINUE 
REruRN 
END 
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c ........ . 
C. TIffS IS A FINITE ELEMENT PROGRAM FOR RUID FLOW 
C. PROBLEM BASED ON MIXED METHOD. FLOW IS ASSUMED 
C. TO BE NON·NEWTONIAN UNDER ISOTHERMAL CONDITION 
C. AND STEADY SI ATE. THE MIXED METHOD IS BASED ON THE 
C TA YLDR·HOOD ELEMNTS. NINE NODED FOR VELOCITY AND 
C FOUR NODED FOR PRESSURE. 
c ....................................................... . 
C LIST OF VARIABLES 
c ........................................................ . 
c 
C BC ..... PRIMARY B.C. ARRAY 
C BeV .... PRIMARY RC. ARRAY 
C DENS .... DENSITY 
C DMASS ... MASS MATRIX 
C 01 ..... TIME STEP 
C ELF .... ELEMENT FORCE 
C ELFl. ... ELEMENT FORCE VECTOR (PREVIOUS JTh1E STEP) 
C ELSTlF ... STIFFNESS MATRIX 
C EQ ..... VARIABLE FOR FRQNTAL RQUTINE 
C GAUSS ... GAUSS POINTS ARRAY 
C GF. .... CURRENT SOLUTION VECTOR 
C GFI .... INITIAL VECTOR (2) 
C IF ..... FULL INTEGRATION INDEX 
C JR, .... REDUCED INTEGRATION INDEX 
C JMOD ..•. VARIABLE FOR FRONTAL ROUTINE 
C KDEST ... VARIABLE FOR fRONTAL ROUTINE 
C KJIED .... VARIABLE FOR FRONTAL ROUTINE 
C KPIV .... VARIABLE FOR FRONTAL ROUTINE 
C LDEST ... VARIABLE FOR FRONTAL ROUTINE 
C LHED .... VARJABLEFORFRONTALROUTINE 
C LPN .... VARIABLE FOR FRONTAL ROUTINE 
C MAXFR ... SIZE OF ARRA YS IN FRONTAL SUB. 
C MDF .... NO. OF D.O.F. AT EACH NODE 
C MRCL ... SIZE OF RECORD LENGTH FOR FRONTAL ROUTINE flLE 
C NBDl. ... NO. QFPRIMARY RC. NODES. 
C NBF .... NO. OF SECONDARY B.C NODES. 
C NCOD .... CODE FOR PRIMARY RC. 
C NCODV ... CODE FOR PRIMARY B.C. 
C NDF .... NO.OFD.O.F.ATEACHNODE (COMPAREWITHMDFV) 
C NoN .... TOTAL NO. OF D.O.F. AT EACH ELEMENT 
C NELM ..•. MAX. NO. OF ELEMENTS 
C NEM .... NO. OF ELEMENTS 
C NEQ .... NO. OF VELOCITY FIELD EQUATIONS 
C NITER ... MAX. NO. OF PERMITIED ITERATIONS 
C NI1NS ... USING OF INITIAL DATA OPTIONS 
Cl) INITIAL FROM lNIPUI 
C 2) PREVIOUSLY EXECUTED MODEL 
C NK. .... VARIABLE FOR FRONTAL ROUTINE 
C NNM .... NO. OF NODES 
C NNOD ..•. MAXIMUM NO. OF NODES 
C NOD .... ELEMENT COONECTIVlTY MATRIX 
C NOP ...• ELEMENT COONECTIVITY MATRIX (FOR PRE-FRONT) 
C NOPP .... CODED VALUE OF THE FIRST D.O.F. AT EACH NODE 
C NPE .... NUMBER OF NODES PER ELEMENTS 
C NSIZ. ... SIZE OF GLOBAL UNKNOWN VECTOR 
C NSTF .... SIZE OF ELEMENT STIFFNESS MATIX AND LOAD VECTOR 
C N1Th1E ... NO. OF TIME STEPS 
C NTRAN ... TYPE TIME ANALYSIS. =O:STEADY STATE: =1 TRANSIENT 
C NWR .... NODE NO. FOR WRITING OF TRANSIENT SOLUTION IN FILE 'TRANS.OUT' 
C PVKOL ... VARIABLE FOR FRONTAL ROUTINE 
C QQ ..... VARIABLE FOR FRONTAL ROUTINE 
CRI ..... VARIABLE FOR FRONTAL ROUTINE 
C SO ..... PREVIOUS TIME STEP VECTOR 
C STiME ... STARTING TIME 
C THETA ... VALUE OF THETA FAMILY APPROXIMATION 
C TIME .... TIME VALUE 
C TOLEI ... TOLERANCE VALUE FOR NONLINEAR SOLUTION SCHEME 
C VJN'IT ... INITIAL SOLUTION VECTOR 
C VN ..... ERROR NORM 
C VPROP ... RHEOLOGICAL DATA (ARRAY) 
Cl ... POWER LAW CONSTANT 
C 2 ... POWER LAW INDEX 
C VRES .. , . RESULTANT VELOCITY 
CWT ..... WEIGHTS ARRA VS FOR GAUSSJAN QUADRATURE 
C X ..... X-COORDINATE ( CARTESIAN) 
C Y ..... Y-COORDINATE (CARTESIAN) 
C 
C 
C ....... " ............................................... .. 
C INCLUDE 'SIZEM' 
PARAMETER (NGST1F = 1500) 
PARAMETER (NELM = 20000) 
PARAMETER (NNOD=20000) 
PARAMETER (NSTF=22) 
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c 
PARAMETER (NSIZ=-4OOQI) 
PARAMETER (MAXFR=2000) 
PARAMETER (MRCL=10024) 
c .... NELM MAXIMUM NO. OF ELEMENTS 
c .... NNOD MAXIMUM NO. OF NODES 
c .... NSTF SIZE Of ELEMENT STIFFNESS MA TIX AND LOAD VECTOR 
c .... NSIZ SIZE OF GLOBAL UNKNOWNS 
c .... MAXFR SIZE OF ARRAYS IN FRONTAL SUB. 
c .... MRCL SIZE Of RECORD LENGTH FOR FRONTAL ROUTINE FILE 
C 
IMPLICIT REAL "'8 (A.H,().Z) 
c 
c.. .. SlRING VARIABLE DECLARA nON 
c 
CHAAACTER TlTLE"'60 
CHARACTER CV*4 , CV*4 , CP*4 
CHARACTER FNAMEl *30, FNAME2*30 
c 
c .... STORAGE ALLOCATION 
C 
c 
DIMENSION NOD (NELM. 9) 
DIMENSION NOP (NEUd. 9 ) 
DIMENSION X (NNOD) , Y (NNOD) 
DIMENSION GP (NSIZ). GFI (NSIZ), so (NSIZ) 
DIMENSION NeOD (NSIZ). BC (NSlZ), NOPP (NSIZ), 
I MDF (NSIZ) 
DIMENSION NeQDV (NSIZ) , Bev (NSIZ ) 
DIMENSION NDN (NSIZ) 
DIMENSION VPROP ( S ) 
C",. FRONTALRQUTINE VARIABLES 
C 
DIMENSION LDEST (NSTf ). KDESt (NSTF ). 
I LHED (MAXFR) ,KJlED (MAXFR), 
2 NK (NSTF) , 
3 KPIV (MAXFR), LPIV (MAXfR), 
4 JMOD (MAXFR), QQ (MAXFR), 
5 PVKOL(MAXFR) ,RI (NSIZ), 
6 EQ (MAXFR ,MAXFR) 
c 
c. .. , GAUSSIAN QUADRA TURE IN1EGRATION VARIABLES 
C 
DIMENSION GAUSS (3,3), WT( 3,3) 
c 
c".. ELEMENT STIFfNESS, MASS, LOAD VECTOR MA lRICES 
C 
DIMENSION ELSTIF (NSTF • NSTF) , ELF ( NSTf) 
c ........................................................ . 
C GAUSSIAN QUADRATURE INTEGRATION DATA 
c ........................................................ . 
DA TA GA USSI3"'O.Ooo,.57735027oo,-.57735027DO,0,ODO,-. 77459667DO, 
*O.000,.77459667DOI 
DATA WTI2.0oo,2 "'0.000,2 '" I.ODO,0.000,.55555555oo,.88888888oo, 
'" .sSSSSSSSDOI 
c .......................................... .. 
C OPEN FILES FOR 110 
c ........................................... . 
OPEN( UNIT=14, FORM='UNFORMATIED' • STATUS='SCRATCH',RECL=MRCL) 
OPEN( UNIT=IO, FILE='FERRORLOG' ,FORM='FORMATTED) 
c ............................................ . 
C READING THE INPUT DATA & PREPROCESSING . 
c ............................................ . 
WRITE ("', SOOO ) 
READ ("',6000) FNAMEI 
WRITE ("', 5005 ) 
READ ("', 6000) FNAME2 
c .... 
OPEN (UNIT=1 , flLE=FNAMEl , FORM='FORMATTED') 
OPEN (UNIT=2, FILE=FNAME2, FORM='FORMATTED') 
c ........................ . 
READ (I, 6010) TITLE 
WRITE (2.5025) TITLE 
READ (1,6015) NEM ,NNM, NPE • NBDl ,NBF, NWR, NITER 
READ (I, 6020) DENS 
READ (1,6022) (VPRDPID,1=1,5) 
c ........................ . 
WRITE (2.5030) VPROP(l) ,VPROP(2) 
WRITE ( 2 , 5035) DENS 
c ............................................ . 
C CHECK THE NO. OF ELEMENTS AND NODES 
c ........................................... .. 
IF (NNM .GT. NNOD) THEN 
WRITE ( ... , 5045 ) NNOD 
STOP 
ELSEIF (NEM .GT. NELM) THEN 
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WRITE ( * , 5050 ) NELM 
STOP 
ENDIF 
C ............................. . 
C NODAL POINTS DATA 
c ____ ._'" ..... " ..... " ................. .. 
CALL ARRZRF (X • NNOD ) 
CALL ARRZRF (Y ,NNOD) 
WRITE ( 2 , 5070) 
DO 14 1= I,NNM 
READ ( I .6030) XCI). Y(l) 
WRITE ( 2,5075) I, X(Q, Y(Q 
14 CONTINUE 
c .......................................... .. 
C CONNECTIVITY DATA 
c .......................................... . 
WRITE ( 2 • 5080 ) 
DO 161=1,NEM 
READ (1 ,6035) J. (NOD (J,K). K= 1,NPE) 
WRITE (2.5085) I ,( NOD (J,K) ,K= 1,NPE) 
16 CONTINUE 
c ................................................. .. 
C FIND LAST APPEAREANCE OD EACH NODE (PRE_FRONn . 
c .................................................. . 
DO 1= I,NEM 
DOJ=l,NPE 
NOP (I,J) = NOD (1,1) 
ENDDO 
ENODO 
CALL PREFNT (NNM, NEM , NOP • NPE, NELM ) 
c ............................................ . 
C EVALUTIQNS OF NON I NOPP , MDF 
C ............................................ . 
C ... 
NDF=2 
CALL ARRZRI (NDN , NSIZ) 
CALL ARRZRI (MDP , NSIZ) 
CALL ARRZRI (NOPP, NSIZ) 
DO 1= 1,NELM 
NDN (I) = NSTF 
ENDDO 
c .... 
DOI=I,NNM 
CALL ISFRST (I , NEM , NOD, t-.IDFV AL, NELM ) 
MDP (l) = MDFV AL 
NOPP(l) = 0 
DOK=I,I-I 
CALL ISFRST ( K, NEM , NOD, MDFV AL. NELM ) 
NOPP (I) = NOPP (l) + MDFV At 
ENDDO 
NOPP (I) = NOPP(I) + 1 
ENDDO 
c .......................................... .. 
C PRIMARY DEGREE OF fREEDOM 
C .............•...•......................... 
CALL ARRZRI (NCODV , NSIZ) 
CALL ARRZRF (BeV , NSIZ) 
C .... 
IF (NBDl .NE. 0 ) TIIEN 
C ..... 
WRITE ( 2 • 5055 ) 
DO 10 1= I,NBD! 
READ (1,6025) NODP,CU.CV,CP,VALl,VAL2,VAL3 
WRITE (2,5060) NODP.eU.CV,CP.VALl,VAL2.VAL3 
IF (CU.EQ.'U) THEN 
NMDOF= NOPP (NODP) 
NCODV (NMDOF) = 1 
BCV (NMDOF)=VALl 
ENDIF 
IF (CV.EQ.V) THEN 
NMDOF = NOPP (NODP) + I 
NCODV (NMDOF) = 1 
Bev (NMDOF)=VAL2 
ENDIF 
IF (CP.EQ. 'P') THEN 
NMDOF = NOPP (NODP) + 2 
NCODV (NMDOF) = I 
BCV (NMDOF)=VAL3 
ENDIF 
10 CONTINUE 
c ..... 
ENDIF 
C ................................................................... . 
C CALC. NO. EQUA nONS FOR A..OW 
c .................................................................. . 
400 NEQ=O 
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DOI=l,NNM 
NEQ = NEQ + MDP (I) 
ENDDO 
IF (NEQ ,or. NSIZ) THEN 
WRITE ( * , 5065) 
STOP 
ENDIF 
C .............................. . 
C INmALIZING OF GWBAL VECTORS 
c ............................................. . 
CALL ARRZRF (GF • NSIZ ) 
CALL ARRZRF ( OF! , NSIZ ) 
CALL ARRZRF (SO ,NSlZ) 
c .............................................. . 
C TOLERANCE 
c ............................................... . 
READ ( 1 , 6045 ) TOLEI 
WRITE (2 , 5088 ) TOLEI 
c ............................................... . 
450 CLOSE (1) 
c ............................................... . 
C DETERMINA nON OF REDUCED & FULL INTG. INDEX . 
c ............................................... . 
IR=2 
IF=3 
c .............................................. . 
C INITIAL ESTIJ\.1ATE ASSIGNMENT 
c .............................................. . 
CALL RSAVE (OF!, so, NEQ) 
c ... 
DO 1000 ITER = 1,NITER 
c .............................................. . 
c .............................................. . 
C CALCULATION OF VELOCITIES 
c .............................................. . 
CALL FLOWCN ( 
1 GF ,GFI 
2 GAUSS, WT 
3X ,Y ,NOD ,NOP 
4 BC ,NeOD, NOPP ,MDP ,NON 
5 NPE ,m ,IF ,NDF ,NEM 
6 NEQ ,NNM 
7 DENS , VPROP 
8 NSIZ ,NSTF ,NELM ,NNOD ,MAXFR 
9 RI ,ELF ,ELSTlF • 
1 LDEST, KDEST , NK ,EQ ,LHEO. KHED , LPIV • KPIV , 
2 JMOD ,QQ • PVKOL • NBF ,NCODV. Bev ) 
c, ............................................. . 
C CHECK OVERALL CONVERGING. 
c ........................................... ., .. . 
c ............................................... . 
C WRITING THE NODAL VALUE RESUL IS 
c" ............................................. . 
WRlTE (2. SIll) ITER 
WRITE (2,5120) 
D024I=1,NNM 
NMDOF = NOPP(I) 
WRllE (2,5130) I, (GF(NMDOF+K·l),K=J,MDF(I)) 
24 CONTINUE 
CALL VNORM {VN • NEQ , GH , GF. NSIZ ) 
WRITE ( "'.5110) lTER,VN 
WRITE (10, SIlO) lTER,VN 
IF (VN .LT. rOLEI ) GOTO 416 
CALL RSAVE (GFT, GF. NEQ) 
c ................... . 
1000 CONTINUE 
c ................. , ............................. . 
416 CLOSE (2) 
CLOSE (10) 
CLOSE (14) 
C ..•.•..........•.•.............. 
STOP 
C .........................................••...... 
C FORMAT 
c ................................................ . 
C 
C ..... WRlTEFORMATS 
C 
5000 FORMAT (3X,I,' PLEASE ENTER INPUT RLE NAME _ ',$) 
5005 FORMAT (3X;: PLEASE ENTER OUTPUT FILE NAME _ ',$) 
5010 FORMAT (3X.r,' SELECT TYPE OF TIME ANALYSIS;', 
1 3X,I,' 1) STEADY STATE ( INDEPENDENT OF TlME)', 
2 3X,I,' 2) TRANSIENT ',f) 
5011 FORMAT (3X,I,' USING OF INITIAL OAT A OPTIONS :',1 
1 6X " 1 ) INITIAL FROM INlPUT',1 
2 6X " 2) PREVIOUSLY EXECUTED MODEL' ) 
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5025 FORMAT (IX,A) 
5030 FORMAT (I X, 'POWER LAW CONST ANT...& POWER LAW lNDEX .. =',2DI5.S) 
5035 FORMAT (IX.!: DENSlTY ........ " ........... =',DI5.5j) 
5045 FORMAT (lX,I,'--ERROR-- MAXIMUM NO. OF NODES ',17) 
5050 FORMAT (lX,I,'·-ERROR •• MAXIMUM NO. OF ELEM. ',17) 
5055 FORMAT (1 X;PRIMARY DEGREE OF FREEDOM',!) 
5060 FORMAT (IX,15,2X,3A2.3FIO.4) 
5065 FORMAT (IX/,'--ERROR IN NO. OF INITIAL DEFINITION OF EQUATIONS') 
5070 FORMAT (1 x,' NODAL POINTS COORDINATES (X,Y): ',f) 
5075 FORMAT (SX,15,2Fl0.4) 
5080 FORMAT (1 X,I, 'CONNEVTIVITY MATRIX :',f) 
5085 FORMAT (lX,IOI5) 
5088 FORMAT (IX,' FLOW EQUATION TOLERANCE =', 015.5,1) 
5090 FORMAT (IX,' sr ARTlNG TIME ....... = " 015.5 ,I • 
1 IX; TIME INCREMENT ....... ==',015.5 ,I, 
2 IX,'NOOFTINIE.STEPS ..... =',IS ,I, 
3 lX;THETA ................ =·.FlOA.I. 
4 IX: INITIAL VELOCITy ..... =', FlO.4 ) 
5095 FORMAT (2X,'1RANSIENT OUTPUT RESULTS FOR NOOE =',15,' & INPUT FILE 
I ',A) 
5096 FORMAT (2X, 'RESTART FROM TIME = ',015.5) 
5110 FORMAT (IX,'ITQ.=',I4.'>ERR QVAL(FL"'*) =',FI5.9) 
5111 FORMAT (lX,/I,'- _. SOLUTION AFTER',I5,' lTERATION(S)·· .',1f) 
5115 FORMAT (lX,'SOLUTION AT TIME = ',G20.5,1) 
5120 FORMAT (1X,II,'RESULT(NOOE NO., VX, VY, IV]. TEMPERATURE, 
IPRESSURE. S1REAM FUNCTION ),,1) 
5125 FORMAT (lX,6El2.4) 
5130 FORMAT (1X,I4,2X,6(Dll.5,2X» 
c 
CO', READ FORMATS ................... . 
C 
6(}()0 FORMAT (A) 
6005 FORMAT ( 13 ) 
6010 FORMAT (A) 
6015 FORMAT (1615) 
6020 FORMAT (4015.5) 
6022 FORMAT (5015.5) 
6025 FORMAT (I5,2X,3A2,3FlO.4) 
6030 FORMAT (5X,2G20.8) 
6035 FORMAT (1015) 
6040 FORMAT (2FlO.4) 
6045 FORMAT (3F20.9) 
6050 FORMAT (2FIS.8,I5,FIOA) 
C 
C ........................................... . 
C 
END 
c ................................................. . 
C END OF THE MAIN PROGRAM 
C ............................................................. .. 
C 
c .............................................. . 
C A=O SUBROUTINE (INTEGER) 
c .............................................. . 
SUBROUTINE ARRZRI ( lA • N ) 
DIMENSION IA(N) 
DO 1= I.N 
IA(Q=O 
ENDDO 
RETIJRN 
END 
C ............................................ .. 
C A=O SUBROUTINE (FLOAT 
c .............................................. . 
SUBROUTINE ARRZRF ( A , N) 
IMPUCIT REAL *8 (A.H,D·Z) 
DIMENSION A(N) 
DOl=l.N 
A(I)=O.O 
ENOOO 
RETURN 
END 
c ........................... . 
C A=O SUBROUTINE (2-0) (FLOAT) . 
c .............................................. . 
SUBROUTINE ARR2ZF ( A , N) 
IMPUCIT REAL *8 (A·H,O·Z) 
DThlIENSlON A(N,N) 
DOI=l,N 
DOJ=l.N 
A( 1,1 )=0.0 
ENDDO 
ENDDO 
RETURN 
END 
c ............................................. . 
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C A=B SUBROUTINE (A.OA T) 
c ............... . 
SUBROUTINE RSAVE ( A. B, N ) 
IMPLICIT REAL *8 (A.H,Q.Z) 
D1MENSION A(N),B(N) 
DOI=l,N 
A(I)=B(I) 
ENDDO 
RETURN 
END 
c ........................... . 
C A=B SUBROUTINE (INTEGER) 
c ................... . 
SUBROUTINE RSAVI ( lA • IB • N ) 
DIMENSION IA(N),IB(N) 
OOI=l.N 
lA(l)=lB(l) 
ENDDO 
RETURN 
END 
c .............................................. . 
C DETERMINA nON OF NO. OF DOF AT EACH NODE. 
c .............................................. . 
SUBROUTINE iSFRST ( I • NEM , NOD, MDFV AL. NELM ) 
DIMENSION NOD (NELM • 9) 
001= 1,NEM 
DOK= 1,4 
IF (I .EQ. NOD (J,K) ) THEN 
MDFVAL=3 
RETURN 
ENDIF 
ENDDO 
ENDDO 
MDFVAL=2 
RETURN 
END 
c .................................................... . 
C CALCULATION OF ERROR NORM 
c ..................................................... .. 
SUBROUTINE VNORM ( VN , NEQ • G I • 02. NSIZ) 
IMPLICIT REAL "'8 (A-H,O-Z) 
DIMENSION G2(NSIZ),Gl(NSIZ) 
A=O.O 
B=O.O 
DOI=I,NEQ 
A=A+(G2(I)-G 1(1)**2 
8=8+02(1)*"'2 
ENDDO 
VN=DSQRT(A)IDSQRT(B) 
RETURN 
END 
c ....................................................... . 
C SOLUTIONOFFLOW EQUAllONS 
c ...................................................................... . 
SUBROUTINE FLOWCN ( 
1 GF ,GFI 
2 GAUSS, WT 
3 X ,Y ,NOD ,NOP 
4 BC ,NCOD, NOPP ,MDF ,NDN 
5 NPE ,IR ,IF ,NDF ,NEM 
6 NEQ ,NNM 
7 DENS ,VPROP 
8 NSIZ ,NSTF ,NElM I NNOD • MAXFR 
9 RI ,ELF • ELSTIF , 
1 LOEST, KDEST. NK , EQ • LHED • KHED , LPIV ,KPIV , 
'1 JMOD ,QQ ,PVKOL. NBF ,NCODV, BCV ) 
C .......... ., ........................................................ .. 
PARAMETER (NGSTIF= 150) 
IMPUCIT REAL *8 (A-H,O-Z) 
c ............................. .. 
DIMENSION GF (NSIZ). GFI ( NSlZ) 
DIMENSION GAUSS ( 3,3 ), WT( 3,3 ) 
DIMENSION VPROP ( 5 ) 
DIMENSION X (NNOD ) , Y (NNOD ) 
DIMENSION NOD (NELM ,9) , NOP (NELM • 9) 
c ............................ . 
DIMENSION ELF (NSTF) • ELSTIF (NSTF,NSTF) 
DIMENSION LDEST (NSTF ). KDEST (NSTF ) 
DIMENSION LHED (MAXFR), KHED (MAXFR) 
DIMENSION NK (NSTF) 
DIMENSION KPIV (MAXFR). LPIV (MAXFR) 
DIMENSION JMOD (MAXFR). QQ (MAXFR) 
DIMENSION PYKOL (MAXFR). RI (NSIZ) 
DIMENSION EQ (MAXFR • MAXFR ) 
DIMENSION BC (NSIZ) • NeOD (NSIZ), NOPP (NSIZ) 
DIMENSION BCV (NSIZ). NCODV ( NSIZ) 
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c. 
Dll'vlENSION MDF (NSlZ), NDN (NSrZ) 
CALL ARRZRF (GF ,NEQ) 
CALL ARRZRF (RI • NSIZ) 
CALL RSA VE (BC • Bev ,NSIZ) 
CALL RSA VI (NeOD. NeODY , NSIZ ) 
DO 20 NE=l,NEM 
CALL ARRZRF(ELF,NSTF) 
CALL STIFF 
1 (NE, NPE ,GAUSS, WT ,ELSTlF, DENS 
2 VPROP,GFl ,NOD ,x ,Y ,IR , 
3 IF. NELM • NNOD ,NSIZ. NSTF • NOPP 
c···---------putbcv is not necessary for this program---------------------------
c CALL purBCV (NOD • NeOD ,BC • ELSTIF • ELF ,NOPP. 
c I NE ,NSIZ,NSTF ,NPE,NELM ) 
c ............ . 
CALL FRONT 
l( ELSTlf ,ELF , NE • NOP , NELM ,NSTF. LDEST • KDEST , 
2 NK , MAXFR • EO • LHED ,KHEO • KPIV ,LPIV ,JMOD • 
3 QQ ,PVKOL,GF ,RI ,NeOD ,BC ,NOPP ,MDF , 
4 NDN • NSlZ • NEM ,NSIZ. NEQ • LeOl. NELL ,NTRA , 
5 NPE ,NNM ) 
C ............... ,"" ........... . 
20 CONTINUE 
C .............................. .. 
RETURN 
END 
C .............................................................. . 
C CALCULA nON OF ELEMENT STIFFNESS MATRIX FOR FLOW TERMS . 
c .............................................................. . 
c 
SUBROUTINE STIFF 
1 (NE, NPE , GAUSS, WT ,ELSTIF, DENS 
2 VPROP,GFI ,NOD ,x ,Y,IR , 
3 IF, NELM, NNOD ,NSIZ, NSTF , NOPP 
IMPLICIT REAL "'8 (A-H,()..Z) 
DIMENSION NOD (NELM,9), x (NNOO) , Y (NNOD) 
DIMENSION VPROP (5 ), NOPP ( NSIZ) 
DIMENSION GFI (NSIZ) 
DIMENSION AKII (9.9). AKI2 (9.9). AK13 (9.4) 
DIMENSION AK21 (9,9), AK22 (9,9), AK23 (9,4) 
DIMENSION AK31 (4.9). AK32 (4.9). AK33 (4,9) 
DIMENSION KKl1 (9,9), KK12 (9,9), KK13 (9.4) 
DIMENSION KK21 (9,9). KK22 (9,9), KK23 (9.4) 
DIMENSION KK31 (4.9), KK32 (4.9), KK33 (4,9) 
DIMENSION DSIK (9) ,DSIE (9) ,SI(9) , PHI (4) 
DIMENSION Xl (9) , Yl (9) ,AJ (2,2), AJI (2.2) 
DIMENSION GAUSS (3.3) , WT (3,3) 
DIMENSION ELSTIF ( NSTF , NSTF) 
DARCY==IE-4 
c ............ .. 
CALL ARR2ZF (AKl1 ,9 
CALL ARR2ZF (AKI2, 9 
CALL ARR2ZF (AK21 , 9 ) 
CALL ARR2ZF ( AK22 , 9 ) 
001=1,9 
DO 1= 1.4 
AKl3 (1.1) =0.0 
AK23 0.1) =0.0 
ENDDO 
ENDOO 
DO 1= 1,4 
001= 1.9 
AK31 (1,1) =0.0 
AK32 (1.1) =0.0 
ENDDO 
ENODO 
CALL ARR2ZF ( AK33 , 4 ) 
CALL ARR2ZF ( ELSTIF • NSTF) 
c ............ .. 
DOI=l,NPE 
Xl(I)=X(NOD(NE,I» 
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YJ(I)=Y(NOD(NE,I» 
ENDDO 
c .......... . 
C INTEGRA nON 
c ...................................... .. 
DO 24 KI= l,IF 
AKESI=GAUSS(KI,IF) 
DO 24 KJ=i,IF 
ETA=GAUSS(KJ,IF) 
CALL SHAPE9 (AKESI. BT A • DSIK , DSIE , SI) 
CALL SHAPE4 (AKESI, ETA, PHI ) 
CALLJACQB2 (AJ. AJI, DET, XJ. Yl. DSIK, DSIE. 
NPE,NE) 
CALL vrscos (AMU ,GAMAD, VPROP, NE • NPE , AKESI , 
I ETA ,GF! ,NOD ,X, Y ,NELM. 
2 NNOD, NSIZ. NOPP ) 
CALL UVN (UN ,VN • SI , NPE • NE, OFl. NOD, 
NEW, NSIZ , NOPP ) 
DO 26 M=l,NPE 
DSXM= DSIK(M) ... AJI(l,l) + DSIE(M) .... AJI(1,2) 
DSYM= DSIK(M) '" A1I(2,l) + DSIE(M) ... AII(2,2) 
DO 28 N=l,NPE 
DSXN= DSIK(N) '" AJI(1,I) + DSIE(N) '" AJI(l,2) 
DSYN= DSIK(N}'" AJI(2,1) + DSlE(N}'" AJl(2,2) 
c ...................................................................... . 
AKll (M,N) = AKll (M,N) + 
«2 '" AMU '" (DSXM*DSXN» + 
I (AMU .. (DSYM*DSYN )+(AMUIDARCY)*SI(M)*SI(N) » '" 
2 DET*WT(KI,IF)*WT(KJ,IF) 
c ........................................................ .. 
AKl2 (M,N) = AK12 (M,N) + 
I AMU '" (DSYM"'DSXN) *DET*WT(KUF)"'WT(KJ,IF) 
c ..................................................................... .. 
AK21 (M,N) = AK21 (M,N) + 
1 AMU '" (DSXM"'DSYN )"'DET"'WT(KUf)"'WT(KJ,IF) 
C ...................................................................... . 
AK22 (M,N) = AK22 (M,N) + 
1 «2 '" AMU '" (DSYM"'DSYN» + 
1 (AMU '" (DSXM*DSXN )+(AMUIDARCY)"'Sl(M)*Sl(N) ) '" 
2 DET*WT(Kl.IF)*WT(KJ,IF) 
C*"'*"'''''''*'''**''''''*'''****'''''''''*'''*''''''**'''*''''''''''''*'''''''''''''''''''''''''''''''''''''''*'''''''''*"'*"''''*''''''''''''''''''''''''''''''''''''''''''''''''*'''''''''**''''''**'''*''''''*''''''''''''**'''''''''''' 
c ....................... . 
2& CONTINUE 
26 CONTINUE 
24 CONTINUE 
c .................................................................... .. 
C ........................ , .... , •......•........... "., ................ . 
DO SO K.I=l,IF 
AKESI=GAUSS(KI,IF) 
DO 50 KJ=I,IF 
ETA=GAUSS(KJ,IF) 
CALL SHAPE9 (AKESI, ETA, DSIK , DSIE , SI) 
CALL $HAPE4 (AKESI, ETA, PHI ) 
CALL JACOB2 (AI, AJI, DET ,XJ , YJ ,DSIK, DSIE. 
1 NPE,NE) 
c .................................................................... .. 
32 
30 
DO 30 M=I,NPE 
DSXM= DSIK(M) '" AJ1(},l) + DS1E(M) III AJI(I,2) 
DSYM= DSIK(M) III AJI(2,1) + DSIE(M) '" AII(2,2) 
D032N=I,4 
AKI3 (M,N) = AK13 (M,N) + (-I) * DSXM '" PHI (N) '" 
DET"'WT(KI,IF)*WT(KJ,IF) 
AK23 (M,N) = AK23 (M,N) + (-I) .. DSYM '" PHI (N) .. 
DET*WT(KI,IF)"'WT(KJ,IF) 
CONTINUE 
CONTINUE 
c ...................................................................... .. 
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D034M=I,4 
DSXM= DSIK(M) '" AJl(l,l) + DSIE(M) '" AJI(1,2) 
DSYM= DSIK(M) '" AJI(2,1) + DSIE(M) '" AJI(2,2) 
DO 36 N=l, NPE 
DSXN= DSIK(N) '" AJI(I,1) -t DSIE(N) '" AJI(1,2) 
DSYN", DSIK(N) '" AJI(2,1) + DSIE(N) '" MI(2,2) 
c····················································· ......•......•....•.• 
AK31 (M,N) = AK31 (M,N) + 
(-I) '" DSXN ill PHI (M) '" DET*WT(KI,IF)*WT(KJ,tF) 
c------------------.---------------------------------------"-----------,--
AK32 (M,N) = AK32 (M,N) + 
H) '" DSYN '" pm (M) '" DET*WT(KI,IF)"'WT(KJ,IF) 
c····················································· •...............•..•.• 
AK33(M,N)=O 
36 CONTINUE 
34 CONTINUE 
C ......................................... . 
SO CONTINUE 
C ...................•...................... 
C REORDERING THE STIFFNESS MATRIX 
C ......................................... . 
C 
c ..... UP,LEFT 
C 
C 
MoO 
DO 1= 1,10,3 
M=M+l 
NoO 
DOJ= 1,10,3 
N=N+l 
ELSTIF (I ,J ) = AKtl (M,N) 
ELSTrF{1 ,l+l}~AKn(M,N) 
ElSTIF (I ,J+2) = AKt3 (M,N) 
ELSTIF (I+I,J ) = AK21 (M,N) 
ELSTIF (1+I,J+l) = AK22 (M,N) 
ELSTIF (I+l,J+2) = AK23 (M,N) 
ELSTIF (1+2,1 ) = AK31 (M,N) 
ELSTIF (1+2,1+1) = AK32 (M,N) 
ELBTIF (1+2,1+2) = AK33 (M,N) 
ENDDO 
ENDDO 
c."" DOWN,LEFT 
C 
C 
M=4 
DO 1= 13,2},2 
M=M+I 
NoO 
DOl= 1,10,3 
N=N+l 
ELSTIF (I ,J ) = AKII (M,N) 
ELSTIF (I ,1+1) = AK12 (M,N) 
ELSTIF(I,1+2)=AKI3(M,N) 
ELSTIF (l+l,J ) = AK21 (M,N) 
ELSTIF (1+1)+1) = AK22 (M,N) 
ELSTIF (1+1,1+2) = AK23 (M,N) 
ENDDO 
ENDDO 
C .. ". UP,RIGHT 
C 
C 
MoO 
DO 1= 1,10,3 
M=M+I 
N=4 
DO 1 = 13,21,2 
N=N+I 
ELSTIF (I ,J ) = AKll (M,N) 
ELSTIF{1,J+l)=AK12{M,N) 
ELSTIF(I+l,1 )=AK21 (M,N) 
ElSTIF (1+1,1+1) = AK22 (M,N) 
ELSTIF (1+2,) ) = AK31 (M,N) 
ELSTIF (1+2,1+1) = AK32 (M,N) 
ENDDO 
ENDDO 
c ..... DOWN,RIGHT 
C 
M=4 
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DO 1=13,21,2 
M=M+l 
N=4 
DO 1=13,21,2 
N=N+l 
Computer code 
ELSTIF(I ,1 ) =AKll (M,N) 
ELSTIF(I,Hl)=AKI2(M,N) 
ELSTIF 0+1,1 ) = AK2J (M,N) 
EI.STIF (1+1,1+ 1) = AK22 (M,N) 
ENDDO 
ENDDD 
c ................................................ . 
RETURN 
END 
c ......................................................... . 
C CALCULA nON OF SHAPE FUNCTIONS AND THEIR DERIVATIVES FOR 9 NODE ELEMENT . 
c ........................................................................... . 
SUBROUTINE SHAPE9 (AKESI, ETA. DSIK, DSIE. SI) 
Th!IPLICIT REAPS (A-H,O-Z) 
DIMENSION DSIK(9),DSfE(9),SI(9) 
DSIK(l )::0.25 "'(2* AKESI-l)*(ET A **2-BT A) 
DSIK(2)=O.25"'(2* AKBSI+ 1 )"'(ET A'" "'2-ET A) 
DSIK(3)=O.25 *(2 '" AKESI+ 1 )"'(ET A **2+ET A) 
DSIK( 4)::0.25 *(2* AKESI-t )*(ET A **2+ET A) 
DSIK(5)=-AKESI"'(ETA**2·ETA) 
DSIK(6)=O.5 *(2* AKESI+ 1 )*(1-ET A **2) 
DSIK(7)=-AKESI*(ETA"'*2+ETA) 
DSIK(8)=O.S*(2* AKESI-l)*( I-ETA *"'2) 
DSIK(9)=-2*AKESI*(1-ETA **2) 
c ................................ . 
DSIE(] )=O.25*(AKESI *"'Z.AKESl)*(Z*ET A.I) 
DSlE(Z)=O.Z5*(AKESI**Z+AKESI)*(Z*ETA·I) 
DSlE(3 )=0.25 *(AKESI **Z+AKESI)*(Z*ET A+ I) 
DSIE( 4)=O.Z5*(AKESI * "'Z·AKESI)*(2*ET A+ 1) 
DSIE(5)=O.5*( I-AKESl**2)*(2 *ET A-I) 
DSIE(6)=-ETA *(AKESI"'*2+AKESI) 
DSIE(7)=O.5*(1 .AKESI**2)*(2*ET A + I) 
DSIE{8)=-ET A *(AKESI'" *2·AKESl) 
DSIE(9)=-2*ET A *( 1-AKESI**2) 
c ................................ . 
SI(1 )=O.Z5 *(AKESI**2-AKE51)*(ET A **2-ET A) 
SI(2)=O. Z5*(AKESI**2+AKESI)*(ET A **2-ETA) 
SI(3)=O.Z5*(AKESI**2+AKES I}*(ET A **2 ... ETA) 
SIC 4)=O.Z5*(AKESI**2-AKESI)*(ET A * *2+ET A) 
SI(5)=O.5*(J-AKESI*"'2)"'(ET A **Z-ETA) 
SI(6)=0.5*(AKESI**Z+ AKESI)*( I-ETA **2) 
51(7)=0.5*(1-AKESI**2)*(ET A **2+ET A) 
SI(8)=O.5*(AKESI**2-AKESI)*( 1-ETA **2) 
51(9)=( I-AKESI* *Z)*( I-ETA **2) 
RETURN 
END 
c. ........................................................ . 
C CALCULA lION OF SHAPE FUNCTIONS FOR 4 NODE ELEMENT 
c ........................................................ .. 
SUBROUTINE SHAPE4 (AKESI, ETA, PHI) 
Th1PLlCIT REAL*8 (A-H,O-Z) 
DIMENSION PHI (4) 
PHl(1) = 0.25 * (l-AKESI) '" (I-ETA) 
PHl(2) = 0.25 * (I+AKESI) >If (I-ETA) 
PHI(3) =0.25 * (l+AKESI) '" (I+ETA) 
P1-U(4) =0.25 * (J-AKESl) '" <1+ETA) 
RETURN 
END 
c. ................................................... . 
C CALCULATION OF JACOBIAN 
c .................................................... . 
SUBROUTINE JACOB2 (AJ ,AJI ,DET, X , Y , 
1 DSIK,DSlE,N ,NE) 
Th1PLlCIT REAL *8 (A-H,O-Z) 
DIMENSION AJ (Z,2) , All (2,2). 
1 X(N). YeN) • 
2 DSIK(N) , DSIE(N) 
DO 1=1,2 
ooJ=I,2 
AJ (I,J) = 0.0 
All (1,1) = 0.0 
ENDOO 
ENDDO 
DOJ=I,N 
AJ(I,I) = AJ(i,l) + XCI) * DSIK(I) 
AJ(l,2) = AJ(I,2) + Y(l) '" DSIK(I) 
AJ(Z,I) = AJ(Z,I) + X(I) * DSIE(I) 
AJ(Z.2) = AJ(2,2) + Y(I) * DSIE(I) 
ENDDO 
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DET =AJ( I ,I ) * AJ (2,2).A}e I ,2)* AJ(2, 1) 
IF (DET.LE,O.O) THEN 
WRITE (2,110) NE,DET 
110 FORMAT (lX,'ERROR: ZERRQ OR NEGATIVEJACOBIAN=',I6,G20.5) 
STOP 
ENDIF 
AJI(I,I) = M(2,2) {DET 
AlI{l,'l) => -AJ(1,2) I DE'l' 
AJI(2,1) = -Ale2,I) I DET 
AJI(2,2)= AJ(l,l)/DET 
RETURN 
END 
c ..................................................... . 
C CALCULATION OF VISCOSITY 
c ...................................................... . 
SUBROUTINEVISCOS (AMU ,GAMAD. VPROP, NE, NPE, AKESI. ETA, 
1 G ,NOD ,X, Y ,NELM,NNOD 
2 NSrz., NOPP ) 
IMPUCIT REAL *8 (A-H,O-Z) 
DINIENSION NOD (NELM,9), X(NNOD), Y(NNOD). NOPP (NSIZ) 
DIMENSION G (NSIZ) , VPROP ( 5 ) 
DIMENSION DSIK(9) , DSIE(9) , 51(9) , 
1 X1(9) , YJ(9) 
2 AJ(2,2), AJI(2,2) 
c. ....................................... . 
CALL SHAPE9 (AKESJ ,ETA, DSIK. DSIE. SI) 
DOI=I,NPE 
XJ(I)=X(NOD(NE,I)) 
YJ(I)=Y(NOD(NE,I» 
£NDDO 
CALL JACOB2 (AJ ,AJI, DET ,Xl, yJ ,DSIK, DSIE. 
I NPE,NE) 
GUX=O.O 
GUY=O.O 
GVX=O.O 
GVY=O.O 
DOI=I,NPE 
NMDF = NOD (NE,I) 
DFX = G (NOPP (NMDF) ) 
OFY = G (NOPP (NMDf) + 1 ) 
RUX = OFX· (OSIK(I) • AJI(l,I) + DSIE(I)· AJI(1.2» 
RUY = DFX • (DSIK(I) • AJI(2,l) + DSIE(I) • AJI(2,2» 
RVX = DFY • (DSIK(I) • AlI(l, I) + DSIE(I) • AlI(l ,2) ) 
RVY = DFY '" (DSIK(I)· AJJ(2,1) + DSIE(I)· AJI(2,2» 
GUX = GUX + RUX 
GUY = GUY + RUY 
GVX = GVX + RVX 
GVY = GYY + RVY 
ENDDO 
AII=(2 "'GUX)· "'2+(2 *GVY)'" "'2+2·(GUY +GVX)· "'2 
GAMAD=DSQRT(O.5·AII) 
IF (GAMAD.EQ.O.O) THEN 
AMU=VPROP(l) 
AMU=AMUIVPROP(l) 
RETURN 
ENDIF 
AMU= VPROP(I)·GAMAD"'·(VPROP(2)·I) 
AMU=AMUIVPROP(l) 
RETURN 
END 
c ...................................................... . 
C CALCULATIONOFUN,VN 
c ...................................................... . 
c 
SUBROUTINE UVN (UN • VN ,SI ,NPE, NE, G , NOD, 
1 NELM , NSIZ , NOPP ) 
IMPLICIT REAL "'8 (A.H,o-Z) 
DIMENSION NOD (NELM,9) , NOPP (NSIZ) 
DIMENSION G (NSIZ} 
DIMENSION SI (9) 
UN=O.O 
VN=O.O 
DOI=I,NPE 
NMDF = NOD (NE.I) 
DFX = G ( NOPP (NMDF) ) 
DFY = G (NOPP (NMDF) +1 ) 
UN = UN .,. SI(I) '" DFX 
VN = VN .,. SI(I) • OFY 
ENODO 
RETURN 
END 
C "'''''''''' ••••• "' •• "'''' '" "'''' •• "'''''''''''''''' "'''' "'$ $"'''''''''''''$ "'$."''''''''''''' "'''' '" $ •• $"''''.'''''' •• ''' "''''''' "''''''' "' ... "'''' "'.'" '" 
c 
SUBROUTINE FRONT 
I (AA ,RR ,IEL ,NOP ,MAXEL,MAXST,LOEST,KDEST,NK .MAXFR. 
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2 EQ ,LHED ,KHED ,KPIV ,LPIV ,JMOD ,QQ ,PVKOL,DIS ,R 1 • 
3 NeOD ,BC ,NOPP ,MDF ,NDN ,MAXDF,NEL ,MAXTE,NTOY ,LeOL. 
4 NELL ,NTRA , NPE ,NNM ) 
C 
C FRONTAL ELllvIINATION ROUTINE USING DIAGONAL PIVOTING 
C 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DllvtENSION AA (MAXST,MAXsn ,RR (MAXST) 
DIMENSION NOP (MAXEL,9 ) 
DIMENSION LDEST(MAXS'I) ,KDEST(MAXSn 
DIMENSION EQ (MAXFR,MAXFR) ,LHED (MAXFR) 
DIMENSION KPIV (MAXFR) ,LPIV (MAXFR) 
,NK (MAXST) 
,KHED (MAXFR) 
DIMENSION JMOD (MAXFR) ,QQ (MAXFR) 
DIMENSION DIS (MAXTE) ,R 1 (MAXDF) 
DnvrENSION BC (MAXDf) ,NOPP (MAXDF) 
,PVKOL(MAXFR) 
,NeDD (MAXOF) 
,MDF (MAXDF) 
c 
c 
c 
c 
DIMENSION NDN (MAXDF) 
NLP=6 
NDl=14 
NMAX=MAXFR 
NCRIT=,50 
NLARG=MAXFR·I0 
IF(lEL.EQ.l)NELL=O 
C *"'*"'*******************"'* 
IF(IELGT.l) GOTO 18 
LCOL=O 
DO 16 I = I,NMAX 
DO 16 J = I,NMAX 
EQ(J,ij =0. 
16 CONTINUE 
18 NELL = NELL+l 
N=NELL 
JON = NDN(NELL) 
KC=O 
DO 22 J = 1,NPE 
NN = NOP(N,J) 
M = IABS(NN) 
K=NOPP(M) 
IDF=MDF(M) 
C "'''''''''''''''''''''''''''''''''''''''''''''''''''''''*''' 
NR=(M.l)'IDF 
C ***"''''*'''*'''''''''*'''**'''*''''''*''' 
C Rl(M) = RR(J)+Rl(M) 
C *"'''''''''''''''''''''''''''''''''''''''''''''''''**''' 
DO 22 L = 1,IDF 
C "'''''''''''''*'''''''''*****''''''*'''**''' 
NR=NR+l 
NL=( J-l )*IDF+L 
RI(NR)=Rl(NR)+RR (NL) 
C"'**"'''' *"'**********'" "'** '" 
KC ",KC+l 
11 = K+L-t 
IF(NN.LT.O)II =-11 
NK(KC) = 11 
22 CONTINUE 
C 
C SET UP HEADING VECTORS 
C 
D036LK=I,KC 
NODE = NK(LK) 
IF(LCOL.EQ.O)GO TO 28 
DO 24 L = I,LCOL 
IL=L 
IF(IABS(NODE).EQ.IABS(LHED(L»)GO TO 32 
24 CONTINUE 
28 LCOL = LCOL+l 
WEST(LK) = LCOL 
UIED(LCOL) = NODE 
GOT036 
32 LDE5T(LK) = LL 
UIED(LL) = NODE 
36 CONTINUE 
IF(LCOL.LE.NMAX)GO TO 54 
NERROR =2 
WRITE(NLP,417)NERROR 
STOP 
54 CONTINUE 
D056L=I,KC 
LL = LDEST(L) 
D056K=1,KC 
KK = LDEST(K) 
EQ(KK,LL) = EQ(KK,LL)+AA(K,L) 
56 CONTINUE 
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IF(LCOL.LT.NCRIT.AND.NELL.LT.NEL) RETURN 
c 
C FIND OUT WHICH MATRIX ELEMENTS ARE FULLY ASSEMBELED 
C 
60 Le =0 
IR=O 
DO 64 L = 1,LCOL 
KT=LHED(L) 
IF(KT.GE.O)GO TO 64 
LC=LC+l 
LPIV(LC) = L 
KRO = lABS(Kn 
IF(NCOD(KRO).NE.I)GO TO 64 
IR= IR+l 
JMOD(IR)=L 
NCOD(KRO) = '2 
Rl(KRO) = BC(KRO) 
64CONTlNUE 
c 
C MODIFY EQUATIONS WITII APPLIED BOUNDARY CONDITIONS 
C 
IF(IR.EQ.O)GO TO 71 
DO 70 IRR == 1,IR 
K = JMOD(IRR) 
KH = IABS(UlED(K)) 
oo69L= I,LCOL 
EQ(K,L)= 0, 
LH = IABS(LHED(L» 
IF(UI.EQ.KH)EQ(K,L) = 1. 
69 CONTINUE 
70 CONTINUE 
71 CONTINUE 
IFCLC.GT.O)GO TO 72 
NCRIT= NCRIT+IO 
WRITE(NLP,484)NCRIT 
IF(NCRIT.LE.NLARG) RETURN 
NERROR=3 
WRlTE(NLP,418)NERROR 
STOP 
72 CONTINUE 
C 
C SEARCH FOR ABSOLurn PIVOT 
c 
PIVOT=O. 
D076L= I,LC 
LPIVC = LPIV(L) 
KPIVR = LPIVC 
PIVA = EQ(KPIVR,LPIYC) 
IF(DABS(PIVA).LT.DABS(PIVOT)GO TO 74 
PIVOT = PIVA 
LPIVCO = LPIVC 
KPIVRO = KPIVR 
74 CONTINUE 
76 CONTINUE 
IF(PIYOT.EQ.O.O) RETURN 
c 
C NORMALISE PIVOTAL ROW 
C 
LCO = lABS(LHED(LPIVCO» 
KRO=LCO 
C IF(NIT.EQ.O.OR.NPRA.EQ.O)GO TO 78 
C WRITE(NLP.452)KRO,LCO,PIYOT 
C 78 CONTINUE 
c 
IF(DABS(pIVOT).LT.O.ID-08) WRITE(NLP.476) 
oo80L= I,LCOL 
QQ(L) = EQ(KPIVRO,L)IPlYOT 
80 CONTINUE 
RHS = Rl(KRO)IPIVOT 
Rl(KRO) = RHS 
PVKOL(KPIVRO) = PIVOT 
C ELIM]NATE THEN DELETE PIVOTAL ROW AND COLUMN 
C 
IF(KPIVRO.EQ.1)GO TO 104 
KPIVR = KPIVRO·l 
DO 100 K= 1,KPIYR 
KRW = lABS(LHED(K» 
FAC = EQ(K,LPIYCO) 
PVKOL(K) = FAC 
IF(LPIVCO.EQ.1.0R.FAC.EQ.0.)GO TO 88 
LPlVC = LPIVCO-l 
DO 84 L = I,LPIYC 
EQ(K,L) = EQ(K,L)-FAC'QQ(L) 
84 CONTINUE 
88 IF(LPIYCO.EQ.LCOL)GO TO 96 
LPlVC = LPIYCO+ 1 
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DO 92 L == LPIYC,LCOL 
EQCK,L-l).: EQ(K,L)-FAC"'QQ(L) 
92CONTrNUE 
96 Rl(KRW) = Rl(KRW)-FAC*RHS 
100 CONTINUE 
104 IF(KPIVRO.EQ.LCOL)GO TO 128 
KPIVR == KPIVRO+ 1 
DO 124 K = KPIVR,LCOL 
KRW == LABS(LHED(K» 
FAC = EQ(K,LPIYCO) 
PVKOL(K) = FAC 
IF(LPJYCQ.EQ.l)GO TO 112 
LPIVC :::: LPIVCO-I 
DO 108 L= 1,LPIYC 
EQ(K-I.L) = EQ(K,L)-FAC'QQ(L) 
108 CONTINUE 
112 IF(LPIVCQ.EQ.LCOL)GO TO 120 
LPNC :::: LPIVCO+ 1 
DO 116 L == LPIVC,LCOL 
EQ(K-I.L-l) = EQ(K,L)-FAC'QQ(L) 
116 CONTINUE 
]20 RI (KRW) = Rl(KRW)-FAC*RHS 
124 CONTINUE 
128 CONTINUE 
C 
C WRITE PIVOTAL EQUA nON ON DISC 
C 
WRlTE(NDl) KRO,LCOL,LPIVCQ,(LHED(L),QQ(L),L == I,LeOL) 
DO UO L == 1,LCOL 
EQ(L.LCOL) = o. 
EQ(LCOL.L) = O. 
130 CONTINUE 
C 
C REARRANGE HEADING VECTORS 
C 
LCOL = LCOL-I 
IF(LPIYCO.EQ.LCOL+l)GO TO 136 
DO 132 L == LPIYCQ,LCOL 
LHED(L) = LHED(L+J) 
132 CONTINUE 
136 CONTINUE 
C 
C DETERMINE WHETHER TO ASSEMBLE,ELIMINATE,OR BACKSUBSTITUTE 
C 
IF(LCOL.GT.NCRlnGO TO 60 
IF(NELLLT.NEL) RETURN 
IF(LCOL.GT.l)GO TO 60 
LCO = lABS(LHED(l)) 
KPIVRO= 1 
PIVOT = EQ(l,I) 
KRO = LCO 
LPIVCO = 1 
QQ(l) = l. 
C IF(NIT.EQ.O.OR.NPRA.EQ.O)GO TO 148 
C WRITE(NLP,4S2)LCO,KRO,PIVOT 
IF(DABS(PIV01).LT.1 D..()8)GOTO 152 
C 148 CONTINUE 
RI(KRO) = RI(KRO)IPIVOT 
WRJTE(NDI) KRO,LCOL,LPIVCO,LHED(I ),QQ(I) 
C 
C *** START BACK-SUBSTITUTION 
C 
CALLBACSUB 
1 (NTOV ,NCOD ,BC ,RI ,DIS ,MAXFR,QQ ,LHED ,NDl ) 
C *** MAIN EXIT WITH SOLUTION ***********************.*******"'********** 
C 
152 CONTINUE 
417 FORMAT(f NERROR=',I511 
1 ' THE DIFFERENCE NMAX-NCRIT IS NOT SUFFICIENTLY LARGE' 
If TO PERMIT THE ASSEMBLY OF THE NEXT ELEMENT---' 
If EITHER INCREASE NMAX OR LOWER NCRIT' 
1~ 
418 FORMAT(f NERROR=',ISII 
I ' THERE ARE NO MORE ROWS FULLY SUMMED,THIS MAYBE DUE TO---' 
If (I)INCORRECT CODING OFNOP OR NK ARRA YS' 
If (2)INCORRECT VALUE OF NCRIT. INCREASE NCRIT TO PERMIT' 
tr WHOLE FRONT TO BE ASSEMBLED' 
I~ 
C 452 FORMAT(13H PIVOTAL ROW=,I4,16H PIVOTAL COLUMN=,I4,7H PIVOT=,E20.1O 
C I) 
476 FORMAT(' WARNING-MATRIX SINGULAR OR ILL CONDITIONED') 
484 FORMAT( FRONTWIDTH VALUE=',I4) 
C 
RETURN 
END 
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C **** **** ****** "''''''' '" ."'''' ** ****** "' ... *** ** "' .. ** ** **** **** ***** "'**** "'** >I< "'**** 
c 
SUBROUTINE BACSUB 
1 (NTOTL,IFIX ,VFIX ,RHS ,SOLN ,MFRNT,RWORK,IWORK,IDV2) 
c 
c ** '" ************ *'" **** '" '" **** '" ** *"'''' '" ** **** ***** iII"'.*",.* '" ** "'>le '" '" *** *** *** ** 
c 
c 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DIMENSION IFIX (NTQIL) ,VFIX (NTOTL) ,RHS (NTOTL) ,SQLN (NTOTI..) 
DINtENSION RWORK(MFRND ,IWORK(MfRNl) 
C*** 
C 
C *** 
DO 4990 IPOS=I,NTDTI. 
SOLN(IPOS)=O.Q 
IF(lFlX{IPOS).NE.O) SOLN(IPOS)=VRX(lPOS} 
4990 CONTINUE 
C 
c 
c 
c 
c 
DO 5000 KPOS=l,NTOTL 
BACKSPACE IDV2 
READ(IDV2) IPOS,IFRNT,JFRNT,(IWORK(K),RWORK(K),K=l.lFRNl) 
BACKSPACE IDV2 
IF(IFIX(lPOS).NE.O) GO TO 5000 
WW =0.0 
RWORK(JFRNl) .. 0.0 
DO 5010 K=l,IFRNT 
JPOS=IABS(IWORK(K» 
ww =WW - RWORK(K)*SOLN(JPOS) 
5010 CONTINUE 
C 
SOLN(IPOS)=RHS(lPOS)+WW 
5000 CONTINUE 
C 
C *** 
RETURN 
END 
c ....................................... .. 
C PRE·FRONT ROUTINE 
c ......................................... . 
SUBROUTINE PREFNT (NNM ,NEL ,NOP, NPE. MAXEL) 
DIMENSION NOP (MAXEL, 9 ) 
NLAST=O 
DO 12 I = I,NNM 
008 N=I,NEL 
C JDN = NDN(N) 
D04L= I,NPE 
IF(NOP(N,L).NE.I)GO TO 4 
NLASTl =N 
NLAST=N 
11 =L 
4 CONTINUE 
8 CONTINUE 
IF(NLAST.EQ.O) GO TO 12 
NOP(NLAST,11) = ·NOP(NLAST,Ll) 
NLAST = 0 
12 CONTINUE 
RETURN 
END 
c .•• -.-.--.-....•• --••• -.---.. not necessary for this program···---_···· •• ··_ 
SUBROUTINE PUTBCV (NOD ,NCODZ, BCZ , ELSTIF • ELF ,NOPPV, 
I NE ,NSIZ, NSTF ,NPE. NELM ) 
I1vtPLlClT REAL *8 (A-H,O·Z) 
DIMENSION NOD ( NELM,9 ) 
DIMENSION BeZ (NSIZ) I NCODZ (NSIZ) ,NOPPV(NSIZ) 
DIMENSION ELF (NSTF) , ELSTIF ( NSTF. NSTF) 
c 
C .... MODlFICA TION OF STIFFNESS MATRIX AND LOAD VECTOR FOR 1ST DOF 
DO 1= I,NPE 
KBR=NOD(NE,I) 
IF (l.GT.4) THEN 
MM=2 
ELSE 
MM=3 
END IF 
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AppendixC Computer code 
DOJ=I,MM 
MBR= NOPPV(KBR)+J-l 
IF(LGT.4) THEN 
LBR=2*I+J+Z 
ELSE 
LBR= 3*1+1-3 
ENDlF 
IF (NCODZ(MBR).EQ, 1 ) THEN 
ELSTIF (LBR,LBR) = 1.0 
ELF (LBR ) = BCZ(MBR) 
DOK=l,NSTF 
IF (LBR.NE.K) ELSTIF ( LBR,K) = 0.0 
ENDDO 
ENDIF 
ENDDO 
ENDDO 
RETIJRN 
END 
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